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Preface

This book is an outgrowth of my involvement in two groups of research in
solid mechanics, created in 1960 for the French nuclear energy program.
At this time, it was decided that France, as a no-oil reservoir country, must
be powered by nuclear energy, which represents today 80% of the total na-
tional energy supply. Long before the construction of the first nuclear plant
at Fessenheim in 1973, Electricité de France (EdF) created its first solid
mechanics laboratory, appointed researchers and sent them to the universities
or abroad in order to learn about theories and new methods of assessment
of the safety of structures. Working at EdF, I was training in Professor
Jean Mandel’s laboratory at Ecole Polytechnique (LMS), Paris. My friend
René Labbens, working at Framatome (the builder of nuclear plants) was
training at the Lehigh University, under the guidance of professors G. R.
Irwin and G. C. Sih. We had to work hard, both academically at the uni-
versities laboratories and performing engineering tasks for our employer.
This dual position was a great chance for many of us, since we discovered
that real industrial problems are the source of new subjects and research
problems to be solved by theoreticians in the universities and conversely
we immediately knew if our theoretical work was good or not for applica-
tions as revealed in our daily works conducted for our industrial employer.

This book is an attempt to collect together many results obtained by my
groups in both laboratories and also by other groups in France or abroad
working over decades in the fields of Fracture Mechanics and Inverse
problems. Most of the results published in this book are unknown, since
many of them were either published in French journals or in industrial re-
ports. This is the reason why I decided to collect them in this book for a
larger audience.

The book is intended for under-graduated students and scientists. It is
self-contained in that one can find both classical topics and the new mate-
rial that cannot be found in other books. For example, one can find in
Chapter 1 devoted to the fundamentals of Deformation and Fracture, a
brief introduction to the mechanics of continuous media, including elastic-
ity and plasticity. This chapter also contains two new subjects: the Tonti

xiii



Xiv Preface

diagram in elasticity dealing with duality and the experimental foundations
of metal plasticity.

One can roughly say that Fracture Mechanics deal with the mechanics
of either a hypothetical, formal crack, or a real crack observed in the
course of a maintenance operation or detected through a Non destructive
Testing of materials. The first kind of cracks is studied in theoretical
papers aimed at the assessment of structures while the second kind of
cracks is considered, for example, in the context of the time-life of a nuclear
reactor or a pipe. It turns out that the most important and interesting prob-
lems are arising in the maintenance operations: non destructive testing of
structures, identification of real internal cracks, determination of the inter-
nal thermo-mechanical loads in pipes without inserting a thermocouple
(making a hole), the engineering “Leak-Before-Break” problem, which
consists in determining a hidden longitudinal crack in a pipe (hidden to the
observer by a thick heat insulator) from measurement of the fluid flow
rate. They are typically inverse problems or free boundary value problems.
The time-life of an nuclear vessel, from the design to the maintenance
operation, is parallel to the time-life of a researcher who moves necessarily
from direct problems to inverse problems. This is the justification of the
book title.

For convenience the book is divided into two parts: Fracture Mechanics
(Chaps. 1-8 and Appendices A, B) and Inverse problems & solutions
(Chaps. 9-12). However, Inverse problems can be found along many chap-
ters of the first part. For example, given the boundary traction vector and
the boundary velocity field, the problem of finding separetely the elastic
and the kinetic energies in a cracked body can be treated, whenever the
crack is known, as a direct problem for which one set of boundary datum is
superfluous. But when the crack is unknown, this problem becomes an in-
verse one for which two types of boundary data are necessary and, as it is
proved to be, sufficient (Chap. 5). Another example is provided by the
earthquake inverse problem in geophysics, which is solved in closed-form
in the second part (Chap. 11).

In presenting the first part, we do not go into the details of classical
subjects (stress intensity factor, energy release rate, [rwin’s formula or the
J-integral etc), but we mention instead new subjects or topics which cannot
be found in many other books. Chap. 1 introduces the Tonti diagram which
reveals in statics and dynamics the duality (or symmetry) of the equations
of elasticity. The duality is the key tool to solve many inverse problems,
sometimes in closed-form. Then, experimental works on metal plasticity
are presented, followed by the Prandt-Reuss theory of plasticity and the
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generalized standard material theory. A true path-independent integral for
thermo-elasticity is given in Chapter 2, as well as the Lagrangian deriva-
tive of the potential energy, leading to the G-theta integral, which is the
equivalent to the J-integral, but may be more suitable for numerical com-
putations by the finite element methods. Chap. 3 collects new solutions of
cracks problems: kinked crack, damage models in plasticity, frictional inter-
face crack problem with Coulomb’s friction law, where the significance of
the J-integral has been elucidated. The non uniqueness of solution of fric-
tional crack problem is proved for the first time.

The logarithmic singularity of the temperature field and its relationship
with the energy release rate G are established in Chap. 4. Dynamic frac-
ture, dynamic path-independent integrals for moving or stationary cracks
and an inverse problem for determining different energies from the meas-
urements of mechanical fields, are given in Chap. 5. We include in Chapter
6 many methods of solutions to three-dimensional crack problems, e.g.
planar crack of arbitrary shape in unbounded and bounded solids, edge
crack, angular crack etc. This chapter contains some mathematical formu-
lations of 3D elasticity by boundary integrals. It presents closed-form solu-
tions to: the Dirichlet boundary value problem and the Neumann boundary
value problem. Ductile fracture may be considered as a theory of porous
plasticity, rather than the extension of “linear” fracture mechanics to “non-
linear” materials Two models are then considered: Rousselier’s model and
Gurson’s model of cavities growth. There are many theories of cavitation
in solids worked out for example by Ball (1982), Horgan and Pence (1989)
and others. Chap. 7 discusses another cavitation model according to
Abeyaratne and Hou (1989) for finite strain in elasticity as well as in
creeping materials. Finally Chap. 8 introduces the theory of a fluid-filled
crack which has many applications in engineering sciences (hydraulic frac-
turing of rocks, capillary stress-intensity factor, wear mechanics, viscous
fluid flow through/parallel to/a crack). It contains also the analysis of
the“Leak-Before-Break” engineering inverse problem, with the pressure
and the fluid flow rate as the data, to determine a longitudinal through
crack length in a pipe.

Chaps. 9-12 are entirely devoted to inverse problems for the identifica-
tion of cracks and defects, by classical x-rays or gamma-rays tomography.
The success of the scanner tomography in medical imaging is due mainly
to the works, a century ago, by Radon who invented the corresponding
integral transform and its inverse. We remind that Radon’s transform as-
sumes that there is no attenuation of the rays in the sound medium. Only in
recent years (2001) that the attenuated Radon’s transform has been
inverted by Novikov (2001) of the Nantes University (France). Also, when



XVi Preface

the powerful gamma-rays (for inspection of defects in a nuclear reactor of
30cm thick) are scattered by nearby electrons (by Compton’s scattering),
the correct transform is called the “conical Radon’s transform” which has
been recently inverted in closed-form by Mai Nguyen and Truong (2002)
of the Cergy-Pontoise University (France). Chap. 9 contains also another
discovery by Fink (1997), Fink and Prada (2001) of the Paris University,
namely the Time Reversal Mirror TRM.

The problems of identifying planar cracks in solids, using different
physical phenomena (acoustic wave, elastic waves, heat diffusion) are
solved in closed-form (Chap. 11), by considering the reciprocity gap func-
tional technique, first introduced by Andrieux and Ben Abda (1992) of
Electricite de France and the University of Tunis, respectively, and then
used by our two research groups at EAF and LMS. In particular, the earth-
quake inverse problem for identifying a moving sliding fault in an elastic
solid from acceleration data measured on the free surface has been recently
solved in closed-form by the same technique.

General methods to solve the ill-posed inverse problems are given in
Chap. 12. Some particular subjects (residual stresses in Fracture Mechan-
ics, weak interface singularities) are given in appendices A and B, and
suggestions of problems and exercices for students in App. C.

Many people have contributed to this book, graduate students, col-
leagues in France and in the abroad, in the Universities and Industries.
Warm thanks to all of them. I am grateful to Jean-Baptiste Leblond, Sylvain
Leclercq, Chau & Chuong Nguyen, Hung T. Trinh, Lev Truskinovsky,
Abdelbacet Oueslati and Ms Mireille Vermede for their contribution to a
careful job of checking the book. I am also very grateful to Xanthippi
Markenscoff for her comments and encouragement in the writing of this
book.

H.D. Bui

Ecole Polytechnique, Department of Mechanics, Palaiseau,
France and Research & Development Division,
Electricité de France, Clamart, France
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Plate 1. Infrared observation of crack propagation in a sheet of steel of 50mm
width; images for six time instances during 6 seconds, each color corresponding to
2°C (Bui, Ehrlacher and Nguyen, 1979, permission of LMS-Ecole Polytechnique).

Plate 2. Stream lines of the “fountain” viscous fluid flow near the crack tip. Pres-
sure decreases smoothly at K; Bui, Guyon and Thomas, In: Continuum Thermo-
mechanics, G.A. Maugin et al (Eds.), p. 63, Kluwer Acad. Pub. (2002).
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xxii Color plates

Plate 3. Positon Emission Tomography (PET). A functional tomography using
18Fluoro-Deoxy-Glucose concentrated in living tissue absorbing glucose in the
Parkinson desease: before, 3, 6, 12 monthes after the transplant of dopamine neu-
rones, indicating the progressive fixing of 18FDG and thence the viability of the
transplant (permission of CEA/SHFJ Orsay, Ph. Remy, Clefs cea, N° 34 Winter
1996-1997.

Plate 4. The ‘Thorn” singularities of the stress G,,(r,z) at the interface z=0 of a
discontinuous thermal strain or radial plastic strain €P,, in a tube of axis Oz. The
wavy surface without thorns is the Love-Kirchhoff shell solution.
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Plate 5. Reconstructed object by conical Radon's transform at different times, us-
ing photons in the range 5°<0<175°, (a) no noise, (b) with noise (S/N=9.7dB,
RMSE=8.9%), (Permission Nguyen and Truong, University of Cergy Pontoise).






Chapter 1

Deformation and Fracture

This chapter reminds some fundamentals in Solid Mechanics, mainly for
Elasticity, Plasticity and Fracture.

The mechanical behavior of materials is observed at the macroscopic
scale of usual experiments and thus supposes some macro-homogeneity of
the media which cannot be rigorously quantified. When dealing with con-
tinuous media, we consider a macroscopic scale to describe the motion of a
Representative Volume Element (RVE), for instance containing 125 crys-
talline grains (125 = 53). The RVE will be identified as the material point,
regardless of what actually happens inside the RVE. Microscopic aspects
of phenomena inside the RVE are not considered in this book. However
the underlying microscopic or sub-microscopic mechanisms at the scale of
a grain size or at the atomic scale are always present. They explain the
transition from elasticity to plasticity and from plasticity to fracture. The
transition from plasticity to ductile fracture or to damage fracture for ex-
ample can be understood in the following manner. At some critical stress
state, the RVE loses its status of a representative volume for the descrip-
tion of a macroscopic material point. Magnifying the RVE, one can observe
microcracks, cavities, or delaminations at the interface between metallic
crystals etc, whose sizes are of the same order of the RVE size. Growth of
microscopic cavities is followed by the coalescence between these cavities.
The coalesced cavities result first from a shear band joining two
neighbouring cavities, then from the propagation of a shear crack inside
the shear band which finally becomes an opening crack visible to the naked
eye. This is a physical description of ductile fracture. Damage begins
gradually at the earlier stage of the deformation by a continuous formation
of isolated cavities. The mean density p,, over some RVE decreases result-
ing in a macroscopic cavity. These considerations show that there is no
simple constitutive laws at a macroscopic scale which take account of all
these phenomena. Solid Mechanics for Engineering sciences consider
some compromise between the understanding of complex phenomena at
different scales and a suitable description of phenomena acceptable for
computations and applications.

This compromise is called a model.



2 Chapter 1. Deformation and Fracture

1.1. Deformation

1.1.1 Geometric transforms

The deformation of a solid from its natural state is characterized by the
motion of each material point from the position vector X = (X, X5, X3) at
time t =0 to the position vector x = (X, X, X3) at time t. Coordinates are
given with respect to the same reference frame, with fixed orthonormal basis
vectors el, 2, e3. One assumes that functions (X, t)—(x, t) or (x, t)=(X, t)
are one-to-one mappings, continuously differentiable with respect to vari-
ables in their respective domains (Q or Q) x [0, t]. The displacement field
u =x — X can be measured with either Lagrangian variables X;j or Eulerian
variables xj. There are two possible descriptions of deformation according
to the choice of variables in u(X, t) or u(x, t). The deformation in solids is
characterized by a distance change between two neighbouring points, from
the natural state to the current one. Let F = dx/0X be the gradient tensor of
components

ox.
L= 1.1
1 axj ( )
and G = 0X/dx be its inverse with components
X,
L= 1.2
o, (1.2)

The Variation of the square of a small arc is a quadratic form in dX or
dx,

ds? — dS()2 = 2EudX,de = 2AijdX,’de (1 3)
where
1 X, dX
Ay==(F ==~ (1.4)
o2 oxg ox,
1 odx, odx
E=—(—k—k_§. 1.5
2K ax, (1.5)

E = (F'F-1)/2 and A = (I-G'G)/2 are called the Lagrangian and the Eule-
rian strain tensors respectively and I is the identity tensor.
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X1

Figure 1.1: Geometric transform of Qo from the initial state at t = 0 to Q at time
t. Point x in Q at time t corresponds to point X in Qg at t=0

The components of the Eulerian deformation tensor (also called the
Almansi-Euler tensor) are given in terms of displacement u by
1 .
A, =L, e 9y duy (L.6)
2 0x,  Ox; OX; 0%y
By introducing the mass density p(x), the continuity of the body can be
expressed as p(x)detF = py(X), known as the conservation of mass.

1.1.2 Small strain

The small strain assumptions are based on the following experimental fact.
For most materials and structures, Engineering designs as well as criteria
for the validity of the behavior laws of materials considered impose some
limitations on the magnitude of the gradient [du/0x| less than 10% for ex-
ample. The non-linear term in Eq.(1.6) has then the magnitude 1% which
can be neglected compared with the linear terms.

Moreover one generally deals with deformation in which the displace-
ment itself |u| is small compared to the solid size. Since in quasi-statics, the
displacement is defined up to a rigid motion r = a + @AX, the smallness of
the displacement is measured with respect to some transported configura-
tion of Q) by r.

It should be noted that the smallness of u is not assumed in dynamics.
These two assumptions greatly simplify the analyses in Solids Mechanics.
One then makes the approximations X = X, d/dx = d/dX and
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1 du, odu

E,=A, =—(=—+—% 1.7
ik ik 7 (an aXi ) ( )
Eq. (7) defines the linearized strain tensor

1 du; odu,

&, =—(—+—=% 1.8

) (axk ox, (18

or in a compact notation € = (Vu+V™)/2 irrespective of the coordinates
used xj or Xj. Both tensors E and A coincide with €. The mass conserva-
tion law reduces to p(x)(1 + tre) = pg(x). A strain tensor Eq. (1.8) is called
a compatible strain when there exists a differentiable displacement field
u(x) satisfying Eq. (1.8).

1.1.3 Compatibility conditions

Let us recall without proofs the compatibility conditions for the linearized
strain € in some simply-connected region Q to be the symmetric part of the
gradient of function u(x) continuous and continuously differentiable in Q.
Mathematically, a compact form of the compatibility equations can be ob-
tained with the use of differential operators R and its adjoint R* defined
hereafter. The proofs can be found in classical Course on the Mechanics of
continuous media. Let B(x) be a symmetric second order tensor field
B(x) = Bjj(x)e'®el. We make use of the short notations o = 0/0xy and de-
fine the operator R (rot, curl in many books) and its adjoint operator R* (or
rot*, curl®) by

RB :=—(9,B) A e =—(9,B;)e' ® (e ne) (1.9)

R*B =" A (9, B)=(9,B;)(e“ re')®¢’ (1.10)

The operator R is called the /eft curl while its adjoint R* is the right curl
operator. The operator RR* is self-adjoint. The compatibility conditions
for the small strain can be written as

RR*e=0 (1.11)

These are second order differential equations on the strain components.
The 6 equations (1.11) are necessary for the existence of continuous and
continuously differentiable u(x) satisfying Eq. (1.8). They are sufficient
conditions for a simply-connected domain in the sense that any closed loop
inside the domain can be reduced to a zero circuit by a continuous defor-
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mation of the loop. Otherwise, with n irreductible connexions (annulus and
toroidal cavities in 3D, or holes and internal cracks in 2D), one has to sat-
isfy 6(n—1) closing conditions for displacement continuity in 3D or 3( —1)
closing conditions in 2D. These conditions express the continuity and uni-
formity of the displacement around a connexion. A domain with an edge
crack is simply-connected. The two faces of the crack belongs to dQ2 where
the displacement is discontinuous.

1.1.4 Stress

Let us recall some fundamentals on stress and introduce some notations.
There are many definitions of the stress tensors, according to the choice of
space variables. A distinction between stress tensors is important in non-
linear theories. Consider a small area element dS of material points with
unit normal n which is subjected to the contact force TdS by particles on
the normal side. At time t, the area element dS corresponds to the area
element dS, with normal ng at initial time t = 0. A material vector dx, on
dSy becomes dx on dS, dx = Fdx,. Three stress tensors can be defined by
the following mappings

6 :ndS —» TdS (Symmetric Cauchy stress 6, T = c.n),
0 :nydS — TdS (Unsymmetric Boussinesq-Kirchhoff stress 0, T = 0.ny),

7 :ngdSy — TdS (Symmetric Piola-Kirchhoff stress ).

Different stress tensors are related together by 8 = F.n and ¢ detF = 6.FT
(1 denotes the transposition). Conservation laws of momentum can be ex-
pressed either with Lagrangian variables X

2
06, 0

u.
—+p(X)(g——)=01inQ 1.12
2X, PoX)gi—=77)=0inL (1.12)

or with Eulerian variables x

9%v.

00, d
~ ik . — =0 1.13
ox, +p(x)(g; o Vi~V axh) (1.13)

The body force g per unit mass at point in the initial configuration, Eq.
(1.12) is not generally considered in Fracture Mechanics and — p,ii is the
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inertial force (the double dot denotes d%/0t? or 0,0;), while g in Eq. (1.13) is
the body force per unit mass evaluated in the current configuration.

In the linearized theory, all stress tensors are equivalent. We consider
g = 0 in the book so that Eq. (1.13) can be written as

~divo+p=0 (1.14)
ov

= p— 1.15

P=pr= (1.15)

with p being the momentum. It should be noted that Eq. (1.14), called the
equation of motion, is independent of the material considered, while
Eq. (1.15) depends on the material property p. Therefore we consider
Eq. (1.15) as the constitutive law linking the momentum p to the particle
acceleration odv/ot, via the density p. In the equilibrium case, Eq. (1.14)
reduces to dive = 0.

1.2. Elasticity

1.2.1 Constitutive laws

In the previous Sect. 1.1.3 it has been considered that p = pov/dt is an uni-
versal constitutive law for any material. In Elasticity, the stress-strain law
is specific to each material and can be defined by a relation of the form
o =0(¢) or its inverted form € = €(G). Let us consider here the isothermal
behavior of hyperelastic materials. The elastic constitutive law derives
from a strain energy density W(€), a convex function of the strain which
gives the stress as

o= W (1.16)
Ig;

or shortly 6 = dW/deWe recall that a (strictly) convex function f(x) of x in

some space satisfies flox + (1 — a)y) <f(x) + (1 — o)f(y) for any x, y. In

linear elasticity, the strain energy density is a quadratic function of the

strain components

W(e) = ajigij + % Lijnk€ijenk (1.17)
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where the elastic moduli possess the symmetry properties, which can be
justified experimentally.

Lijnk = Likij = Liink (1.18)

For stability reasons and uniqueness of solutions in statics, one assumes
that L is positive definite, €.L.e > 0. This is true in linear isotropic elasticity

Lijnk = A8ji0nk + W(8inji + 6i1cOjp ) (1.19)

w> 0,31+ 2u> 0. The elastic law ¢ = L.e can be inverted as € = M.c with
the compliance moduli tensor M = (1 +v)3;8, /E~tr(0)linjk, Linjk = (Sindjkt
Sindi)/2. The strain components are

1+v 1
&= T i —El‘}"(O')Jij (1.20)

with E the Young modulus and v the Poisson coefficient.

1.2.2 Tonti’s diagram in elasticity

Tonti (1975) has discovered the symmetry in equations of Physics, includ-
ing elastic rods and beams theory which reflects a profound symmetry ex-
isting in Nature. The same symmetry or more precisely duality exists for
example in Electromagnetics (Bossavit, 1988) and in three-dimensional
Elasticity (Bui 1992).

Hereafter we remind only recent results for duality in Elasticity. Let us
write the small strain tensor, Eq. (1.8), shortly as €= D*u, with D* =
(1/2)(V+V7), where precisely D* is the adjoint of the differential operator
D =—div. To verify the duality between operators D, D*, in a mathemati-
cal sense, we recall the symmetry of stress and introduce an arbitrarily
regular differentiable field w in Q, such that the gradient Vw is square inte-
grable and w = 0 on 0Q. We consider the Green-Gauss identity

[-dive.wdQ = [ on.e.wdS + [ 1 5. (V + VHwdQ

The first volume integral can be written as <Dg, w>, the second integral
over dQ vanishes and the third volume integral can be written as <o,
D*w>. We then obtain the duality relation

<Dg,w> = <g,D*w>

(—hon.s.wdS = 0), which justifies the notation D and D*.
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Kinematics of Elasticity

Consider the 2 X 1 matrix operator C and the 2 X 2 matrix operator S

9, -D* 9,
C= , S = (1.21)
D* 0 RR*
Applying C to u we obtain
V=0 (1.22)
€ =D*u. (1.23)
Applying S to Cu we then obtain two incompatibility tensors respectively
n=-D*v+9de (1.24)
{=RR*e (1.25)

The incompatibility tensor { is well-known in the theory of dislocations.
The first compatibility equation n = 0 indicates that the strain rate is the
symmetric part of the velocity gradient,

—D*v + g =0 (1.26)

The second compatibility equation { = 0 is nothing but the compatibility
equation of the strain

RR*g =0 (1.27)

Dynamics of Elasticity

Consider a matrix M(2 x 1) of elements Z(x) and B(x), which are symmet-
ric second order tensor fields, which we term dynamic tenso ' and Beltrami’s
tensor, respectively M*= (Z, B). Applying the adjoint S* to M, we then
obtain the representation of the momentum p and the stress

p=-DZ (1.28)

6=09Z + RR*B (1.29)

In dynamics, because of DR = 0, the representations of the momentum
and the stress Eqgs. (1.28), (1.29) satisfy identically the equation of motion,

dp+Do = -9DZ + D(0Z+RR*B) = —9,DZ + D(3,Z) = 0 (1.30)
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In statics, the Beltrami representation of the equilibrium stress ¢ = RR*B
is well-known. In two-dimensions the Beltrami tensor B(x) = y(x,x»)e3®e?
can be expressed in terms of the Airy function y. The Tonti diagram in
Elasticity clearly shows vertically two diagrams, the kinematics and the
dynamics of continuous media and a horizontal link by two constitutive
physical laws p = pv and ¢ = L.e. Operators C, S* in the kinematic diagram
are the adjoint operators of C*, S in the dynamic diagram. The Tonti dia-
gram was originally introduced in the theory of Boundary Integral Equa-
tions for symmetrization purposes (Bui, 1992). Generally, in BIE methods
one deals with unsymmetric systems of equations, starting from the dis-
placement to the strain, then to the constitutive laws and finally to the
equation of motion (or equilibrium equation).

Eq. of motion Equilibrium Displacement

H

e Do 0

M dp+Dc 0 u
L

(d;.D) C* C

Constitutive laws

p -DZ p pv v o
o 9Z+RR*B o Le e Du
D 0 -D* 9,
S, s*
J, RR* 0 RR*

Z
B

n

)

Incompatibility tensors
n=-D*v+de, ({=RR%

H

Dynamic tensor Z,

Beltrami’s tensor B

Figure 1.2: Tonti’s diagram in Elasticity. The kinematic chart goes down from the
displacement field u to the incompatibility tensors 1, { , with the operators C and
S*. The dynamic chart goes up from the dynamic symmetric 2" order tensor Z
and the symmetric 2" order Beltrami tensor B. Operators C* and S are adjoint to
operators C and S*. They gives rise to the equation of motion m =0 or the equ-
iibrium equation e = 0. The link between kinematic and dynamic charts is estab-
lished by the constitutive laws, for momentum and elasticity (Bui 1992)
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It is shown that the symmetry in BIE can be restored by considering the
symmetry between the stress and the strain, in time domain as well as in
frequency domain

1.3. Plasticity

1.3.1 Experimental yield surfaces

We consider metallic materials for describing some experimental evidence
at the basis of the plasticity theory. Elasticity law holds true for the magni-
tude of stress or strain below some threshold value called the yield stress
Op.

Go

g

Figure 1.3: Stress-strain curve in uniaxial loadings

For higher stress one observes a plastic deformation €P. Unloading then
loading are elastic, with the same Young modulus for the variations of
stress and strain,
Plasticity is then characterized by three features:

1) The stress and elastic strain rates obey the elastic law do/dt = L.de%at,

i1) After plastic deformation, the new elastic domain BA, Fig. 1.3, de-
pends on the plastic strain, more generally on some set of unknown inter-
nal parameters o, in a complex manner.

iii) Unloading at A is elastic and reloading at A is plastic with the same
plastic strain rates deP/At as that prevails before unloading.
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Let us consider a thin tube along Ox; subjected to tension ¢ (compres-
sion) and shear t (by torsion). Yield surfaces in the stress space (o, ) have
been obtained experimentally on copper, Armco iron, aluminium, Fig. 1.4.
The initial yield surface is nearly the V. Mis¢s ellipse, but subsequent con-
vex yield surfaces deviates significantly from known criteria: isotropic
hardening (isotropic expansion) or kinematic hardening (translation of sur-
faces). The initial Mises criterion sy Sp, = Cte can be explained by micro-
scopic considerations on the yield shear stress in polycrystals. The shear
stress, along planes with normal n in the direction m of the slip plane,
T = Op(nymy + myny)/2 is a deviatoric stress. If the initial shear stress is
constant for any n, m, then the distance of ¢ to the hydrostatic vector of
the stress space should be a deviatoric stress with constant norm, i.e
sniShk = Cte. Experiments show only an approximate coincidence with this
theory of crystal plasticity. There is a round nose in subsequent yield sur-
faces which are the reminiscence of the vertex of yield surfaces in
monocrystals. Experiments also suggest that the yield surface in the stress
space may depend on some set of internal variables o in a complex manner
so that it is practically impossible to determine exactly the function f(c, o).
The reasons are twofold: firstly internal variables o are yet unknown and
secondly the inverse problem to identify functions f(c, o) from experimen-
tal data is underdetermined by a finite number of possible experiments,
generally two types of experiments (traction or compression and torsion on
thin tubes), exceptionnally three parameters with an internal pressure.

Figure 1.4: Yield surfaces in the stress space (o, T) for aluminium 99.5%. The ini-
tial yield surface is nearly the Mises ellipse. Subsequent yield surfaces deviates
from known criteria: isotropic hardening (expansion) or kinematic hardening
(translation) (Bui, 1964)
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Figure 1.5: Incremental plastic vectors (Aeq;, 2A€;;) are normal to subsequent
yield surfaces in the (61, 012)-space, justifying the normality law (Bui, 1964)

Figure 1.6: Isotropic hardening theory is an approximation for pathes 1 and 2 ly-
ing in some loading cone. This is true for the Deformation theory of Plasticity
(Hencky’s theory). The yield surface to be considered for pathes 3 and 4 may be a
mixed theory of isotropic and kinematic hardening (Bui, 1964)
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One cannot determine neither the nature of internal parameters nor the
manner they influence the subsequent yield surfaces geometry. Therefore
macroscopic Plasticity theory is based necessarily on approximations
which are not always stated with clarity in the literature. Based on some
experiments on tubes which offer simple means to test two independent
loads, we can drawn some useful conclusions on yield surfaces:

1. Unloadings at the current point 0 are elastic. The yield surfaces after a
partially elastic unloading then plastic reloadings 1 and 2, for load pathes
lying within some cone, correspond approximately to the isotropy criterion
(heavy line curves). The stress pathes inducing plastic deformation should
not deviate too much from this loading cone. This is true for proportional
loadings starting from the zero stress state as considered in the Deforma-
tion theory of plasticity called the Hencky theory.

2. The plasticity criterion for pathes 3 or 4 corresponds to rather some
mixed isotropic and kinematic hardening, or perfect plasticity for load 4.

3. The plastic rate obeys the normality law deP = yof/do, with a positive
multiplier y> 0.

Remarks. In an uncoupled or coupled theory of thermo-elasticity, the
stress fields depend on both mechanical loading and thermal loading con-
ditions. The loading cone condition may be satisfied by the overall stress.
This condition must be checked a posterirori to ensure the validity of the
hardening theory considered (perfect plasticity, isotropic hardening, kine-
matic hardening). Very often, thermal loadings induce reverse compressive
stresses which must be in the current elastic domain

1.3.2 Prandtl-Reuss equations

The convex elastic domain C, in the stress space is defined by f(c,
o) < 0. Some popular criteria are given by functions

f(o, o) = f(o — kg (Perfect plasticity) (1.31)
f(o, o) = f(o) — k(o) (Isotropic hardening) (1.32)
f(o, o) = f(o—c.00) — kg (Kinematic hardening) (1.33)

The strain rates is decomposed into elastic and plastic rates

E=& + e (1.34)
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e For strain hardening materials the normality law is:

é”:;/a‘—f,YZO forf=0and f*>0 (1.35)
Jo
&"=0, forf<O0orf*<0 (1.36)
e For perfect plasticity:
p af . .
& =7/£,arb1traryy>0forf:0 and f=0 (1.37)
& =0, forf<0or f<0 (1.38)

where f* = (df/dc):0,c the rate of f at fixed o. Eqgs. (1.34)-(1.38) are called
Prandtl-Reuss’s equations of plasticity. We follow Mandel’s work to pre-
sent some experimental facts in plasticity (Mandel et al, 1962; Mandel,
1966). To complete the normality law, one should have to introduce a
function q(o, o) # 0 which characterizes the evolution of internal parame-
ter as di0t = yq(o, o) with the same multiplier y> 0, which can be shown in
the hardening case (df/dc):q # 0 to be the ratio g = */{(df/dc):q}.

An approximate theory of plasticity, valid for loading cone condition
in the sense stated in Sect. 1.3.1, is based on the plastic potential f= sy Spi/2
—k2(a), where s is the stress deviator, s = 6—tr(c)l,/3. In a radial loading,
one considers that q(o,0) is simply a function of the equivalent deviatoric
strain e, = (ejiejj)!/? or equivalent stress e, = (s;;sij)!/2, since the relationship
between these quantities is one-to-one. Instead of the rate f* let us consider
the increments 8f = s;;0s;; = s.0s, and write

dejj = (1/21)3sjj + sijq(Se?/2)5:08e = (1/20)3sij + {sij/Se } q(Sc%/2)s>se

In radial or proportional loadings the ratio {s;//s.} is constant during the
load so that an integration from the initial state to the current one gives the
Hencky theory of plasticity

e = —s; +-Lh(s,) (1.39)
U

In neglecting the elastic term (1/2W)s;;, one gets the Mises theory of plas-
ticity. In Eq. (1.39), function h(s.) may be determined experimentally by
simple loadings (traction, tractiont+torque, traction+torque+internal pres-
sure on tube).
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From Eq. (1.39) the equivalent deviatoric strain and stress are related by
€= Se/2L T h(s,).

Figure 1.7: Relation between deviatoric equivalent stress and deviatoric equiva-
lent strain ee = se/2Uth(se) determined in Osgood’s experiments. (h = shear
stress/normal stress) A (h=0); o(h=0.5); V(h=1); e(h=2); +(h=-c0), (Mandel,
1966)

Figure 1.8: Comparison between Hencky’s theory and Prandtl-Reuss’s theory of
plasticity, for two stress pathes (1) and (2) ending at the same point. Hencky’s the-
ory in doted lines with the same strain end point (A); Prandtl-Reuss’s theory in
continuous lines with different end points (e, ¢); For perfect plasticity, the plastic
strain of path (1) continues without rotation while the plastic strain of path (2)
continues without elongation. Experiments (o). (Mandel et al, 1962)
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rotation angle

X

- Rotation

- 0 1
Elongation

rotation angle
| | [

Figure 1.9: Experiments on a long cylinder subject to strain pathes; First phase
0—1 (elongation in the plastic domain) and second phase 1—2 (rotation); Mises’s
theory predicts a sudden decrease of F/Fo to zero and a sudden increase of C/Co to
1. Prandt-Reuss’s theory predicts smooth variations of force and torque (Mandel
et al, 1962)

Osgood’s experiments on tubes, for the ratio torque/traction ranging from
zero to infinity, show a good coincidence for functions h or g, even for non
proportional loadings, subjected only to the loading cone condition
(0 <6 <90°) Fig. 1.6. Experiments shown in Fig. 1.7 indicates a moderate
discrepancy between results from different loading pathes. They do not
mean that Hencky’s theory (1.39) is good for non proportional loadings.
To compare theories for non proportional loadings, experiments have been
performed on aluminium tubes subjected to loading pathes trac-
tion + torque (path 1) or torque+traction (path 2) ending at the same point.
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Hencky’s theory predicts the same final response in the strain space (point
4) while the incremental Prandtl-Reuss theory predicts different responses
(points e ¢) according the loading path considered, Fig. 1.8.

Another experiment on long cylindrical specimen of aluminium of ini-
tial length 1, has been performed for a comparison between Mises’s theory
(elastic strain neglected) and Prantlt-Reuss’s theory (Mandel et al, 1962).

They consist in considering different strain paths: First we elongate sig-
nificantly the specimen up to the length 1,(1 + e;) with large plastic strain
so that the elastic strain is negligible. The plastic strain is thus ;. Now fix-
ing the specimen length, | =1,+ e;, we then apply an increasing rotation
angle o — «. Both theories agree in the first phase of the elongation of the
cylinder (proportional loading). In the second phase Mises’s theory pre-
dicts a sudden drop of the force F/F,=0 and a sudden increase of the
torque to C/C,= 1 while Prandt-Reuss’s theory predicts smooth variations
of F(a) and C(a) as shown in Fig. 1.9. For detailed calculations of F(o)
and C(o) the readers can refer to (Mandel, 1966; Mandel et al, 1966).

1.3.3 Generalized Standard Materials

Halphen and Nguyen (1975) developed a mathematical theory of plasticity
which incorporates strain energy and dissipation energy in an unified man-
ner. Some specific aspects of dissipation including experimental justifica-
tions will be considered in Chap. 4. Here, we consider some general aspects
of constitutive laws in Plasticity in isothermal small strain and quasi-static
conditions. State variables are the pair (g, o) of strain € and internal vari-
ables o= (gP, B), which consists of observable plastic deformation eP and
hidden variables = (B;, B, One introduces the free energy per unit volume
W(e,ar) and the pseudo-dissipation potential ®(d;a), which are convex and
differentiable functions of their arguments so that stress ¢ and generalized
forces A are given respectively by

ow ow oD
o=—o, == 1.40
o€ Ja  Jda (140)
and the dissipation is
D=A.&>0 (1.41)

The second form of A, Eq. (1.40) defines the evolution law of internal pa-
rameters. An explicit form of the evolution law is given by normality law



18 Chapter 1. Deformation and Fracture

oY
oa=— 1.42
0A (142)
Function W is related to @ by duality in the sense of Legendre’s transform
O(dr)=sup ‘A.a—Y(A)} (1.43)
AeV

where V is some convex set. If convex V has vertex points, differentiation
in (1.42) has to be replaced by the notion of sub-differential, (Moreau,
1975). We do not consider vertex points since experiments only show
rounded noses.

1.4. Fracture

1.4.1 Introduction to fracture mechanics

Fracture in solids means the appearance of a surface of discontinuity S in
the medium, separating locally the solid into two parts, S with the unit
outward normal n, S* with opposite normal —n. The surface S is called a
crack. When the solid is subject to loads there is a jump of the displace-
ment

[[u]l=ul —u, (1.44)

The normal jump is non negative, [[u,]]>0. This condition makes crack
problems resembling the non linear Signorini contact problems in solids
mechanics. Generally, this condition is discarded in the literature because
most problems in Fracture Mechanics involve tensile loads which open the
crack. We will see in Chap. 3 that condition [[u,]] >0 must be considered
in some interface crack problems in order to avoid overlapping phenom-
ena. Contact problems are very important in vibrations of structures. If one
neglects contact problems, the response of the structure is linear. Contact
problems introduce non-linearity which can be observed in the frequency
spectrum, which becomes the signature of the cracked system. When the
normal crack discontinuity is positive, the stress vector T = c.n vanishes
on the crack.

Ti=on =0 (1.45)
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The crack surface S generally posesses a crack front F sufficiently smooth
enough for the introduction of local Cartesian frame, Ox; tangent to F,
Ox;x, normal to the crack front and Ox; on the crack. The deformed con-
figurations near the crack front are displayed in three modes according to
three components of the displacement discontinuity:

Opening mode I: [[uy]] =0
In-plane shear mode II: [[u;]] #0
Anti-plane shear mode III: [[us]] # 0.

Mode I is often observed in metallic structures, while mode II and mode
IIT could be possible for cracks under compressive stresses in underground
rocks, or in earthquake for example. Mode II is observed in the delamina-
tion of composites, or generally on weak interfaces of solids which canal-
ize crack propagations under compression and high shear stresses. In these
shear modes of fracture, stress free conditions Eq. (1.45) are no longer
va-lid. Modelling the stress boundary conditions on an earthquake fault is
probably the most difficult problem arising in Geophysics. Cracks appear-
ing in solids by a true fracture inside a sound solid, or crack like surface of
discontinuity at the interface of two contacting solids which move by a
relative slip, in the stick-slip phenomena for example, can be analysed by
methods of Fracture Mechanics. The physics of these phenomena may be
different from an energetic point of views. Their mathematical analyses are
practically the same

v

?

Figure 1.10: Fracture modes I (opening), II (in-plane shear), III (anti-plane shear)

1.4.2 Stress intensity factors

A fracture criterion is given by some relationship between parameters pj
which characterize the mechanical state of the crack tip zone, f(py, p2,.) =0
or more generally f(pj, dpj/dt) =0 for time dependent fracture, dynamic
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fracture or fatigue crack propagation. In linear elastic medium, all parame-
ters are equivalent to the Stress Intensity Factors (SIF) governing the sin-
gular stress fields at the crack tip. The SIF are defined with respect to the
orthonormal coordinates Ox1x;x3 shown in Fig. 1.10 (I), with Ox3 parallel
to the crack front, which must be regular at the origin O. In the plane
Ox1x2, with a cut along negative Ox;, we search a solution of the elastic
equilibrium equations div(c(u)) =0 for the Cartesian coordinates of the
displacement field u in the form u; = r%g;(0), i = 1,2 with polar coordinates
r, 0, satisfying the boundary conditions Tj = 0. By selecting square inte-
grable stress fields, we get the highest singular eigensolutions with the
eigenvalue o = 1/2 for the displacements

K Ky

=50 T 068 e cos )+ B | i (ke k coso+2) (1.46)
2uN2r 2 2,u 2 2
K Ky

u, =—- Lsmé}(lr cos @) — d COSQ(K"'COSH_z) (1.47)
2uN2r 2 2,u 2r 2

and for the stresses

K o 0 . 30 K, .8 6 36
0, = ——=cos—(I1— sm sin —) ——=sin— (2 +cos—cos—)  (1.48)
N27mr 2 27 2 2
K, 6.0 30 K; 0 . 36
0|, = ——=C0S—SsIn—cos — + cos—(1—sin—sin— 1.49
2 o Ry 04
K, 0 . 6 . 30 Ky .68 6 36
0,, = ———=c0s— (1 +sin—sin—)+ ——=—=sin —cos —cos — 1.50
2= o 2 2 o %20 (1.50)

with k=3 —4v in plane strain. Formulae for plane strain are exact. We recall
the value x= (3 —v)/(1 + v) for plane stress which is generally considered
for thin plate. However the corresponding formulae in plane stress, as
shown in Chap. 3, are not exact. One may consider the formal solutions in
plane stress as approximate solutions for non metallic medium. An evalua-
tion of the approximation in plane stress can only be made by a compari-
son with a three-dimensional solution. For metallic materials, plane stress
condition is questioned because there are often plastic deformations
through the thickness of the specimen concentrated in inclined shear bands
which violate the elasticity assumption. In the anti-plane strain case, the
asymptotic solution is given by formulae
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2K
U :—‘“,/i sin? (1.51)
u \N2r 2

I<HI : 0
0, =———=sIn— 1.52
3= psin (1.52)
K o
O, = cos— 1.53
3= cos (1.53)

From the asymptotic solutions in modes I, II, III, one can define the SIF
either by

K, = lim 0, (r, 6= 02727 (1.54)

K= 1in3 0,,(1,0=0)27xr (1.55)

Ky = lim 07, (r, 6= )27t (1.56)

or by

K, = 2 lim[[u, ]J0)W2 7/t (1.57)
K+1r—0

K, = 2 lim [[u, (W27 1 (1.58)
K+1r>0

Ky = %lin(l)[[uz]](r)\/Zﬂ'/r (1.59)

r—

Formulae (1.50)-(1.52) are the stress definitions of SIF while formulae
(1.53)-(1.55) are the kinematic definitions of SIF. Both definitions are
equivalent in quasi-statics, but they give different results in elastodynamics
for values of the crack speed higher than 60% of Rayleigh’s wave cg.

1.4.3 On the physics of separation

Let us briefly mention some underlying physics behind fracture at different
scales, from a macroscopic scale to the atomic one, by considering some
examples.
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1. A mechanical model. Consider a simple mechanical system consist-
ing of a linear spring of stiffness k attached to a rigid piston which moves
inside a fixed hollow tube of length /, Fig. 1.11. For a piston displacement
y, the resistance force t by the cylinder is assumed to be proportional to the
remaining frictional contact zone (/~y) so that the displacement of the
spring x is x — y = 1/k = a(/~y)/k. The force-displacement curve 1(x) is then
defined parametrically by ©= a(/~y) and x = y+o(/-y)/k, where y is the in-
ternal parameter. This curve is a straight line of negative slope for
0 <x </, beyond which the piston is getting out of the cylinder, and no
force could exist for x >/ . This simple model of fracture, consisting in the
separation of the spring from the hollow cylinder, makes it possible to ana-
lyse the energy dissipated by friction in the process zone inside the tube. A
generalization of the model accounting for threshold resistance and/or vis-
cosity is left to the readers.

2. The adhesive tape on a rigid substrate. Next example is given by
the pull-out of a scotch tape in common use at home or school. Here the
cohesive force is given by the glue layer whose long molecules act as pis-
tons inside hollow cylinders, at the nanoscale of the molecules. See Exer-
cice for evaluating the fracture energy.

3. Surface force between solid and fluid. Consider a spherical ball ly-
ing on a rigid surface with a liquid interface and a concave meniscus of

Figure 1.11: A mechanical model of fracture : a spring is attached to the piston
moving with friction inside a fixed hollow tube. The total supplied energy for get-
ting the piston outside the cylinder is called a fracture energy

Figure 1.12: Capillary force in the fluid-solid system with concave meniscus pull-
ing back solids together
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radius R. The depressure —p = a/R, where o is the surface tension, pulling
back the spherical ball to the substrate is responsible for the cohesion of
wet sands in the beach. Here the cohesive force is due to surface force or
capillary force. In the convex meniscus case, the repelling force (positive
pressure) sustains the heavy ball which can be easily removed from the
substrate without energy other than that is necessary against gravity work.

4. Adhesion between solids. Van der Vaals weak attracting forces be-
tween solids are responsible for the adhesion of solids. Replacing the lig-
uid of Fig. 1.12 by the VdV forces between solids, we obtain the model of
adhesion which is worked out by Maugis and Barquins (1980) who made a
perfect parallel between the separation of adhesive solids and the fracture
of solids.

5. Atomic forces. We simply mention the force between two atoms,
which is a repelling force at very short distance, then an attracting force
beyond this distance. The variation around the equilibrium distance is at
the origin of elasticity. Far beyond some maximum value of the attracting
force, atoms are not longer tied together. This atomic description is con-
sidered in the theory of dislocations. When generalized to an array of
atoms in the Peierls model of crystals, the dislocation theory explains the
origin of plasticity then fracture. The origin of atomic forces may be found
in electronic interactions.

1.4.4 Different types of fracture

Macroscopic observations of fracture in solids shows a variety of features
which convince us that their physical mechanisms should be different. The
fracture of a car glass is a well known phenomenon for drivers, but the
mechanisms of the chain breaking of glass into small and regular pieces
like a puzzle are not well understood. Here the driving force is the release
of residual stresses induced previously by a thermal treatment, which is not

Figure 1.13: Dynamic fractures of glass (Courtesy of L. Malinsky and H. Maigre,
LM.S, Ecole Polytechnique)
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Figure 1.14: A stainless steel specimen with a fatigue crack subject to a three
points bending. From the right to the left: No visible crack propagation under
bending loads in photos 1 and 2. A crack deviation is observed in photo 3, inside
the shear stress zone, which can be described by the slip lines fields of the theory
of rigid perfect plasticity (dotted lines in the upper part of the photo 3) (Courtesy
of EDF, Etudes des materiaux Department)

completely analysed. A similar phenomenon called a thermal striping is
observed on the surface of a solid subject to cyclic loads. Another complex
phenomenon is the star shaped cracking of a multi-layered glass which re-
sists to dynamic impacts, Fig. 1.13b. There are spectacular fractures like
the breaking of the Liberty ship in the 50’s, at the weld zone weakened by
low temperature. Another example of a spectacular fracture is the wavy
shaped crack over kilometers long in a pressurized pipe under cold envi-
ronment. The common feature in all these phenomena is called a brittle
fracture. We remind the catastrophic failure of an aircraft in the 50’s due
to a phenomenon called a fatigue crack propagation. To avoid either brittle
fracture or fatigue crack, one designs nuclear vessels with stainless steel
which requires much more energy for propagating a crack. Crack propaga-
tions in such materials are studied in ductile fracture mechanics, with
methods completely different from those considered in brittle fracture or in
fatigue. In brittle fracture, crack generally propagates under mode I. In duc-
tile fracture, as shown in photo 3 of Fig. 1.14, crack can propagate in mode II,
in the shear stress zone. Fatigue crack propagation also exists in mode II, for
a short while AB, Fig. 1.15.

A classification of different types of fracture can be made by comparing
the magnitude of plastic deformation. Brittle fracture is characterized by
the quasi-absence of plasticity in the load-displacement curve up to the
rupture point. On the contrary, the curve for ductile fracture shows a non-
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Figure 1.15: Fatigue propagation in metals in shear mode Ky; < 0. Crack tip A is
first obtained by a mode I fatigue. AB is the fatigue crack propagation in mode II.
At B, crack deviates in a direction predicted by brittle fracture mechanics (Cour-
tesy of Ch. Pinna and V. Doquet (1999), CNRS/LMS/Ecole Polytechnique)

linear behavior, with a large plastic deformation before the appearance of
crack propagation. Most of the supplied energy is dissipated by plasticity
inside the specimen. The load-displacement curve of a three-points bend-
ing specimen in stainless steel shows a large plastic deformation before
crack propagation by intense shear loads. Very often, a cracked bending
specimen of stainless steel undergoes a larger plastic deformation than that
shown in Fig. 1.14, without ensuing crack propagation.

Fatigue crack propagation under cyclic loadings is characterized by two
phenomena. Outside a thin zone near the crack faces of the order of some
grain size, there is no observable plastic deformation. In a thin zone, near
the crack faces, microscopic observations indicate that the cumulated plas-
tic deformations p during N cycles

p= i\sp(i)\ (1.60)
i=1

should be very high, while the total plastic deformation at each material
point could be negligible >; ; neP(i) = 0. This is the microscopic counter-
part of a phenomenon observed at the macroscopic scale of a specimen
subject
to cyclic loadings, called a plastic shakedown. The mean plastic strain at
plastic shakedown does not change significantly while the cumulated plas-
tic strain increases with the number of cycles N.

For a higher cyclic load, plastic shakedown progressively becomes a
racheting phenomenon with the increase of both the mean value of plastic
deformation and the cumultated one. Plastic shakedown and rachetting
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phenomenon explains the rate form of the fatigue crack propagation and its
acceleration. A log-log plot of da/dN (crack growth per cycle) versus AK;
(the variation of the SIF during the cycle) typically shows three phases.
The first phase is characterized by a fatigue crack initiation above a
threshold value. The second phase corresponds to a stable propagation,
known as the Paris law with m between 2 to 5 for steel

NG (1.61)

dN

iy
(1)/(2)U (3)W/ :

Figure 1.16: Cyclic loadings on a metallic specimen: (1) elastic shakedown;
(2) plastic skakedown; (3) rachetting

€

da/dN

Paris’s law

acceleration

AK,

Figure 1.17: Fatigue crack propagation. A log-log plot of da/dN function of the
load AK;
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The third phase indicates an acceleration of the fatigue crack propagation.
The Paris law (1.61) does not apply to short cracks initiated at the free sur-
face of the body. Perhaps, for short cracks under fatigue loadings plastic
dissipation mechanisms may be considered, as in Cherepanov’s model
(1968).

Fatigue of metals under applied cyclic loadings with maximum stress
amplitude S is characterized by the S-N curve, relating the number of cy-
cles at rupture under S, Fig. 1.18. Below some threshold stress S, there is
practically no rupture. The S-N curve obtained by a tension test specimen
is not actually an intrinsic material property. By changing both the magni-
tude of the stress S and the mean applied stress 6, one observes different
threshold stress Sg. Dang Van'’s criterion (1999) is based on a local ap-
proach to fatigue rupture, Fig. 1.19

max [7(t) + a0, (t) [< b (1.62)

where a and b are simply determined by two different tests, t(t) is the
maximun shear stress at point x. In the (o6, T> 0) half-plane the actual
loading curve (o(t), T(t)) of any structure can be compared with the safety
criterion at different point x.

Dang Van’s criterion requires numerical calculation of the structure un-
der thermo-mechanical cyclic loads. New methods of asymptotic solutions
(for t — o), or large time increment, are particularly suitable for the appli-
cation of Dang Van’s criterion to real structures. (See Maitournam et al
(2002) for a direct calculation of the limit cycle and Ladeveze (1998) for a
rapid solution by the method of large time increment).

Figure 1.18: The S-N curve in high cyclic fatigue; S-N curve is sensitive to
specimen geometry and cyclic loadings
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Ny~

)

Figure 1.19: Dang Van’s criterion in high cyclic fatigue; (1) safe cyclic load his-
tory; (2) unsafe cyclic load history

1.4.5 Brittle fracture criterion

In mode I, most theories predict a brittle fracture at a critical value of SIF,
K;= Kj..The constant Ky is the toughness of the material. The experimen-
tal determination of the toughness follows some normalized procedure
given in ASTM codes which define the geometry of the specimen (Com-
pact Tension Specimen) and the loading conditions. The specimen must
have some valid thickness B >B( = 2.5(Kj./6()2, for which the plastic zone
at the crack tip can be neglected, Fig. 1.18. Below a minimum value By,
experimental K; are not constant, much more higher than the plateau value.
There are some reasons for this feature: first a thin specimen cannot be in
plane strain state, second there is a plastic deformation by inclined shear
slips through the specimen. In linear elasticity, for a given crack geome-
try, the stress or displacement fields, and thus the SIF are linear with re-
spect to the load, but non linear with respect to the crack length. It should
be noted that words like “linear fracture mechanics” are not adequate since
fracture in linear elastic material is essentially a non linear phenomenon. A
dimensional analysis shows that K, has the dimension of a stress times the
square root of a length. Typical values of K;. for steel are about 50-
200MPavm. There is another condition for the validity of brittle fracture. It
is concerning the crack length / and the radius R of the plastic zone at the
crack tip which must be small R << [ (small scale yielding assumption).
Experiments suggest the condition 2.5(K;./c()2 < /.



Chapter 2

Energetic Aspects of Fracture

Griffith was the first to consider fracture in solids as a physical process
which requires energy to create additional crack surface. This chapter ex-
amines some macroscopic consequences of Griffith’s model. Consider a
cracked solid Q subject to some loads on its external boundary Sey. As illus-
trated by some examples in Chap. 1, fracture can be obtained by applying
some internal forces between crack surfaces S* to be created from the ini-
tial configuration to the final one, when a complete separation of particles
occurs. In the macroscopic point of view, the details of what happens be-
tween S* are not essential. Only some energetic aspects of relevant fea-
tures in S* are important for modelling fracture.

The separation energy averaged over the fracture surface per unit is
called a surface energy.

2.1 Griffith’s theory of fracture

During a crack advance of the area amount 8S, the supply of energy for
fracture being dWg, the solid geometry changes as well as stored elastic
strain energy dW,., Kinetic energy dW,;,, potential energy of external
loads W,y (equal to minus the work done by the external force —[F.5u).
Griffith postulated that 6Wg=2y3S and that the total energy does not
change

6V\/tot = 6Vvelast +OWiin + 8Vvext + 6\VS =0 (2.1)

Suppose that an equilibrium state is reached for a stationary crack S, with
the external load F so that any infinitesimal change of the equilibrium state
with 8S > 0 under 8W,;, = 0 implies

OWolast + OWexe +270S = 0 (2.2)

This is the criterion of crack initiation at the equilibrium state of the solid
at rest just at some critical load.

29
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Defining the quasi-static energy release rate by G =—8(WjasitWext)/0S,
one gets the crack initiation criterion as G = 2y. Crack propagation under
dWiin = 0 is called a controlled or stable propagation.

Suppose now that during a crack propagation Wy;,> 0, one wishes to
know whether the propagation is globally stable or not, in the sense that
whether Wy, < 0 or Wy, > 0. A decrease or an increase of kinetic energy
dWiyin should indicate the stability or instability of the whole cracked sys-
tem, which is more or less under control, at least at the beginning of crack
propagation. The global criterion of stability adopted here is different from
a local stability criterion, for instance in a two-dimensional problem,
which involves the rate of change of the crack velocity da/dt.

Local instability or stability means acceleration or deceleration of the
crack.

In a three-dimensional problem, another kind of stability may be con-
sidered for the crack shape front which may have either a regular geometry
or a wavy shaped geometry, both geometries being two possible responses
of the cracked solid under the same global energy release rate. Such kind
of geometric instability is considered in bifurcation problems related to
second derivatives of the potential energy, 8G/86S = 0 with respect to gov-
erning parameters of S. Therefore, there may be different points of views
when one deals with stability in fracture mechanics. Here global instability
criterion considered is related to the excess of energy release rate over 2y

G>2y = Wy, >0 (2.4)

ext) =27 (2.3)

which can be transformed in either kinetic energy or fracture energy to
provide an additional propagation or both energies. Further analyses of ener-
gies by Berry (1960) show how global and local stability or instability are
related to each other. In dynamic fracture, kinetic energy is so important an
energy that the balance equation of energy leads to another definition of
the energy release rate including the kinetic energy, as the flux of energy,
(Freund, 1990)

__d (

Tt + Wi } (2.5)

elast + ext
The balance of equation reads F =D, where the fracture dissipation rate
is D = 2yda/dt in Griffith’s theory and F = Gda/dt (two-dimensional prob-
lems). Eq. (2.5) is related to the rate of energy change of the cracked solid,
outside the process zone, while D is the relevant feature of the inside of the
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process zone. The new point of views enables us to consider different theo-
ries of three-dimensional fracture in which dissipation rate D(¢) depends
on the crack front velocity ¢ which may be different from Griffith’s model.

2.2 Some expressions of G in quasi-statics

Consider states of plane strain for analysing energy in quasistatic crack
propagation. Further analyses will focus on dynamic crack propagation
(Chap. 5). The external boundary consists of two parts, St where the stress
vector T4 is prescribed and S, where the displacement ud is prescribed. We
look at the change of stored elastic energy and works done by forces when
the crack length changes by an amount da, not necessarily in the same di-
rection of the main crack.
The energy release rate per unit thickness of the solid is

d du. d
G=—— | WEedo+ | T —ds=——P 2.6
da JQ (€)de '[ST ' da g da 2:6)

with P the potential energy. The derivative of the strain energy is given by
du, dT.

— | loedw = L i § it

0 o2 0;&dw > IS {T m +u, 0 s

Combining the above equations, taking account of du;/dt = 0 on S;, one ob-
tains the energy release rate as

1 dui d’T‘
Gy g g
G=! [ modg ot iy 2.7)
2 ds7 ' da 2 8y da

Eq. (2.7) derived for a stress free crack is also valid for a frictionless con-
tact crack. The reasons are the following ones. In contact zones, normal
and shear stresses are continuous so that stress vectors on S* are opposite
to each other, T* = —T-. Among contributions to G from 8Q there are
terms from the crack surface S, for instance

T*.du/da + T .du/da = T*d(ust—u,)/da + T td(u, —u,)/da

which vanishes because of the frictionless contact T;+= 0 and the contact
condition [[u,]] =u,"—u,~= 0.
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Figure 2.1: Path integration along the crack avoiding crack tips A and C by small
circles, with inward normal n; Displacement u(!) near tip B prior to crack propa-
gation; Displacement u(® near tip B, after crack advance d/; Crack tip A is fixed

2.3 Irwin’s formula

Let us consider another formula equivalent to Eq. (2.7). First, consider the
Betti reciprocal theorem for any pair of elastic fields (u,T) and (u*,T*)
which can be expressed by the zero-valued of the integral

<§(T.u *_T* u)ds = 0 (2.8)

for any closed curve S. Therefore, considering the rate fields (du/da,
dT/da) as the star fields, we can change the integral over S in the one in-
volving any other contour encircling the crack with inward normal n to the
elastic domain. One contour may be of interest for the calculation of G. It
consists of the limiting contour along the crack faces and two small circles
around the crack tips A and C.

Consider the incremental form of G with the latter contour

Gda= % [(0u,—udT)ds (2.9)

Using the singularities of stress and displacement before (state 1) and after
crack advance (state 2), it is not difficult to show that the only non zero
contribution to the latter integral comes from terms along (BC)* (BC)~

Géa= 1 jBC TOW® —u® )ds = jBC T O[u®)ds (2.10)

G given by Eq. (2.10) can be evaluated using the stress and displace-
ment fields near the crack tip given in Chap. 1, with the stress intensity
factors of states (1) and (2).

In mode I, with coordinate axes at tip B, the asymptotic expressions of
normal stress and displacement at S* to be considered are
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0-512) (x)) =K, (x1>0)

o
J27x,
uy’(x,)= K| ——=+/27(d/ —x xp <d/

2 ( 1) 1 Z,U\/E ( 1) ( 1 )
In plane strain mode I, Eq. (2.10) yields the Irwin formula

1_ 2
G= EV K> .11

In mixed modes I +II+I1I the Irwin formula is

6=V w2k i 2.12
= K7 +Kip)+—Kj (2.12)
E 2u

Brittle fracture, in plane strain mode I, is characterized by the toughness
K. which is related to the Griffith surface energy by

2yE
1-v?

It should be noted that modes I and II appear in Eq. (2.12) symmetri-
cally. However, physically at a macroscopic scale, mode I fracture is gen-
erally observed in a homogeneous metallic solid, except when there are
concentrate symmetric shear bands starting from the crack tip.

For instance in a three-point bending specimen, crack propagation in a
symmetrical mode I requires much more energy than a dissymmetric
propagation in mode II observed along shear bands, as shown in Fig. 1.14,
Chap. 1.

Mode II fracture is observed along shear slip planes in crystals, Fig. 2.2,
and also in fatigue crack propagation as observed by Pinna and Doquet
(1999), Fig. 1.15.

Except these particular cases of mode II fracture, an existing crack in
mode II loading generally deviates from its original direction and then
propagates in a direction which corresponds to the opening mode I frac-
ture. This is true for brittle fracture. Therefore, it is important to derive
formulae to calculate stress intensity factors after deviation from stress in-
tensity factors before deviation, which are not the same. Stress intensity
factors are defined with respect to axes along the crack. After deviation,
the new axes has to be considered to evaluate displacement and stress
components.

K, = (2.13)
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Figure 2.2: A shear mode II crack joining microcracks initiated along slip planes
in Fe. Multiple slips at the bottom of the figure (Courtesy of S. Taheri, EDF)

2.4 Barenblatt’s cohesive force model

Consider a crack propagation under constant K;= K;.. Upon magnifying
the process zone, Barenblatt considered that the separation of particles oc-
curs in a very short distance d <« a, under non linear attractive cohesive
force F([[u,]]). In moving coordinate, force F first increases then decreases
to zero. A constant K; implies one of the following equivalent models:
1). Constant asymptotic near fields, or Griffith-Irwin’s model
i1). In moving coordinates with the crack tip M = (0, 0), existence of an
autonomous function F(x;) in the cohesive zone —d < x;< 0, with fixed
d. By introducing Bueckner’s weight function k(x;, M) which deter-
mines the SIF at the crack tip M, by a pair of opposite unit point loads
at x;, one gets the stress intensity at the crack tip M as (¢ = [[u,]])

K, 0= [ ks, MIF((x,) = K

This model has been introduced by Barenblatt (1962) in order to remove
stress singularity.

iii). In fixed coordinate axes, suppose that da>>d, the work done by cohe-
sive forces per unit crack propagation length is constant
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This is the model introduced by Willis (1967) who showed that it im-
plies G = const. The latter equation results from Eq. (2.10) where the right
hand side of the equation is replaced by the stress working by cohesive
forces on 4a, thus equal to

J., F(llu, lfu, 11 = const.da

2.5 Berry’s interpretation of energies

Consider a cracked elastic solid with the crack length /, subject to a 1D-
parameter loading. Let Q-q be the quasi-static load-displacement curve.
The curve Q-q is a straight line as long as K;(/) < K|.. The domain of the
(Q,q) plane defined by K (/) < Ky, is bounded by a curve I" parameterized
by / which is called an equilibrium curve. The larger the crack length, the
lower the slope Q/q. The equilibrium curve shape depends on the geometry
of the cracked solid and on the toughness. Typically, as shown by Bazant
and Cedolin (1991), the system consisting of a cracked solid and an elastic
spring representing the testing machine has a monotonically decreasing
equilibrum curve when the machine is stiff. The equilibrium curve can
have a snap-back when it is soft.

What happens when the loading curve Q-q is going beyond the equilib-
rium curve I" at some point?

Figure 2.3: The equilibrium curve T" is defined by the quasi-static criterion
Ki(7)= K. Stiffness OA is associated to the initial crack length /. Stiffness OB is
associated to a larger crack length /. The loading path ACM is associated to a
propagating crack with the crack length / corresponding to the stiffness OB
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Figure 2.4: The equilibrium curve T for a stiff system (1) and for a soft one (2)
showing a snap-back, (Bazant and Cedolin, 1991). Prescribed loading Q = const at
B or M is fundamentally unstable because of unlimited increase of kinetic energy.
Prescribed displacement q = const at B is stable. Prescribed displacement at M is
first unstable then, after a snap-through, becomes stable at point N

The equilibrium state with the initial stationary crack length /; is no longer
valid beyond T'. Therefore, either crack propagates or kinetic energy has to
be considered, or both cases are possible. Only a dynamic analysis of the
cracked solid, with a known or given crack history /(t), can determine dif-
ferent energies in a crack propagation.

We shall consider in Sect. 2.6 the inverse energetic problem for a sta-
tionary unknown crack and the case of dynamic crack propagating will be
considered in Chap. 5. Here, we focus on Berry’s model which provides an
approximate but useful interpretation of energies involved in the case
where the loading point (Q, q) is beyond the equilibrium curve, under
some assumption on the crack history. First, consider a quasi-static loading
Q-q such that crack propagates from /; (point A) to / (point B) so that the
loading point (Q, q) is along the equilibrium curve I'. Eq. (2.9) shows that
G(/—1y) is nothing but the area of the shadowed curved triangle OAB.

Second, suppose that a load-displacement curve is along OACM, Fig.
2.3. Assume that the crack length at point M is given by the one which cor-
responds to the stiffness OB of the equilibrium curve ' . Energy considera-
tions and the balance equation of energy show that:

1) OACMN is the total energy provided by the external load,

2) OMN is the stored elastic energy by the cracked system with the
crack length /(B),

3) OABO is the total Griffith surface energy
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4) ACMB is the total kinetic energy at M.
Berry’s model provides a simple stability analysis of crack propagation
just after crack initiation.

Unstability considered here corresponds to the unlimited increase of
kinetic energy, as explained in Fig. 2.4.

2.6 Stability analysis of multiple cracks

In fatigue cracking of metals under mechanical and thermal cycles, there is
a phenomenon called a thermal striping which consists of a series of edge
cracks of equal length, spaced at nearly equal interval 2b.

To understand thermal striping, let us consider a simple experiment of
fracture (which can be performed in a class-room) on a sheet of a A4 paper
of width 5 cm. Make first a symmetric cut A of 2 cm at 6 cm from one
end, then two other cuts B and C of the same length 2 cm at respectively
6.5 cm and 6 cm from the other end. Second pull the sheet apart and ob-
serve its fracture. At first sight, fracture should occur at the weakest zone,
near B and C, but it actually occurs at A, because brittle fracture predicts a
stress intensity factor higher at A than the ones at B, C.

The interaction between cracks B and C mutually lowers the stress in
the vicinity of each crack tip. The higher the number of cracks, the lower
the stress intensity factor, for the same crack length.

The number of cracks per unit length on the stress free surface is
N o< a/2b. The number N is the entire part of the ratio N = a/2b. Assume
that the cracks have the same depth a and that an uniform tensile stress 6,
is applied at infinity, Fig. 2.5b.

The solution for the stress intensity factor has been given by Bowie
(1973), Sih (1973) as Kj(a/2b) = f(a/2b)o(wa), where the function f(.) has
been numerically evaluated. From their numerical solution, for a fixed
crack length a, we get the limiting values at low b

2(a/2b) — m (asb—0) (2.14)
a
and at large b

f2(a/2b) — (1.12)2  (as b— o) (2.15)

This limit value corresponds to that of an isolated edge crack for which the
stress intensity factor is K; = 1.120V(na).
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A BC
(a) < I I —
X2
vV U Ve v v ]
(b)‘—‘—v <2 —
VXl
f(N) = K,(N)/a'/2
M=K
() A total plastic dissipation Z(N)
_____ > O(IN)
= » N =al2b

Figure 2.5: (a) A sheet of paper with three cuts A, B, C. The weakest zone seems
to be at B and C. Surprisingly, fracture occurs at A; (b) N(= a/2b) edge cracks per
unit length spaced at the same interval; (c) Bowie's functions f(N) = KyA(ma) in
dotted line, the total plastic dissipation per unit length is Z(N), in continuous line

Thermal striping deals with very short cracks for which Griffith’s criterion
does not apply to metals without some modification. One can consider first
plastic dissipation for one crack, then for the system of N cracks. Some
models exist for describing the mechanisms of dissipation, for instance
Cherepanov’s model (1968), Bui and Ehrlacher’s model (1981). The last
model, using a damage theory in plasticity confirms the former one.
Cherepanov’s model is based on some estimation of plastic dissipated en-
ergy dWp and fracture energy dWpg. For a crack advance da, the first term
dW,, should be proportional to the variation of the active plastic zone area

dW, o< d(nR?),

with the radius of the circular plastic zone R proportional toK® (take R
satisfying K;= 6¢\(TR))

dW, o< AK; dK, (2.16)
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The second term should be proportional to the area of the wake plastic
zone 2Rda or

d <BKida (2.17)

Egs. (2.16) and (2.17) will be justified by an analytical model of plasticity
and damage, Chap. 4. Thus Griffith’s model is generalized by Cherepanov
(1968) as dWp + dWg = 2yda. Using Eqs. (2.16), (2.17) one gets a differen-
tial equation which, upon an integration, provides the resistance curve
a(Ky)

AK? A BK?
-—1- —Zlog{l— :
2B B 2y

ag

} (2.18)

For an edge crack initiated at the free surface ap= 0, because of small
crack length, K is small. Thus, according to Eq. (2.18), the fatigue crack
propagation law of short crack takes the form

az K/ (2.19)

8y

This equation explains why nothing happens to a structure during a fatigue
loading during almost its lifetime and that only a visible edge crack is ob-
served long time after loading. Remark that, in a small scale yielding, by
replacing K; by AK; and (a—ay) or more generally a,—a, ; in Eq. (2.18) by
da/dN (crack advance per cycle) we recover the Paris law of fatigue with
m = 4. Also some model based on the so-called Weibull statistics predicts
a probability of fracture P = K;#, Pineau (1992). Therefore, Cherepanov’s
model (2.18) can be considered either a resistance curve without threshold,
or a fatigue law. From (2.16), the total energy dissipated by plasticity for
one crack is  pjus= Ky*. Therefore for N cracks, it is Z(N) o o4n?a?Nf4(N).
For large N (as b — 0), Eq. (2.14) shows that f2(N) o 1/N, hence function
Z(N) behaves like 1/N

zm«xo(%) (large N)

while for small N, according to Eq. (2.15), f2(N) o const, hence Z is a linear
function of N

Z(N) =< O(N) (small N)

The curve Z(N) shown in Fig. 2.5¢ indicates that there is a maximum of
energy dissipated per unit length corresponding to some N*. This model
supports the idea following which the observed multiple crack configuration
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corresponds to the maximum of dissipation of energy, or the minimum of
the total free energy of the system (per unit length). The model justifies
an equilibrium configuration of identical cracks spaced at the same interval
2b* = N*a, for fixed a and o, —0P/db = 0. However it does not tell us about
the stability of the system, when b* is fixed. Stability considerations of the
multiple cracks configuration, as done in (Nemat-Nasser et al, 1980;
Nguyen 1984, 2000; Nguyen et al, 1990; Stolz, 1990; Suo and Combes-
cure, 1989), require the knowledge of second derivatives of the potential
energy —02P/dlid;. This derivative indicates the influence of the propagating
crack (j) on the energy release rate in the crack (i) propagation. A negative
value of the second derivative —9?P/dl;0; means that crack propagation (j)
inhibes crack (i) and vice versa since the second derivative is symmetric.
The observed stable configuration of multiple cracks is that corresponds to
—02P/dlid;= 0 for any (i), (j). Probably for uniform stress 65, in a semi-
infinite half-plane x; > 0, the multiple crack system is unstable. Nguyen
et al (1990) found that a system of two cracks in a strip subjected to uni-
form tension is unstable, in the sense that when —92P/dl;0; > 0 it implies
—02P/dl10, < 0 and vice versa. When the applied stress decreases with in-
creasing depth (doy,/dx; < 0), one can expect that the system of multiple
cracks becomes stable when the crack lengthes reach a compressive stress
zone. Suo and Combescure (1992) considered an infinite periodic system
of cells containing two cracks in each cell, subject to uniform tension.
They got the same instability result.

2.7 An inverse energetic problem

The problem of determining stored elastic and kinetic energies, for a sta-
tionary crack is now considered for a three-dimensional elastic solid, with
a frictionless stationary crack. When the crack is known, as well as pre-
scribed loads, the initial boundary value problem is a well-known forward
one whose solution determines both mechanical fields and energies, thus
nothing is new. Perhaps, a novelty should be on the consideration and
treatment of dynamic frictionless contact crack. But we do not consider
this contact problem, even if it is very important for applications. The
problem examined here is to determine stored and kinetric energies when
the crack is unknown. This is an inverse energetic problem, in the usual
terminology of applied mathematics, which requires additional data for the
solution. Those are the pair of boundary data (T, u), prescribed loads T
and measured velocity @ on Sgy % [0,t].



2.7 An inverse energetic problem 41

When the solid is subject to dynamic loads, it is sometimes important to
know the ratio kinetic energy/stored elastic energy which is a function of
time. In some industrial applications, for instance for saving energy, one
wishes to control the process in order to minimize the kinetic energy lost
by heating and heat conduction. Conversely, in some applications one
maximizes the kinetic energy of fracture debris. Let us show how to solve
the energetic inverse problem.

We follow the work of Brun (1969) who solved the same problem in an
uncracked solid and we apply his results to a cracked system. The un-
known frictionless crack is S. The elastic energy and kinetic energy are
respectively

Welast = % J.Q O-ijgijda) (220)

=1 inig
W, =4 | piiiydo (2.21)
Conservation of energy is written as

Welast+ kin = I J‘t Ti(xa T)ili(xa T)deT (222)
Sext 70

The conservation law (2.22) is also valid for a frictionless contact crack,

because either T = 0 in the opening zone, or T;"= 0 (tangential stress) and

[[u,]] =u,"—u, = 0 in the frictionless contact zone.

To calculate the energies separately we need another independent equa-
tion. Let us consider causal continuous functions of time f(t), which are
identically zero for time t < 0. For any causal function f{(t) let us introduce
the time integral operator

[ Odr:=[ Odz- [ ar (2.23)

which is the difference between two integrals over different time intervals.
The following identities can easily be checked

[ ret-of@dr=0 (2.24)
[ rei-ns@dr=r1 0 (2.25)

| s@t-0g dr=-g*(1) (2.26)
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To obtain g2(t) defined by the right hand side of Egs. (2.25), (2.26), in
the time interval [0, t] one needs function f(t) defined in the double time
interval [0, 2t]. In what follows, for simplicity, we omit variables x in
causal functions g(x, t).

Multiplying the equation of motion of the first field u()(t;) at time t; by
the velocity of the second field u®)(t,) at time t,, we obtain

[l )L i ()do+ [ pi® )0 (t,)do =

= js TO(t).a?(t,)dS (2.27)
ext

First we take the same function u(t) at different times t; = 2t-1, t, =1,
second we apply the integral operator J; to (2.27). Using Eq. (2.25) and the
symmetry of the moduli tensor, we can express the first term of (2.27) as

[ do [yt =)Ly, (2)d7 =
=7 IQ doL J; {u;;2t— )0y, (7) + 0y, 2t—7)u;(7)d7 =

= IQ Lt (Dup (Ddo =2 (2.28)
and using (2.26), we can express the second term of (2.27) as
jQ dw £ P2t — 7)u(7)dT = — IQ Pt (t)dS = — 2Wyin
Finally, applying the integral operator | to Eq. (2.27) we obtain

Wo =W, =4 [ (]~ [1T(x, 2t D0i(x, 7)dSdz (2.29)
s " SEX[ 0 t

Egs. (2.22), (2.29) solve the inverse energetic problem. Eq. (2.29) is valid
for a frictionless contact crack too. Given external boundary data T, a in
the time interval [0,T], one can calculate the elastic energy W, (t) and the
kinetic energy Wy;s(t) of the solid € containing an unknown crack, sepa-
rately, in the half time interval [0,1 T]

t .
Wa®=4 [ [ TCx 2, DSl -

—¥ _L { JZ_ fl yT(x, 2t—7)0(xX, 7)dSdt (2.30)
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Wa(0) =3 [ [ T(x, D)(x, 2)dsdz +

ext
| T, 2t = 2)a(x, D)dSd 231
w4 [ AT 2t 0k oydsdz (231)

Egs. (2.30), (2.31) has been derived by Brun (1969) for an uncracked elas-
tic body. We have shown that Brun’s theorem is valid for stress free cracks
as well as for frictionless contact cracks. The generalization of (2.30),
(2.31) to dynamic crack propagation has been given by Bui and de Langre
(1988), see Chap. 5.

2.8 Path-independent integrals in quasi-statics

Path-independent integrals have many interesting applications in computa-
tional fracture mechanics. The main reason is that stress-intensity factors
are defined by the near tip fields of stress or displacement which are unac-
curate in numerical computations. Therefore, to transfer informations on
the stress singularity at the crack tip to the external surface of the cracked
solid where numerical solutions can be obtained with a better accuracy,
and vice versa, we consider path-independent integrals which are the right
tools to work with for the calculation of G or K. In Sect. 2.3 an example of
a path-independent integral for the calculation of G has been given. There
are other path-independent integrals derived from conservation laws such
as

divA + B=0 (2.32)

with a second order tensor (or vector) A and a vector (or scalar) B which
are related to physical quantities and their derivatives. If the source term
B = 0 vanishes in a domain A, then the flux of A.n across dA vanishes too

baA.n ds = 0. (2.33)

Assume that B =0 in the entire solid and that A.n = 0 along the crack
faces, then Eq. (2.33) can be written as

for open pathes T'; and T, with end points on S* .
The above equation defines the path-independent integral

C = [rA.n ds (2.34)
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for an arbitrary contour surrounding the crack tip. The integral C does not
vanish only if A is singular as O(1/r).

To summarize, three conditions may be necessary and sufficient for
path-independent integrals: a conservation law without source term B = 0;
vanishing flux A.n = 0 on the crack faces; and singularity of A = O(1/r).

Figure 2.6: Path-independent integral along path I", with two end points on the
stress free crack faces

2.8.1 The path-independent J-integral

The J-integral discovered independently by Rice (1968) and Cherepanov
(1968) originated from a conservation law given by Eshelby (1951) who
introduced an integral having the meaning of a generalized force on an
elastic singularity in a continuum lattice.

The Eshelby law is a source free conservation law, div A =0, with
A =W(¢e)l(grad u)t.o

Aik = W(S)S,’k — ij Uj i (235)

(We recall the notation j; = du:/dx;) Eshelby’s terminology for A is the ene-
rgy momentum tensor. In Eq. (2.35) W(g) is the quadratic elastic strain energy
ergy density W = J g;Lijnkenk. For a crack, the tensor A has the right singu-
larity as O(1/r). The Eshelby force on the elastic singularity is F;= ﬁ{Aiknkds
where y is any closed contour encircling the singularirty. The path-
independent J-integral is defined with a open path I, with end points on the
stress free crack line, along negative Ox;, encircling the crack tip

1.

J= jr{W(g)n, — oy, bds (2.36)
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It is the first component of the Eshelby generalized force. When the con-
tour T is a circle around the crack tip with a vanishing radius, the J-integral
can be easily evaluated as

1-v

J= (KI2 + Kfl) (in plane strain state) (2.37)
| . .

= 2—Km (antiplane strain state) (2.38)
U

Comparing Egs. (2.37) and (2.38) with Eq. (2.12) one concludes that J is
idendical to the energy release rate in linear fracture mechanics, J = G, and
that J-integral is also equal to minus the derivative of the potential energy
dp
- 2.39
m (2.39)
It can be shown that Eq. (2.39) is true for path-independent J-integrals in
non-linear elasticity, where the elastic strain energy density W(€) is not
necessarily quadratic in €. Rice (1968) defined his J-integral for the sress
working density (see the proof in Exercices)

W(e)= jo o, (€)de; (2.40)

Remarks. The path-indepedent dual I-integral, (Bui, 1974), is defined by
the stress density energy U(c), € = dU/dc and

I=-dQ/dl,

Q is the complementary potential energy (Exercices).

2.8.2 Associated J-integrals for separating mixed modes

The J-integral (2.36) is equal to the quadratic form of stress intensity fac-
tors (2.37). For pure mode I or pure mode II, the J-integral allows for the
calculation of the stress intensity factor K; or Ky, but in mixed mode, it
does not allows K; and Ky to be separately calculated. Chen and Shield
(1977) proposed a method for separating mixed modes, based on the path-
independent integral M;(u(), u®) which is a bilinear and symmetric form
of two independent fields u(!) and u®. Introduce the bilinear form of the
energy density B(u,v):= Vu.L.Vv. Chen and Shield’s integral is defined by
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oB  ou?

O @y 0 L@
M(ll ,u )—J.F{B(u ,u )—H.W.a—Xl

oB  ou

-n.———.—d 2.41
@) o (241)

Let the first field be the actual field u())=u and the second field be any
displacement field in the same cracked solid u® = v, with known stress in-
tensity factors Ky(v), Kyi(v). Thus the M-integral provides the second equa-
tion for determining K; and Ky as

2
Mu,v)=20=V)

{K (WK, (v) + K (w)Ky; (v)} (2.42)
The conservation law (2.9) provides another means for separating mixed
mode. Consider the path-independent integral

F=1 jr {n.o(u).u*—n.o(u*).u}ds (2.43)

By taking the field u* = —ous/0x;, where uS is the solution of the semi-
infinite crack in mode I with the stress intensity factor Kj(uS), we get

b)
#Kl(us) jr {-n. 0'(u).a—X]uS +n.o(u’).u}ds (2.44)

I=

For calculating Kj; we take the field u* = —du?/9x; where uA is the solu-
tion of the semi-infinite crack in mode II, with Ky(u”). Thus

j —n. (u)—u +n.o(u’).ulds (2.45)

- v)K( X,

Ishikawa et al (1979) introduced a different method for the extraction of
stress intensity factors.

Consider a mixed mode loading on the cracked body Q. Let Q’ be the
mirror image of Q by a symmetry with respect to the crack line and
V =QuQ’. Any displacement field u defined in V can be splitted into the
symmetric part u! and antisymmetric part ul! by

u:(xl’ Xy)= % {uy(xp,%,) Fuy (X, = X5)}
(2.46)
u;(xl’ Xy)= % {uy (X),X,) — Uy (Xy,— X,)}
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1 1
U (x),X,)= > (X, X0) —uy (X, — X,)}

u{l(xl,xz): % {uy(x4,%5) = u (X, = X))} (2.47)
By taking a contour I of the J-integral belonging to V, Ishikawa et al (1979)
made use of the decompositions u =u! + u'l, 6 = ¢! + 6! and obtain four
terms J = Jqp+ Jaum + Jam T Jaip the crossed terms being equal to zero.
Bui (1983) did not consider ¢ = o' + o' and replaced u by u' (or u'") directly
in the J-integral to obtain the mixed mode separation

Ii= [ W(Vuhn, - oy uj, yds (2.48)

To= [ W (Vu')n, - oy )njul s (2.49)

2.8.3 The T-integral in linear thermo-elasticity

In classical linear uncoupled thermo-elasticity, a conservation law of the
form divA + B = 0 exists, with a non vanishing source term. Let W(g, 1) be
the free energy density, function of the strain and the temperature variation

W(e, )= Aey) +uese; — (3A+2)ate, +1b7° (2.50)

where o is the thermal expansion coefficient. Stress and volumic entropy
are given by o;;=9dW/dg;; and S = —0W/dt. Assume that the conductivity
coefficient k is constant (q = —kgra t), the thermal equation is divgra t= 0.
The conservation law in thermoelasticity is well known

9 Wens, o.0u)+ Y eradr=0 2.51)
0x, T 9t

Under either adiabatic condition S =0 or uniform temperature gradt =0,
the source term B vanishes. Otherwise, the thermo-elastic J-integral con-
tains an area integral over the surface A(T") enclosed by the contour T’

1= (e, Dny —ayn;dyu s + Lms; \dA (2.52)

It can be shown that the area integral can be transformed into a path inte-
gral over I in very restrictive cases, for instance:
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1) the gradient gradr is parallel to the crack line, as assumed in (Bui, 1977);
i1) the fields tu;  and u;t , are continuous across the crack line, as as-
sumed in (Gurtin, 1979).

Let us recall, for later use, the equations in thermo-elasticity

74, =0 inQ (2.55)
oyn;=0 on S* (2.56)
7 n;=0 on S" (2.57)

The path independent T-integral

A true path-independent integral in linear thermo-elasticity has been de-
rived by Bui (1984), Bui and Proix (1984) who introduced a new conserva-
tion law in thermo-elasticity without source terms. The conservation law
makes use of adjoint thermo-mechanical fields. Consider a set of auxiliary
or adjoint fields (u*, o*, w*) such that (u*, 6*) is an elastic field in the
same cracked body with known stress-intensity factors K;*, Ky*, for in-
stance the exact asymptotic solution for a semi-infinite crack subject to
mechanical loading. No body forces are assumed for both fields ¢ and o*,
dive =0, dive* = 0.

The adjoint stress satisfies the stress free condition on the crack faces,
o*.n = 0. The scalar field w* is assumed to be harmonic

divgradw*=0 in Q (2.58)
and to satisfy the boundary condition on the crack faces

sk %
oWt _ 9y, on §* (2.59)
on on

The components of the adjoint fields are explicitly given by the formu-
lae
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. K, *( . Jl/z 0 L0
u* = — | cos(0){l —2v + sin" (=)} +
u \2r 2 2
Ky*(r " @ 2,9
+ T[EJ s1n(5) {2 -2v+ cos (5)} (2.60)
/2
¥ = 1 (2—) sin(? Py~ 2y - cosz(g)} +

( j cos(%){Zv—1+sin2(g)} (2.61)

o,* =K, Jz_cos( )1 - 51n(5)sin(7)}—

C Kyt sin(%){Z + cos(%)cos(%o)} (2.62)

1
27

1 3
o,*=K* T2 cos(%)sin(g)cos(%o) +
1
e *ﬁcos(g){l - sin(g)sin(%p)} (2.63)
1 3
Ot = K, * ﬂcos(g){l T sin(g)sin(%o)} +

1 3
+ K, *ﬁsin(g)cos(g) cos(T(D) (2.64)

The harmonic function w* satisfying the boundary conditions (2.59) is
given by

« 1/2
wt = 2K [i] (1 = vycos(D) (2.65)
U \2xw 2

It should be noted that (u*, 6*, w*) is not a thermo-elastic field. The ac-
tual thermo-elastic field (u, o, 1) satisfies the strong coupling (2.53) while
only a weak coupling exists between the harmonic field w* and the dis-
placement field u*. The thermo-elastic conservation law without source
terms is given by

0
Bx {2 WOt — %u*i,lo-ij —yr(u¥ = w* )+ y(u* - w*)T 1 =0 (2.66)
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where y=—1 op(3A + 2uw)/(A + ). Eq. (2.66) can be directly checked by
considering the symmetry of the moduli tensor, the equilibrium equations
dive = 0, dive* = 0, divgradw* = 0 and the first component of the equili-
brium equation for u*,

idivu* +
ox, u+A

The conservation law (2.66) allows us to define a #rue path-independent
integral for thermo-elasticity, as follows

divgradu* =0.

T: J.]" {%uid*ij’ 1 nj — %u*i, lo-ijnj — }/T(u*],n _ W*,n)
+y (U w7, jds (2.67)

The path-independence property of T results from (2.66), the stress free
conditions ¢.n = 0, 6*.n = 0 on the line crack, conditions (2.57) and (2.59).
For a vanishing contour around the crack tip, the third and fourth terms
of the latter integral are more regular than the first two terms. Thus the
T-integral can be easily calculated by means of the near tip fields. We ob-
tain

2
L=V

(KIKI*+KIIKH *) (268)

2.8.4 Lagrangian derivative of energy and the G-theta integral

So far, the focus has been on path-independent integrals for use in numeri-
cal computations of G or K;, with a contour I' of sufficiently large radius to
avoid the crack tip. Numerical computations by the finite elements meth-
ods, however, provide mechanical fields inside the elements, rather than on
the edges of the elements which define the contour I'. Thus methods based
on path-independent integrals need some interpolation procedure between
elements at both sides of the contour. A new method called Lagrangian
derivative of energy has been proposed by Otsuka (1981), de Lorenzi
(1981), Destuynder and Djaoua (1981) which still considers the advantage
of conservations laws for the calculation of the G or K; with the relevant
field quantities far from the crack tip, but avoids the above mentioned dif-
ficulty. That is the Lagrangian derivative of the potential energy defined
by an arbitrarily chosen area integral.
Consider the cracked solid Q, subject to displacement ud on S, = S,
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Let L(u) be the Lagrangian L(u)= [oW(u)dw. We wish to calculate the
infinitesimal change of L(u(Q)) — L“w(Q’))=L+ 8L in the crack tip ad-
vance on. The domain Q changes to Q’ as well as variable x — x* and
field u — u’. Let us consider the transforms of both variable and field, with
a small parameter 1

X > X =x+n8(x) (2.69)
u—uw =u+tnyx) (2.70)
The Lagrangian derivative of the energy is

oL d oW

5_77‘7770 = Qa{wgh +m(2’i —-u; 6} do

Taking into account % (x) = 0 on S.y (both u and u’ satisfy the same bound-
ary condition), the equilibrium equation d(dW/du; ;,)/0x, = 0 we obtain

.[Q 0,7, do= .[ o;n.y,dS=0

)
oW
j—{we (- v B0ko = [ (Wdive —oyu, 6, )dw
ul,h

Let us take a continuous transform field &(x) such that (6;=1, 6, =0) near
the crack tip, (6; =0, 8,=0) near the external boundary, so that div & # 0,
V& #0 only in a ring shaped area domain C, thus the energy release rate is

Figure 2.7: The ring shaped area domain C for the Lagrangian derivative of
energy, bounded by I'j, with inward normal v, and T* , with outward normal n
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expressed by an arbitralily chosen area integral which avoids the crack tip,
as shown in Fig. 2.7

G’ =-[ (Wdive - oy, 6, )do 2.71)

The G®-integral has been independently given by Otsuka (1981), de
Lorenzi (1981), Destuynder and Djaoua (1981). It should be noted that a
discontinuous @ -field, (8,=1, 6, = 0) inside a contour I' and (6, =6, = 0)
outside T, yields the J-integral as the limit when contours T'; and T", coin-
cide with T". Therefore Eq. (2.71) is the area version of the J-integral. In
thermo-elasticity, it can be shown that the T-integral is equal to the area-
independent A-integral, given in (Bui, 198; Bui and Proix, 1983) as

A= IC{— %uia*ij,l + %u*i,lo-ij + yT(u*Lj - w*,j) -
=y —=w*)7 } @ ds (2.72)

for any continuously differentiable scalar field ¢(x) such that ¢(x) =0 on
I'; and @(x) =1 on T'1. This result can be checked by using the Green-
Gauss theorem. By taking account of ¢(x)=0 on I', we can transform
(2.64) into a path-independent integral over I'y(v is the inward normal)

1 1
A= Irl {= w0 % vy + u¥ o3V + yT(u¥ j —w* )v,—
—y(u* —w*) 7 v }ds
This is nothing but the T-integral (with outward normal n = —v)

— 1 % 1 s N «
A= .[rl {fuio- g1y U i,lo'ijnj—VT(u L~ w ’j)nj—

+yu* —w*)7 n;jds=T (2.73)

2.9 Generalization of Griffith’s model in three dimensions

The fatigue crack propagation and brittle fracture of cracks in three dimen-
sions have been observed in the failure of pressurized cylinders in operation
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crack front at brittle fracture

fatigue marks
machined cut

Figure 2.8: Fatigue crack propagation from a machined cut in metal; fatigue
marks by overloads (discontinuous lines); crack front at brittle fracture (continu-
ous line). Crack shapes are nearly semi-elliptical curves, along which Kj(s) is not
constant

on or in testing specimens for the validation purposes etc. To study crack
propagation, the solid is subject to overloads which mark the crack front at
different times. To identify the crack propagation law, an inverse analysis
based on a postmortem interpretation of crack propagation can be per-
formed, using three-dimensional numerical computations of stress inten-
sity factors Ky(s). Fatigue crack propagation can be described by the Paris
law in the local form ¢(s) = Cte.(AKy(s))™, with ¢(s) >0 being the crack
propagation velocity at point s of the crack front and AK;(s) the local stress
intensity factor variation. It should be noted that the exponent m is differ-
ent from the one measured in two-dimensional fatigue for the same material
and that m becomes infinite at brittle fracture, Lazarus (2003). Labourdette
and Baudin (1981) measured m o< 2 in aluminium. Some other results reported
in the literature indicate m o 4. Models based on Weibull’s statistics pre-
dict a propagation law in the form @(s) o« Ky*(s), (Pineau, 1992).

It turns out that three-dimensional crack propagation problems — fatigue
or brittle fracture — is not yet a well known and widely accepted subject.
One main reason is that experiments in three-dimensions are difficult to
analyse. Crack advance measured between two overload marks is rather a
large increment than an infinitesimal one. Hovewer, it is found that the
crack front marks during fatigue and the one just at brittle fracture under
the last overload are generally very similar. It is likely that the transition
from fatigue to brittle fracture is very sharp with an acceleration rate which
corresponds to the increase of the exponent m up to infinity. Such accel-
eration behavior has been already observed in two-dimensional fatigue
propagation. The transition model using the change on coefficient m has
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been considered by Lazarus (2003). An inverse numerical analysis given
by Labourdette and Baudin (1981), which agrees well with experiments,
suggests that K;(s) is not constant along the fatigue crack front, K;(s) = Kj..
Consider an elliptical crack in a solid subject to tensile load. For a small
crack, the solution of an elliptical crack in an infinite elastic body is quite
good for the analysis, Sih (1973). The stress intensity factor K;(s) varies
along the crack front, with maximum values at the major axis points.
Therefore, brittle fracture in three-dimensions seems to be not governed by
a local criterion — which should imply a crack propagation at isolated
points of maximum Kj — for instance

max K, (s) =K., (2.74)

The criterion (2.66) yields a critical applied stress too low with respect to
the experimental ones.

2.9.1 A local model of viscous fracture

Let us reconsider the balance equation of energy in three-dimensional
mode [

1—12
G g)=——— [ Ki(s p(9)ds = D(p.K,)

where D(o, K) is the global dissipation. Take a dissipation which consists
of two terms D(o, K;) = D(¢)+D,(Kj), the first one D;(¢p) being homoge-
neous of degree one, D;(x¢) = xDi(¢), (x > 0), and the second one D,(K)
being nearly independent of the propagation rate ¢. To justify this assump-
tion, let us consider an analogy with the visco-plastic dissipation rate in
metals which consists of two terms, the plastic rate 6:9€” and the viscous
dissipation rate c:0¢", with the Norton-Hoff viscous power law, J(G) = % Si
iSij» 8 = dev(0) is the stress deviator, Jg is the threshold, <. >, is the posi-
tive part of function D = 6:9”+ C <] (6) -Jo>:"dev(o):0.

Considering this analogy, dropping the coefficient (1-v2)/E we obtain a
viscous fracture model

[[KiGs p@)ds = [ Kip(s)ds + [ Dy(s) 7ry, (s)ds 275)

In the second term of the right hand side of Eq. (2.67), D,(s) denotes
the mean value of viscoplastic dissipation per unit volume of the torus
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process zone, with the radius ry, o CK:(s). Assume that this mean value
proportional to < K;2(s) — K 2(s) >, ! 7 (m2) we get the model equation

[ 1KE©) - KDp© - C<K]s) - K29 =L s = 0 (2.76)

Thus, a local criterion of fracture which identically satisfies (2.76) is given
by the crack propagation law,

9(s)=C(Ki(s)-K)™, if Ki(s)-K; >0
(2.77)

©(s)=0, otherwise

There is a threshold value of the local stress intensity factor below which
the crack propagation rate ¢(s) vanishes. The model (2.77) bears a resem-
blance with the Weibull statistics giving the probability of fracture in the
form (Pineau 1992)

pr(Kp)=1-exp{~BK, ~K,)" / (K~ Kppn)')

where B, ., K¢ are some constants. When there is no threshold K,;;, = 0,
for small Kj, one obtains a power law with m = 4 which agrees with (2.77).
The model without threshold is nothing but the local crack propagation law
considered in many works, (Lazarus, 2003)

9(s)=CK'(s) (2.78)

Local model (2.78) is suitable for fatigue crack propagation, ¢ being
replaced by the crack advance da/dN in the normal direction of the crack
front per cycle.

The underlying physics of viscosity in crack propagation is the rachet-
ting phenomena which is a progressive plastic deformation in cyclic loads.
Also, the balance equation of energy confirms the viscosity model.

2.9.2 A non local model of fracture

Now, let us consider a global criterion with a dissipation rate D(¢) (homo-
geneous of degree one in @) without the term D,(Kj), so that we can nor-
malize D to unity since ¢(s) is only defined to within a scalar factor.
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Goy= Y [ k2 d

P = —— [ KiG p)ds

o(s) = arg{r;lggG Q)= @*(s) (2.79)
D(9*) =1

The criterion (2.79) satisfies the global balance equation of energy for the
optimal solution G(¢*) = D(¢*). The maximum dissipation principle in
(2.79) is very similar to the Hill “maximum of plastic work™ in plasticity
and makes it possible to choose the optimal rate ¢. This model was pro-
posed by Bui and Dang Van (1979).

The solution of (2.79) yields both the crack front velocity ¢*(s) and the
load defined implicitly by G = D = 1. The actual velocity ¢*(s) should
maximize the global energy release rate, for an unit dissipation rate. If we
consider Griffith’s criterion D(¢@) = 2y¢(s)ds, we find that the actual crack
front T" should be a constant Ky.-curve, with Ky, = {2yE/(1 —v2)}1/2,

As a matter of fact, Eq. (2.79) can be relaxed by two methods:

i) Define subspaces V of non negative ¢(s) = 0 for searching the solution
¢*(s) € V. For instance, when dealing with elliptical cracks, one gener-
ally assumes that cracks always propagate in an elliptical shape, with two
parameters a > ag, b > by (the ellipse semi-axes) to be determined.

ii) Introduce a dissipation rate D(¢p) which differs from the Griffith model.

2.9.3 A dissipation rate model for non local brittle fracture

In Sect. 2.6, Cherepanov’s model of fatigue crack propagation underlines
the importance of plastic dissipation near the crack tip which modifies the
balance equation of energy.

Figure 2.9: Propagation of the crack front; with a new crack area 8 = @(s)d7ds,
an increment of the crack front length [8I'| = @(s)dtds/|R| and an increment of the
curvature — (¢” + @/R%)dt
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As long as small scale assumption is still a reasonnable one for applica-
tions, the energy release rate is still calculated in the framework of elastic-
ity, governed by the term K;2. Cherepanov’s model modified the Griffith
dissipation rate. In three-dimensional brittle fracture, we shall consider a
similar model. Fig. 2.9 shows elements of the crack front " at time t and of
the crack front T+ 8I" at time t + 6t. Active plastic deformation is assumed
to be restricted inside a torus along T"+ 6T, while the incremental wake
plastic zone is lying between T" and T' + 8I". Griffith’s model only considers
the dissipation 2ydX as proportional to the area increment 8% with a con-
stant surface energy vy. This part of dissipation can be considered, as in
Cherepanov’s model, as the contribution of the wake plastic zone. Active
plastic dissipation changes when the crack front geometry changes — a fea-
ture which does not exist in two-dimensional problems. To account for
this, we consider two kinds of variations: the first one being associated to
the length change |8I'| of the crack front, the second one being associated to
the curvature change of the crack front. The first term accounts for the fen-
sile plastic work along the crack front, while the second term corresponds
to the plastic bending of the crack front. The changes of area, length and
curvature are the only possible geometric ones to be considered in three-
dimensional fracture.

The model of dissipation introduced by Bui and Dang Van (1979) is de-
fined by

(s)
R?(s)

D(p) = Ir 27 (o) + 06|§8| + + ¢"(s)|}ds (2.80)

where o, B, y are positive constants and 1/R is the curvature. The presence
of the term ¢” demands that the crack front be smooth. The rate D(¢) is a
positively homogeneous functional of degree 1 in ¢. In two-dimensional
fracture mechanics, R =« and ¢” = 0, thus the rate (2.80) coincides with
that of Griffith’s model.

Another possible model consists in dropping the absolute value sym-
bols || in Eq. (2.80) and demanding that the overall dissipation be positive
for every non negative ¢(s). In what follows we discuss the model (2.80).

2.9.4 Convex analysis of three-dimensional brittle fracture

Let us remark that the set D(¢) =1 is not a convex set. Since the absolute
value of functions ¢” + ¢/R?| has been considered, the set D(¢) =1 may con-
tain many separated convex subsets(*). However, one can mathematically
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replace the constraint D(¢)=1 by the constraint D(¢) < 1 without chang-
changing the solution of (2.79) because it belongs to the boundary of the
convex domain D(@) < 1. Introduce the loading F, so that K;(s)/F = ki(s)
with the stress intensity factor ki(s) per unit load. Problem (2.79) becomes
a classical non linear and non differentiable convex analysis, similar to the
one encountered in the limit analysis of plasticity, (Hill, 1950; Mandel,
1966; Salencgon, 1977)

1-v ¢ 5
—F Irkl(s @(s)ds

G o) =
(2.81)

¢ls) = argimaxG @)} = ¢*(s), ¢ =0, D(g) < 1

The optimal solution determines both the crack propagation rate ¢* and the
critical load F, by equating G and D

1-v
E
Let g¢) = (1-V)/B) | K po)ds

According to the convex analysis theory, (Ekeland and Temam, 1974), we
can write down the following results. The primal problem consists in find-
ing the optimal solution ¢* of the problem:

F [ K (9)p*(s)ds=D g*)=1 (2.82)

max F2 g()
v (primal problem)
¢=0and D(p) <1

Consider the Lagrange multiplier A of the constraint D(¢)-1 = 0 and intro-
duce the Legendre-Fenchel transform

f(A) = sup {g(¢) - MD(p) - 1)} (2.83)

The dual problem consists in finding the optimal Lagrangian multiplier
A* of the problem:

(*) For instance the set [x| =1 in R is not convex. It consists of two isolated
points {—1, +1},which are disjoint convex subsets {~1},{1}, but the set |[x| <1 is
convex. The solution in the set x = 1 belongs to the boundary of the set [x| < 1.
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-
m/lmF S (dual problem)

A 20, f(h) <+eo
Since g(o) < g(o*) = f(A*) < (L), one gets the lower bound 1/f/2()) and the
upper bound 1/g12(o) for the critical load F,
1 1 5 1 1
— <——=F*= < —
f(4)  £(4%) 2o 29
The main interest of Convex Analysis is to derive exact bounds of the
critical load, from the approximate primal solution 1/g(¢) and the dual

one 1/f(X). The smaller the difference between the bounds, the better the
critical load.

(2.84)






Chapter 3

Solutions of Crack Problems

In this chapter we will give methods of solution to crack problems in two-
dimensional isotropic linear elasticity or plasticity. Most examples are
classical and can be found in textbooks. Some others are new problems
solved in closed-form. They are selected for their teaching character and
applications in Fracture Mechanics. It is found that some crack problems
may be considered and solved as inverse problems.

3.1. Mathematical problems in plane elasticity

3.1.1 Plane strain and antiplane strain

Plane elasticity is based on different types of assumptions:

1) Displacement fields u;(x,, X,), ux(X;, X,), u3(x;, X,) depend only on
X1, Xp. The case where uz=0 is called plane strain problem. The case
where u(X1, Xp) = Uy(Xy, Xp) = 0 is called anti-plane strain problem.

i1) Stress fields reduce to 611(X1, X2), 622(X1, X2), 621(X}, X5), 633(X1, X2),
023=013=0. Case 633=0is called a plane stress problem. In plane problems
the small strain tensor components reduce to : €11(Xi, X2), €(X1, X2),
€12(X1, X2), €33(X1,X2), €3==¢31 =0. In an anti-plane strain problem, the
strain components are €3;(X1, Xp) and €3,(X1, X;). The compatibility equation
is required in any case, RR*¢ = 0 (Chap. 2).

In Cartesian coordinates, the compatibility equation is written as

€ ik T Eij — Eikji— Ejixi= 0 (3.1
For example, strain e33(x;, X) must satisfy three compatibility equations

€33,11 = €3320 =€3312= 0 (3.2)
That is strain €33(X, X,) is a linear function of the coordinates

833(X1, Xz) =a-+ le + CX2 (33)

61
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The transverse displacement component is then obtained by integrating Eq.
(3.3) as u3=(a + bx; + cx,)x3. Since €3, = €3, =0, constants b,c are necessarily
the coefficients in the expressions of other components u; = f1(x1, X5)—bx32/2
and uy = f5(x1, X)—cx3%/2. In plane strain, the condition e33=0 implies
a=b=c=0.

3.1.2 Plane stress condition revisited

Plane stress condition implies that the stress tensor components reduce to:
o11(X1, X2), 622(Xy, X2), O12(X1, X2), 033(X1, X2), 032=031 = 0. Case 633 =0 is
called the plane stress problem. Example of plane stress condition can be
found in the problems of a thin plate under in-plane loadings.

Let us complete the equations by considering the physical link between
stress and strain. One assumes linear isotropic elasticity (Hooke’s law)
which is written shortly as ¢ = o(¢) with A, u being the Lamé constants or
in the inverse form e=¢(c) with Poisson’s coefficient v and Young’s
Modulus E (for real solid, the conditions 0 <v<1/2, E> 0 ensure the
definite positiveness of the strain energy W(g)),

G, = Mgy ;i + 2ue; (3.9

In plane strain, the in-plane components of the stress are given by Eq.
(3.4). The remaining components are 633=A(g;; T € ), 0631 =03,=0. In
plane stress, the in-plane strain components are calculated from (5) and the
transverse strain is given by

€33=—V(0,; + 0,5,)/E (plane stress) (3.6)

Comparing (3.6) with (3.3), we conclude that the plane stress state in
elasticity exists only if the in-plane trace tr(c) = (cy;+ 0y,) is a linear
function of the coordinates. If not, even when in-plane stresses o11(X, X3),
02(X1, X3), O1o(Xy, Xp) satisfy the equilibrium equation div(c) =0, the
problem is always three-dimensional so that transverse components 63,
637, 033 do not vanish. Therefore, the compatibility condition (3.3) for a
plane stress state is a very restrictive one. In linear Fracture Mechanics,
near the crack tip the stress is singular as O(r~1/2). Therefore, the singularity
of trace (o1; + 65,) implies the singularity of strain €33 = —v(c1; + 62,)/E as
O(1Ar) so that the compatibility equation (3.1) is violated.
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The compatibility condition for €55 may be approximately satisfied in
region far from the crack tip, but near the crack tip zone the solution is
three-dimensional. We conclude that the use of plane stress model in linear
Fracture Mechanics is questionable. Perhaps, the plane stress condition
should be an approximate model for thin plate only when the stress field is
is finite. That is the case for perfect plasticity in non-linear Fracture
Mechanics.

3.1.3 Complex variables in elasticity

Let us recall the Beltrami representation of equilibrium stress by 6 = RR*B
which satisfies identically div(c) = 0

B = y(x,, x,) e3®e3 (3.7)

where vy is the Airy function. The stress components are

O =W O =V, 0=V, (3.8)

Express the compatibility for the in-plane strain components, Eq. (3.1),
in terms of the stress (3.8), to obtain the equation AAy = 0. Harmonic func-
tions and biharmonic functions are more conveniently studied with the aid
of complex variables z = x; + ix.

Plane elasticity has been developped in complex variables by Kolosov
(1090) and Muskhelishvili (1977), as a powerful tool for obtaining closed-
form solutions of many important problems in Elasticity, particularly in
Fracture Mechanics. For further use in the book, we recall the theory with-
out justification.

Let us introduce the complex conjugate variable Z = x; —ix,. A complex
valued function f(x;, x;) = P(x1, X») +1Q(X1, X,) with real part P and pure
imaginary part iQ can be expressed in terms of z and Z as f(z,Z) by a
simple change of variables. The function f is analytic when it depends only
on z or 0f/dz = 0, where

/07 = (3/dx, + i 9/9x,)/2 (3.9)

Expliciting 0f/0z=0 one gets the Cauchy relations P,;—Q,,=0 and
P,, + Q,;=0. Therefore any analytic function f(z) has its real and imaginary
parts as harmonic functions, AP =0, AQ = 0.

A biharmonic function W (AAW = 0) has the complex representation
formula

W =Re {z¢(z) + [ l//(z)dz} (3.10)



64 Chapter 3. Solutions of Crack Problems

Stress and displacement components are given by Mukhelishvili’s for-
mulae

o, +0n=2{0@+ 9@} (3.11)

0y — Oy +2i0), = 2{72¢"(2) + ¥'(2)} (3.12)
1 -

w i = 2 {x@-200-v»} (3.13)

In Eq. (3.13) constant « considered in plane strain is
Kk =3—4v.

The equations for plane strain are exact. It will be shown in Chap.6 that
the field solution near a crack front in a three-dimensional problem shows
the same type of singularity as observed in plane strain with the constant
K = 3—4v.

In plane stress, the constant is ¥k = (3 —v)/(1 +v).

For the applications of formulae (3.11)-(3.13) to Fracture Mechanics,
we do not consider the plane stress condition. The reasons have been
mentioned above. Let us remark that the coefficient x is not involved in
Muskhelishvili’s formulae (3.11) and (3.12) for the stresses. The in-plane
components in plane stress problems, solutions of the boundary value
problem with prescribed tractions, provide a “good approximation” for
thin plate, except near the crack tip zone. The reason is that in a plane
stress model the strain is partially compatible, namely the in-plane compo-
nents of the strain. Therefore the solution for thin cracked plate may al-
ways be considered as a three-dimensional problem.

Many workers (Benthem, 1976; Bazant and Estenssoro, 1979) showed
that the boundary conditions G5i(X1, X, X3=1h)=0 (k =1, 2, 3) on lateral
stress free surfaces do not imply o5(X,, X,, X3) =0 throughout the plate.
There exists a boundary layer with a high normal gradient which disap-
pears far from the crack tip region (a similar phenomenon exists near an
interface intersecting a free surface). In anti-plane strain case, the non zero
displacement component is us(x;, X;). Displacement and stress components
are then expressed by means of one function f(z)

oy — i0y,=2(2) (3.14)

uy = (1/4) Re f(z) (3.15)
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Boundary conditions

1. Finite solid. On the boundary S with outward unit normal n, the trac-
tions T)ds, Tods on an arc of length ds, T = &.n with normal n is given by
for plane strain problems by

(. +iT)ds = —id{o(2) + 20/ @)+ ¥ (2) - (3.16)

2. Infinite solid One assumes that curve S where the traction vectors are
prescribed is finite. This is the case for an infinite medium with a cavity
under pressure, or a crack with loads on the crack faces. One generally as-
sumes that there is no rotation at infinity. Let the total force on a cavity or
a crack be X, Y in Cartesian coordinates. At infinity, the principal stresses
and orientation of the first principal stress with respect to Ox; at infinity
are denoted respectively by Nj, N,, o. The asymptotic behaviors of func-
tions at infinity are (Muskhelishvili, 1977)

X+iY 1

’ _ _ - 2
#O =Ty o, FOU) (3.17)
oKX= :
w'(z) = 2T+ r) +0(1/2%) (3.18)
I',= %O\TI+N2) (3.19)

1
I = =2 (N =N )exp(-2icz)

3. Semi-infinite medium. The asymptotic behavior of functions are

#(z) = — Xyl , O(1/z%) (3.20)
T Z

v'(2) = Xyl +0(1/2%) (3.21)
Z

where X and Y are the total force on infinite boundary S

3.1.4 The Hilbert problem

Some notions of mathematics and some theorems are needed for deriving
the solutions of crack problems. For a complete justification and proof, we



66 Chapter 3. Solutions of Crack Problems

refer to the book (Muskhelishvili, 1977). Let L be an oriented line or
closed curve drawn in the complex plane z. We shall not make the distinc-
tion between a geometrical point t and its complex representation
t=t;+it,. Line L or cut separates the complex plane locally into two parts,
(+) side on the left and (-) side on the right of the curve. A regular function
in some region of the complex plane, regular in the sense that it is indefi-
nitely differentiable, is called analytic function. Analytic function at region
near L can be discontinuous across the curve when it is not singled-valued
in the region considered. This is the case for the multiple-valued function
log(z), which becomes single-valued n the complex plane when a cut is
made along the positive axis (In this chapter, we write log(.) instead of
In(.)).

We define the limit of log(z), when z approaches the point z*=x+i0 in
the upper plane by log(z*) :=log(x). Then the limit at point z==x-10 on
the lower face of the cut is log(z") = log(x)+in. In the complex plane out-
side the cut, the analytic function log(z) becomes holomorphic (regular and
single-valued).

Another example is given by the multiple-valued function f(z) = z!/2
(z = €, f(z) = r/2¢1%/2) which becomes holomorphic in the complex plane
with a cut L along any branch curve drawn in the plane starting from the
origin and going to infinity. Function f(z) = (z2-a2)!2 is holomorphic in the
complex plane with a cut along any finite curve with end points z=+a. For
discontinuous function f(t) at point tye L, there are two limits f(ty*) and
f(ty™), from one or another side of the curve. Consider for example
Cauchy’s integral

f(z) = j h(t)— (3.22)

where h(t) is complex valued function, sectionnally continuous on L or sat-
isfying the Holder condition in some region G, h(ty) —h(t))| < A |t —t;|*,
Vt,, t; in G, with the Holder constant A and index p, 0<u <1 for any tp, t;
in G.

The limits, f(ty") and f(ty") at regular part of L, outside the end points of
L and points of discontinuous g(t), are given by the following Plemelj for-
mulae, for the difference

fity) — f(ty) = hty) (3.23)

and for the sum

N _ 1 d
fit) + f(65) = —(pv) |, ) —— (324)
0



3.1. Mathematical problems in plane elasticity 67

Figure 3.1: Cuts in the complex z-plane : (+) side on the left, (-) on the right of L

where the integral is understood in the principal value (pv) sense, i.e the
integral over L outside a symmetric line segment centered at t, of vanish-
ing length.

By combining (3.23) and (3.24) one obtains separately f(ty" ) and f(ty~)
dt

t—t,

n 1 1
fltg) = S hit) + 2— V) ] ho (3.25)

dt
t—t,

(3.26)

1 1
flty) = = hty) + =— W) [ h(9)

For given g(t) # 0 and h(t) on L, the Hilbert problem consists in finding
f(z) satisfying the discontinuity equation on L, except at end points

f7(t)— g()f (t)=h(t) on L\{end points} (3.27)

Here we denote simply by f*(t) and £7(t) the two limits of f(t) on L. We
shall only consider a simple curve with two end points a, b. For a constant
valued function g(t) = g, which is the case considered in this book, the so-
lution is given by

dt

m + X, (2)P(2) (3.28)

) = 222 [ b

Xy(2) = (z = a) 7 (z=b)"" (3.29)
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1 1 argg
y = ——logg = ——log|g| + —=
/4 2w

=o+i 3.30
217 21 P ( )

Argument 6 := arg(g) is chosen in such a manner that 0 <6 <2m, thus
0 <o < 1. P(2) is an arbitrary polynomial whose degree is chosen so as to
satisfy conditions at infinity of each problem.

The solution (3.29) is unbounded at end points like |z—a|~®, |z—b|*~ re-
spectively. To obtain a bounded solution f(z) at one end point, z=a or b,
one replaces function X(z) by

X(2) = Xo(2)(z~2)
Xp(2) = X((2)(z—D)

respectively. For function bounded f(z) at all end points, the function con-
sidered is X,,(z) = X,(z)(z— a)(z—b).

It should be noted that no solution exists for function X(z), bounded at
some end point which does not vanish at this point. Therefore, at end
points, function X(z) is either zero or infinite. Let us recall some formulae
for further use.

The integral in Eq. (3.28) can be explicitly derived for polynomial h.
Making the expansion of h(t)/X(t) at infinity |t| — e one then obtains Eq.
(3.32) which gives an explicit result.

For most applications it is sufficient to consider function h(t) which can
be approximated by polynomial. Egs. (3.31), (3.32) then give a closed-
form solution.

h)

~ 1
X0 - ottt ot L ogtt ot (3.31)
1 dt 2 | h
— [ h)— = @) —o - T —at—ay b (332)
i 7L X' t—-2z) l-g|X(2)

3.2 The finite crack in an infinite medium

This is an important problem in Fracture Mechanics. We show how the so-
lution is derived.

Consider a line crack of finite length, in an infinite medium, with uni-
form loads at infinity by the remote stresses T = 6,7, 6 = 655 and the stress
free condition on the crack, lying on the real axis along [a, b].
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Figure 3.2: (a).The finite crack in an infinite medium under remote loads o, T;(b).

The auxiliary problem with loads + 6%j(x) on the crack faces

3.2.1 The auxiliary problem

The solution is obtained by the superposition of the constant stress field
(011 =0, 612>, 625>) and the auxiliary field with opposite T* = (615>, 62,°°)
applied to the upper face and T~ = (-61,>,—625>) applied to the lower face
of the crack and no stress at infinity.

For further use, let us consider a more general auxiliary problem in
which the tractions on the crack faces is nof uniform, denoted hereafter by
0% (x1) instead of 6>y the conditions for the auxiliary field are

0y =09 (x;)  onL (3.33)

o, — 0 Z—> o0 (3.34)
According to Eq.(3.11) and Eq.(3.12), we have
Oy —i0y, =¢'(2)+Q'(2)+(z — 2)¢"(2) (3.35)

Qz)=z¢'(2)+ ¥(2) (3.36)

The method of solution consists in replacing conjugate values of functions
F(z) (which are not analytic functions) by analytic functions G(z) in another

domain, but having the same value in the real axis z'=x, F(z')=G(X).
Consider for example function F(z) =z, its conjugate value is Z, thus
d(z)0z =1. The non zero partial derivative with respect to z indicates
that the function Z considered is not analytic in z. Now to any function
holomorphic F(z) in the upper half plane P* we define function

G(z) = F(z) = F(z) which is holomorphic in the lower half plane P~, and
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vice versa. On the real axis, one has Z =z, so that the limit of F(z ) on the
real axis is equal to F(z )= ﬁ*) . The conjugate transform of function has
another important property, namely oF(z)/dz = o0F(—)/ 0z .

The boundary conditions on the crack can be written in either of the two
forms

() +Q(t ) =—05(1)+io (1)

@)+ Q1) = 05, (1) + ioy, (1)

Combining these equations we find that function [ ¢’ — Q] is continuous
across the real axis

o) -] -[¢)-Q@)] =0 (3.37)

According to a theorem, a holomorphic function in both the upper half
plane and the lower half plane, and continuous across the real axis, must be
a constant C, equal to zero by considering the boundary condition at infin-
ity. Finally we obtain the equations

V@)=¢'(2), Q@) =¢ @ (3.38)
Boundary conditions (3.33) with (3.35) can be re-written in the form

)+ @ (t7) = —0on(t)+io(t) onL (3.39)
This is a Hilbert problem, with g = -1 whose solution is (see Eq.(3.28))

o X(2) . dt
90 = S [ fonwrionv} Yoy H @ (3.40)
X(z) = (z—a)"*(z—b)"?

Y'(2) = ¢'(2)-¢'(2)— 2¢"(2)
The stress intensity factors at the crack tip z; are given by

K,(z,) - iK,(z,) =2y27 lim {z-2)"¢'(2) } (3.41)

7—)70

There are different SIF formulae for the crack [a, b], at the right crack
tip
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2 _ 1/2
K1<b)—iKn<b):[”(b_a)} f{o&(t)—ia&(t)}[g} dt (342)

and at the left crack tip

2

K;(@) — iKy(a) = z(b—a)

[fheo-ighco}eha @)

Crack under remote uniform loading

Since ¢'(z) = O(1/z2) (no total force at infinity in the auxiliary problem)
constant C is equal to zero. For constant stress —61,>°,—0,,> on the crack
[/, +/] the solution of the auxilary is

¢ (2) = %(oﬁ} —ios){z - -1 (3.44)

1
V'(2) = (05 —io} ol @ -1y +ioy {o -y -1} (3.45)

Stress intensity factors at crack tips z, =+ | are calculated from the sin-
gularities of the auxiliary problem by formulae

K, (z) - iKy(z) = 227 lim {(z—2,)"*¢'(2) } (3.46)
z—Z()

One obtains the same values at both crack tips

K, =057, K, =o5nl (3.47)

Crack under remote bending stress

Under non uniform stresses at infinity, formulae for the right SIF and the
left SIF given by Egs. (3.42), (3.43) can be negative at one tip. In order to

Figure 3.3: The crack overlapping in bending stress and corrections by fric-
tionless contact conditions in [—a, c]
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avoid overlapping, these formulae must be modified to take into account
the condition of positive normal crack opening displacement or K;> 0.
Consider the case where the load 6%;(t) = 0, 6%,(t) = Bt is antisymmetric
on the crack [—a, +a]. Clearly Eq.(3.42) and Eq.(3.43) with > 0 give op-
posite values of the stress intensity factors at z =a and z =-a. To avoid
overlappings of the crack faces, we consider the Signorini contact problem
and introduce a contact zone [—a, c] between the crack faces. The transi-
tion point ¢ of the contact zone is an unknown to be determined by the
conditions of smooth crack opening and zero contact stress; thus ¢ is
determined by the condition that the left SIF at z = ¢ vanishes. The stress
intensity factor at ¢ is calculated with the effective crack [c, a]. The
condition K, (c)= 0 is written as

1/2
K(@©=0 =[o, (—t)[?—_t} dt=0 (3.48)
c —-c

Eq.(3.48) determines the contact point ¢. Having the contact point
c, the SIF at z = a is then given by formula for SIF at the right crack tip

1/2 t— 1/2
} [ agz(t){Tc} dt (3.49)

a—t

Kl(a):|:

m(a—c)

3.2.2 Dugdale-Barenblatt’s model

The model considers line zones of concentrated plastic deformation called
the cohesive zone along [-c,—a] and [a, c], under constant normal stress
G,,=0,. The length R =c—a has to be determined. The true crack is on
[-a, a], but to derive the solution, one considers the effective crack
[—c, +c] and solves the auxiliary problem with boundary conditions

[ —o% |x |< a
22 1
on(x)=1 (3.50)
=02 + 0y a<|x1| <c
with 6 =0O(1/|z]%) at infinity. The solution is given by (Dugdale, 1960;
Barenblatt, 1962)
+c dt

/ — L 2 2\-12 0
¢ (Z) 21” (Z C ) -[—c 0-22 (t) —i(Cz _ t2 ),1/2 (t— Z)

(3.51)

In Dugdale-Barenblatt’s model, there is another implicit condition that
the stresses in front of an effective crack tip are regular. This condition is
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Ki(xc)=0 or
+o dt
0

O, (t =0 3.52

ch 22()(C2_t2) l/z(t—C) ( )
1
= R=c-a=g{——— -1 (3.53)
cos wo~ /20,)

The crack-opening displacement COD at x = a, the end of the stretching
of the cohesive zone, can be calculated as

S=ut(@)-u; @)=L alogl—1 (3.54)
b/l cos(mo™ /20,)

For small 6>/o,, the COD is 8 = (x+1)an(c>)?/8uc,. In plane stress one
obtains 8 = an(6>)*/Ec,,.

It should be noted that Dugdale-Barenblatt’s model does not involve
stress singularity so that the plane stress condition may be a good model
for thin plate, while it is inconsistent for cracks in elasticity. Another rea-
son is that plasticity appears in thin plate as an inclined shear band through
the thickness, thus justifies a localized plastic zone or a thin cohesive zone.
Dugdale-Barenblatt’s model can be generalized to the anti-plane mode III,
(Kostrov and Nikitin, 1967).

3.3 The kinked crack in mixed mode

Consider a line crack along the segment [—a, a] under a mixed mode Kj,
Ky. Experiments show that when the load increases at some critical value,
the crack does not propagate in its direction but rather deviates by some
angles. The deviation angle is generally well predicted by theories which
consider the maximun hoop stress criterion, with cgg calculated in the
configuration before deviation. Most theories consider that the deviation
angle 6* is the solution of the problem:

g* = arg mgx O (3.55)

Mandel (1974) proposed the zero shear stress criterion
Cg(8%) =0 (3.56)

with the stress components
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[ 36 3
40y, /N2 =K,|(3 COSE+ cos ?)— 3K”(sin§+ sin;) (3.57)
3 3
4o, /N2xr) = Kl(sin§+ sin§)+ KH(cos§+ 300579) (3.58)

In the pure mode II, Egs.(3.55) and (3.56) give the same result, about
0* =—71°, which is the solution of cos(8*/2) + 3cos(36*/2) = 0. These theo-
ries predict reasonably the deviation angle, but are not able to predict the
critical load at propagation in the new branching direction.

The consistency with linear Fracture Mechanics should require the
knowledge of the stress intensity factors with respect to new axes, Ox;’
along the branched crack, k;* and k,*, in the crack configuration after de-
viation.

These new SIF provide possible criterions in terms of ki*, k,*, or G*
using the same material constant such as the toughness K for example. In
pure applied mode Kj; before kinking, the new SIF are functions of Kj;.
Crack deviation occurs when k,* = 0 and k;*(Ky) = K.

3.3.1 An integral equation of the kinked crack problem

The kinked problem with a main crack [/, +/] and a finite kink of length s
is first studied in (Hussain et al, 1974). This problem leads to an integral
equation which is solved by numerical methods. Hereafter we consider the
same problem, by first making an asymptotic analysis of the integral equa-
tion when the kink length goes to zero and then solving the asymptotic
problem in a closed form.

Let the infinite body containing a stress-free crack be loaded at infinity
by stress S= o3, —ioy,; for which the SIF is K; —iK;; = S(n/) /2.

Using standard notations (Dudukalenko and Romalis, 1973), we con-
sider function z = ®(§) which maps the exterior Q- of unit circle [§|=1
onto the physical plane. A cut is made along the kinked crack, with the de-
viation angle mrn between the two branches. The mapping function () is
obtained by the Schwarz-Christoffel transform

2= (&) =Re"(E- ") E- e )E[(E-e) ) =) (3.59)

= 2R[cos(—0“2r A )]l_m[cos(—a; B ypom



3.3 The kinked crack in mixed mode 75

7
B pt
b 21 ¢ mn m +1
A b
~ p_ g
(a) (b) (©)

Figure 3.4: The physical plane (a) of a crack with the main length 2/ and a kink of
length s = AB in the direction mn ; Transform z = ®(§) in the &-plane (b); Trans-
form &(t) in the t-plane (c). Points b, m are indented by semi-circles clockwise

5= 4R[sin(%’6)]”m [sin(a%ﬂ)]]m

sinff = m sina

Crack tips B, D and corners A, C are mapped into points b, d, a, ¢ of the
circle, Fig. 3.4. From complex potentials of Muskhelishvili ®(z), ¥(z), we
define new complex potentials ¢(&) := ®(w (&), w(&) :=P(w(S)).

In Muskhelishvili’s book, a method of solution by an integral equation
for 0(§) can be found. This equation has been given by Hussain et al,
(1974)

~ ] — p2imm (O__eia)(o__e—ia)qro_)
o) 2ir Y o(o+e P)o-eP)o- f)dg
—reeme — (L +§r YRe ™ (3.60)

where I =S/4,2T' +T''= 8, a = ¢71% d=el™iB) ¢ =ei® Points £and b = eiP
are on the circle from the outside Q- (point b is unsderstood as b~ or
equivalently the contour C, is indented by a small clockwise contour
around point b = ¢l as shown in Fig. 3b. The stress intensity factors at the
tip B are defined by

k,(s, 7m) — ik, (s, zm) = 2~/ @' ()™ w" ()] (3.61)

First one solves (3.60), then one takes the limit of (3.61) as s—0, to de-
termine the initial SIF at kinking k,* =k;(s — 0), k,* =k,(s—>0). This



76 Chapter 3. Solutions of Crack Problems

method as given in many works is less attractive than the one considered
below which consists in inverting the procedure.

3.3.2 The asymptotic equation

Since o0 — 0 as s - 0, we make use of a double scale technique which
magnifies both the variable and the function

& - tz_ilogaf, (E=€""Y, te[-1,+1]
10

HE) = g(t) - #{Mt))ﬁi}
il 2

Inserting these changes of variable and function into Eq.(60) and drop-
ping terms of orders higher than O(a) we then obtain the asymptotic equa-
tion in the form

2irm 2 SV
1—e rl (A= Dg'D o, (ttm
2ir 1 (A-m)(A-1) 2

g(t) = (3.62)

where real points {t, m} are understood as {t-, m~} of the lower half plane.
It is convenient to deal with analytic functions by introducing the conju-
gate transform of functions by defining

g =gd) = T =g A).

The term g’(1) in (3.62) is replaced by g’(4), which is holomorphic in the
upper half plane P* and thus allows us to change the indented clockwise
contour around point m~ by the clockwise semi-circle I'*. By introducing
h(t) = (2 — 1)g'(t) we then obtain

2 izm 7
(t —1)(1.—e2 ) ) h(A) 2d/1+S(t2—1)
dim ™ (A-m)(A-t)

h(t) = (3.63)
This equation is the same as that of Wu (1978) obtained by a different lim-

iting process.
The SIF is derived from Eq.(3.61) as

m/2

Kk (zm)— ik} (zm) = 2</zle ™ {(1-m)/(1+m) ™ g’(m) (3.64)
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Solution of the integral equation

Let us write Eq. (3.63) in the form h(t) = Lh(t) + hy(t) where L is an inte-
gral operator, t € '~ and hg(t) = S(t>—1)/2. We introduce the norm of uni-
form convergence over ' . It can be shown that operator L is bounded,
Amestoy et al (1979)

sinzzm

len <l (3.65)

For 0 <m <1, constant A = (sintm)/rt(1 — m) is less than 1.

The majoration (3.65) shows that L is a contracting operator and thus the
solution of Eq. (3.63) is given by the strong convergence of the series us-
ing iterated operators L" with the C(I') norm

h=hy+LhytL>hy+L3h, ... (3.66)

After finding the solution along the lower semi-circle, and determining
h(m) from Eq. (3.63) and g'(m), we then obtain the SIF as

(k) K, K,l(K;)
kk;J=|:K21 sz Ky

where Ky,’s depends on the kink angle. Numerical computations of the se-
ries (3.66) show rapid convergence after 5 terms. Table I gives the com-
puted values of the matrix components K. The energy release rate in
plane strain is given by G* = (1 —-v2)(k;*2 + k,"2)/E.
Two possible criteria can be proposed:

1) the crack branching angle corresponds to maximun G*.

i1) a kinked crack starts propagating in the pure local mode 1, (k,* = 0).
In the pure mode II before kinking, the first criterion 9,,G*(8*) = 0 gives
0* = —76.6°, while the second criterion k,*(6*) = 0 gives 0* = -77.3.

(3.67)

Table 1

Kink kink

angle kyp  kyp  kpp (9%} angle ki1 kpp  kpp koo
0° 0 0 0 1 50  0.7479 03431 —1.0665 0.4872

10 0.9886 0.0864 -0.2597 09764 60 0.6559 0.3696 -1.1681 0.3077
20 0.9552 0.1680 -0.5068 0.9071 70 0.5598 0.3788 -1.2220 0.1266
30 0.9018 0.2403 -0.7298 0.7972 80 0.4640 0.3718 -1.2293 -0.0453
40 0.8314 0.2995 -0.9189 0.6540 90 0.3722 0.3507 -1.1936 —0.1988
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These angles are different compared with values predicted by theories
based on the stress fields before kinking. The results on kinked angles are
similar to those given in many works, (Bilby and Cardew, 1975). Crack
kinking under constant cohesive force in the kink branch has been worked
out by Li (1997).

3.4 Crack problems in elastoplasticity

Problems in plasticity are difficult to solve for many reasons : non linearity
of the stress-strain laws which physically obey Prandtl-Reuss’s law, in-
cremental nature of the elastic-plastic law, existence of threshold stress or
yield surface, fundamental difference between loading and unloading, cri-
teria of crack propagation not yet established etc. Moreover experimental
facts indicate that crack initiation and crack propagation occur at large
strain and that ductile fracture and damage are the main phenomena.

Can we have a good mathematical model of ductile fracture and damage
within the framework of linearized small strain?

Brittle Fracture mechanics has been faced with the same question, but
the problem has been solved in the sense that the square root singularity at
a crack tip is considered as the outer field solution when we approach the
crack tip zone, whose field solution, called the inner field, depends on the
physics of the process zone, with possibly the finiteness of the stress field
in perfect plasticity. Only a possible matching between the outer and inner
asymptotic solutions is of interest for applications.

To match asymptotic solutions, one writes the condition foU(r — 0)
=fin(r » ). To our knowledge, there is no general methods for matching
solutions. Most solutions are only approximate ones in the sense that some
important features are considered, not all. For a fully complete solution in
plasticity, with threshold stress, matching is different in that the boundary
C between elastic and plastic zones has to determined. This is typically an
inverse geometric problem in Fracture Mechanics. Yield criterion and con-
tinuity of stress vector and displacement must be satisfied along C. The
stress field of the inner solution, for r — 0, is finite for a non hardening
material (perfect plasticity) or singular for hardening materials obeying a
power law as illustrated by the HRR solution, established simultaneously
in two papers (Hutchinson, 1968; Rice and Rosengren, 1968).

Another class of solution, discussed in Sect. 4.2, is related to the small
scale yielding assumption, where plasticity is confined to the near tip re-
gion and where the outer field is governed by the asymptotic field
fout = Kyg(0)r=1/2 (in mode I).
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3.4.1 Matching asymptotic solutions

Consider the Ramberg-Osgood stress-strain law for monotonic loading in
plane stress

I+v v o,
En = To-hk - Eo-ii5hk +C(

sy (3.68)
Oy

where o is some reference stress (not the yield stress) and sy := o — 650y, /3
is the stress deviator. Since unloading is not allowed, asymptotic models
using this law describe stationary cracks only. Some models generalize Eq.
(3.68) to viscoplastic materials obeying the strain rate law
de=L.00 + C(c./60)" s to model a crack propagation (Hui and Riedel,
1981). In the wake plastic zone, there is a stress unloading which cannot be
described by the Hencky theory of plasticity, even in the rate form. There-
fore, we restrict ourselves to stationary cracks and outline a method of
matching solutions, without entering into the details. In elasticity, the as-
ymptotic stress function y can be derived by expanding the exact solution
near the crack, via the complex variables. It has been done by (Williams,
1957) for example for the first k + 1 terms

v’ =1"h,(0)+r*h, () +.+r"“"*h (6 (3.69)

The first term of Eq. (3.69) corresponds to the square root stress singular-
ity, the second term corresponds to the constant T-stress etc... It has been
proposed in (Li, 1997) that the stress function y°P of the elasto-plastic zone
can be expanded in the same manner by

per = OO (6) + 1h, (0)+.+ 1D (6) (3.70)

The first term of Eq. (3.70) is the HRR field (Hutchinson-Rice-
Rosengren’s solution), with the function hyrgr(6) determined by consider-
ing the compatibility equations for the strain, then solving numerically the
nonlinear differential equation for the angular function with some bound-
ary conditions. The exponent (2n + 1)/(n + 1) has been obtained independ-
ently by using the J-integral. In Eq. (3.70) many other terms, but not all,
can be derived by the same procedure. However, it is more convenient to
consider all exponents sj, s;, .. and angular functions h(8), hy(8) as un-
knowns. For the continuity reason of the stress and displacement, the
matching at some arbitrarily chosen radius R is determined by the condi-
tions that all derivatives of different orders of y¢ and y°P are equal. The set
of unknowns is denoted by X = {sy, s5, .h{(8), hy(0), ., R}. The matching
proposed by Li (1997) consists in the minimization, with respect to
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parameters and functions in X of the complementary potential U = fu(o)de
with the density u(c) from which the strain e, Eq. (3.68), is derived
€ = du/do. Numerical results of Li (1997) are in good agreement numerical
with the finite element method solutions (Sharma and Aravas, 1991).

€r €
Figure 3.5: Elastic-plastic damage law with the critical strain eg. The stress vani-
shes for strain larger than € g

3.4.2. A complete solution in plasticity and damage

We consider an elastic-plastic-brittle law described in Fig. 3.5.

For equivalent strain g, less than a critical value e, <egy the stress-strain
law is the classical one. For larger equivalent strain €, > e, damage takes
place so that the stress decreases with increasing strain. A strain-softening
behavior in the uniaxial tension case of the form ¢ = Ce(u + ne/e)~1-1/n,
€. > €g, and o = Cg, ¢, < €g, has been considered by Gao and Bui (1995).

In what follows, we consider the simplest possible model which consists
in assuming 6 =0 for . > €g. In perfect plasticity, the yield stress in anti-
plane strain coincides with stress og just at €, = €.

When &, > &g in a solid, according to the model, there exist a fully dam-
aged zone with some finite thickness 2h, a damage front BB', a plastic
zone and an elastic-plastic boundary.

The determination of different zones, damaged and plastic zones, is an
inverse geometric problem in plasticity. In numerical computations, the in-
verse problem is generally solved by a shape optimization procedure, using
some sensitivity techniques for the corrections or updating of geometries.
Since the boundary of the damaged zone is stress free, the inverse problem
considered is also a sort of free boundary value problem very often en-
countered in fluid mechanics.

Now we show that this inverse problem is solved in closed form for an
anti-plane strain loading.
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Elastic solution

Consider first the quasi-static problem in elasticity solved by Bui and Ehr-
lacher (1979). The remote outer field in mode III, with a complex stress
representation, is given by 1 = Ky/(2nr)~1/2, 1 = 63, +1i3; (Note that the real
variable is G3;). For simplicity we write K instead of Kyy;.

The field solution in the physical plane t©(z) in equilibrium with the re-
mote outer stress field is searched in its inverted form z(t). Point B
(z= 1h) is mapped into point T = icg.

7 7)= (K2/27n'2 )—(2h/z)In(z/ oy ) + real constant (3.71)

uy=Im{K’(0y - 7)/ muzoy, ~2h(7 - 0y) / u } (3.72)

Egs.(3.71), (3.72) can be easily checked. We arbitrarily fix the real con-
stant so that x;(B) = 0. Thus the equation of the damaged front is
X,(0)=(h/7)(cos260+1)
—-n<0<+rm (3.73)
X,(0)=—(h/7)(sin26+26)

The damaged front BNB' has the shape of a cusped cycloid. The energy re-
lease rate in the elastic-brittle damage model is given by the J-integral
along BB', with the elastic strain energy density

J= J.BB'W(SQ )dx, =hol/u (3.74)
Taking account of J, calculated from the remote field J = K2/2u, we obtain

2h = KZ/GRZ'

In the case of infinite stress or, the thickness 2h vanishes so that
we recover the crack model as the limiting case og — < of the fully
damage model. It should be noted that the dissipation rate (with respect to
unit length advance of the damage zone) is equal to the total elastic energy
released by particules along BB' when they move into the damaged zone.
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Xy elastic zone

2h

damaged zone

Figure 3.6: Damaged zone, plastic zone and elastic zone. The damage front BB'
(point N) is a curled cycloid, Eq. (3.73). The elastic-plastic boundary (point M) is
a cusped cycloid, Eq. (3.81)

This rate of energy will be lost by thermal conduction or vibrations etc.
This is the reason why it is called the dissipation rate of energy Dy by rup-
ture. The dissipation rate with respect to time is defined by

D, =1 J‘BB'W(ee )dx, (3.75)

The elastic-brittle damage model in quasi-statics has been generalized to
dynamic elasticity by Ehrlacher (1985).

Remarks. A numerical approach to solve the inverse geometric prob-
lems consists of three steps:
i) Having determined the thickness h, by 2h = K%/oR2, the damage front
BB' is defined by a N-dimensional parameter p. One solves the elastic
equilibrium problem with the remote stress o = K/N(2nr) and the stress free
condition on the damage front.
ii) One calculates the stress 633 along BB' which depends on parameters p.

iii) One searches the optimal p solution of
min [, [04(p) = 0, 1°ds) .
Such a minimization problem is generally ill-conditionned (matrix deter-

minant of the linear system is nearly equal to zero) and required regulari-
zation methods, see Chap. 12. Historically, the damage front BB' has been
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obtained by numerical “experiments”, then it has been proved that it is a
cusped cycloid (Bui and Ehrlacher, 1979).

Elasto-plastic solution

Now consider the case 6/2u < € < g5 for the sound solid. The critical strain
eg 1s first reached along the boundary of the damaged zone. We search an
elasto-plastic solution with:

- condition €, = eg along the unknown damage front BB',

- stress-free condition along the boundary BB',

- a plastic zone ahead the front BB' where 6. = o,

- an elastic-plastic boundary defined by three conditions : &, = 6/2y,
Continuous displacement and continuous stress vector

This is typically an inverse geometric problem, where the outer elastic
field is prescribed. At first sight, this problem seems to be more complex
than that of finding a stress-free crack in an elastic solid, encountered in
the evaluation of materials (Non Destructive Testing of Materials). In fact
the problem in anti-plane strain condition can be solved in closed form.
The solution in the elastic zone is given by formulae

z 7)=(K*/277*)- (2h/ 7)In(7/ 0 ) + (K* /2702 (3.76)

u, =Im {Kz(O'R — 1)/ muto, —2h(r— O'R)/ﬂ',u} (3.77)

where 1 lies inside the semi-circle [1| < o, —-1/2 <O <72, for op/2u<e <eg.
The latter conditions correspond to the load K

K <K* <2hoy (4ue, — oy) (3.78)
with K, =2ho; . Eq.(3.78) defines a limit load K, (K <K <K_)
K_= {2ho, (4ue; — o)} "? (3.79)

the circle |tf]=0c g in the t-plane is mapped into the elastic-plastic bound-
ary whose equations are

M, (8) = (K* /2702 )(cos 26+ 1)
-m<@<+rm (3.80)
M, (0) = —(K* /2702 )sin 20+ (2h 6/ 1)
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The elastic-plastic boundary (point M) is a curled cycloid (Bui and Ehrla-
cher, 1981). Now a solution is searched in the plastic zone with the flaw
rule &, = Ao, (A is a positive multiplier).

An approximate solution is derived by neglecting elastic strain in the
plastic zone and assuming that one family of characteristic lines consists of
straight a-lines (B = const), in which according to the theory of plasticity,
the stress components 634, G3g are constant o33 = oy, 63, = 0, as well as
the displacementus on the o-line (constant 0)

uys(M)=—(1/ um) {(K> / 63)+ 2hoy }sin 0 (3.81)

There exists a particular B-line for load K=Ky or K; =2ho, when
plasticity just appears at BB'. This line is the locus of points N

N,(6)=(h/7)(cos26+]1)
T<O0<+rm (3.82)
N, (6)=—(h/7)sin26+ (2h6/ )

The curve (3.82) is the same cusped cycloid as that of Eq. (3.73). It
should be noted that for eg — « the cusped cycloid BNB' reduces to the
crack tip while the curled cycloid BMB' becomes a circle, tangent to the
Ox, axis. We recover the circular plastic zone ahead the crack tip given in
earlier works, (Hult and McClintock, 1957; Rice, 1986).

Rice's paradoxical result recovered by a damage model theory

Rice (1966) observed that a balance equation of energy in perfect plasticity
applied to a small zone around the moving crack tip leads to G = 0. This is
the paradoxical result in plasticity : no driving force for crack propagation
in plastic materials. It has been shown in (Bui, 1987) that G = Dg = 0 for a
large class of materials having a parabolic strain-hardening law
o=Ae+ Cen=Cen, 0 <n < 1. To show this, let us make use of the estimate
c:e = O(1/R) along a stress-free notch of radius R. In the fully damaged
model, we have R = O(h). Thus, the total elastic energy dissipated along
the damaged front BB' vanishes

2hWg = 2h(og)? = 2hC2(eg)?n = 2C(eg)™! — 0

as eg — . In other words, the J-integral, with the elastic strain energy den-
sity (instead of the stress working Jo:de) around a small contour around the
crack tip, vanishes in the limiting damage model.
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Over many decades, like the conquest of the Graal, workers have been
searching unsuccessfully a characteristic crack parameter for non-linear
Fracture Mechanics, putting so much hope on energetic parameters which
unfortunately do not provide a criterion of ductile fracture. Very accurate
numerical calculation of Ji,= Irm_,o)W(e—ep)dm: 0 for vanishing contour
radius confirms the result (da/dt)J;;, = Dr = 0.

3.4.3. A review of non linear asymptotic solutions

Let us mention some models, without entering into their detailed deriva-
tions which are very technical. These models are important for the con-
struction of inner solutions in view of the matching with the outer elastic
field for example. Unfortunately, such matchings are scarce, except for
two cases:

1. Li’s matching solution with the HHR field in the Henky theory of plas-
ticity for a stationary crack (Li, 1997).

2. The possible matching for a moving crack of field based on the elasto-
visco-plasticity law without a threshold, using the technique of (Li, 1997)

The mode III problem has been investigated in (Kachanov, 1978) where a
non-linear equation for the stress function y(x;, X5) is derived in the form

v=2uB3(®-D2 Eq. (3.84) has been numerically solved by (Hui and Riedel,
1981). The solution is y = Cr®=2/(0-Df(@) where f(0) is entirely determined
as well as factor C. The striking Hui& Riedel’s result is that factor C is
completely determined by the crack speed as C = (a/y )V, There is free
ajustable parameter other than the velocity. The words viscoplastic soliton
have been coined by (Bui, 1994) for the solution (3.84). Indeed C corre-
sponding to the solution (3.84) satisfies a relation of the form aC + bC"=0.
If a free parameter like the SIF in linear Fracture Mechanics exists, K =hC
for arbitrary factor h, it would mean that ahC(1-h"1) =0, so that multiplier
h equals either 0 or 1. No free parameter other than C exists for the adjust-
ment with the outer field. In fact the inner field with singular part
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must be matched with the outer elastic field
Vou = K111r3/2h 0).

Assuming that such a matching exists, we then obtain some relationship
between factors Ky and C = (& /yu)V/® D which explains the dependence
of Ky on crack velocity. In mode I, such a velocity dependence of the
toughness has been observed experimentally. The toughness of materials
depends on the viscous properties of the process zone, even in the case of
brittle materials. Let us finally mention some other asymptotic models. For
a stationary crack in perfect plasticity with V. Mises’s criterion, the slip
lines theory of plasticity applies to a crack problem, (Hult and McClintock,
1957; Rice and Tracey, 1974). In pur mode I, there are two homogeneous
stress field sectors and a centered fan stress field, Fig. 3.6 a)

- Sector (I) 0< 6 < 45°: 65, = 6¢, 611 = 612 = 0 (homogeneous stress)

- Sector (I1) 45° <6< 135° 6,9= 60/N2, 6,=0, (centered fan)

- Sector (III) 135° <6 < 180°: 065, =0, 611 = — 6o (homogeneous stress).

B

(

Figure 3.7: Asymptotic solutions in perfect plasticity: (a) fully plastic mode 1
(Hult and McClintock, 1957); (b) mixed mode I +1I with elastic zone (Gao,
1980); (c) mixed mode I + II with elastic zone; (d) fully plastic zone (Gao, 1980)
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In the mixed mode I + II of perfect plasticity, Shih (1974) proposed a
singular stress field which has a discontinuity line. Gao (1980)* considered
the V. Mises criterion and found a continuous stress field with an elastic
zone, Figs. 3.7 (b) and (c), which cannot be determined by the asymptotic
fields only.

The elastic sector angle is undetermined by an asymptotic analysis. The
elastic sector has been confirmed by the finite element method, (Saka et al,
1986; Dong and Pan, 1990).

The asymptotic solution for a stationary crack does not apply to a mov-
ing crack. The asymptotic solution for a moving crack contains an elastic
unloading sector (IV), 115°<6<163° between the fan sector (II),
45° <0< 115° and the wake plastic sector (III), 163° < 6 < 180°, near the
stress free crack (Gao, 1980; Rice, 1982). An asymptotic solution for a sta-
tionary crack in softening material, with a threshold stress has been given
by (Gao and Bui, 1995)

Ee, E<E,
o= (3.85)

—1-1/n

Ee|mel e, +u)/ (n+w)] 7, eze

There is a damage sector < 6 < oo with free angles B, o which cannot
be determined without performing the complete matching between inner
and outer solutions.

3.5 Inverse geometric problem with Coulomb’s friction

The delamination problem in composites is typically an inverse geometric
problem in Fracture Mechanics. We look at a simpler problem of frictional
delamination at the interface between elastic and rigid bodies solved in
(Bui and Oueslati, 2005).

Classical problems consider a given crack in homogeneous body or a
given interface crack under applied loads. Here, delamination at the inter-
face of composite layers appears somewhere under existing localized stress
state at the interface. It is expected that crack grows at points of highest
shear stress, then propagates towards its final location.

* Gao’s paper published in Chinese, in Acta Mechanica Solida Sinica, 1 (1980)
was presented to a seminar in France during his sabbatical stay in Electricité de
France.
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To solve this problem, we first determine the solution for a given crack,
then examine how to modify its geometry and location in order to satisfy
all physical and mathematical constraints such as : square integrable stress
fields, continuous displacements (neither dislocation nor dislocation di-
pole). The methodology is exactly the same as the one considered in
Inverse Problems, based on the Control theory of distributed parameters or
fields (infinite dimensions) (Lions, 1971) or Optimisation of finite dimen-
sional parameters.

We consider the frictional contact problem with Coulomb’s law and
constant friction coefficient f. Before delamination, we assume that there
exists a compressive stress state 6%,(x;, 0 ) < 0 and a shear ¢%5(x;, 0) <0,
acting on the interface x,=0 between a semi-infinite elastic body Q*
(x;>0) and a rigid one Q (x,<0). The stress field 6,,(x,, X,) is put as the
sum 6%, (X1, Xa) + Ohk(X], X2), where 0(x) is the auxiliary stress field to be
determined, subjected to condition 6—0 at infinity. It is assumed that load-
ing conditions are such that only tangential displacement takes place on the
whole crack [[u,]] = 0. The case where [[u,]] # 0 on some part of the crack
has been considered in (Bui and Oueslati, 2004).

3.5.1 Non-uniqueness of solution

Analyses of frictional crack are rather complex because the solution is not
generally unique when no information is available on the crack history. Let
us consider a classical example of a frictional crack of length 2a in a ho-
mogeneous elastic body under remote uniform compression 6=, < 0 and
uniform shear 6*°,.

The frictional contact condition can be expressed by either
[[uill(o12 — fo20) =0 or [[ui]1(c12+ f622) =0, depending on the sign of rela-
tive slip near the crack tip. The solution for mode II is classical, (Bui,
1978, p. 16).

Case 1: |06™1o)>—fo™2

Ki(a) = (6™12 + fo~)\(ma), if 6=12>0

K11(a) = (6712 = fo")V(na), if =12 <0.

Case 2 : |0™2]< —fo™p

The applied shear is not high enough for a slip to occur under pressure,
thus the first solution corresponds to the “no delamination” case [[u]] = 0.
Now consider the formal solution given by formulae derived in Case 1
which provide negative Kyj(a) at the right tip under remote positive shear
stress. Such a solution can be reached experimentally as follows. First ap-
ply opposite arbitrary shear loads £ 6,*(c2* < 0) on the crack faces so that
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Ky(a) = 01,*V(ra) < 0, then apply the compression 6>, sufficiently high to
prevent further reverse slip to occur. Next release the additional shear
stress F o1," then apply 6=;,> 0 to obtain the second solution: negative
Kjj(a) at the right tip under remote positive 6>, > 0.

As shown by this example, non uniqueness of solutions in frictional
contact problems is expected, since a full loading history is missing to
solve a non-linear problem.

3.5.2 Frictional crack problem without opening

We do not repeat here the method of solution which has been outlined in
(Bui and Oueslati, 2005). We first assume that the current stresses as well
as displacements satisfy the conditions: 61,<0, 0,,<0, u; <0, u;=0,
called admissible conditions (A) for expressing the friction law in the form
G1o= 0y. Let us denote the auxiliary displacement and the associated
complex potentials by q(x), ©(z), E(z) respectively. Only 6%;(x,, 0) is
prescribed on the crack, while 6=(x) is not yet prescribed for a mixed
boundary value, u = 0 outside the crack. Owing to this arbitrariness we do
not impose strict behavior 1/z2 at infinity for ©'(z).

To investigate the behavior of solution near the crack, we search a solu-
tion behaving as ©'(z) = O(1/z) at infinity and satisfying the Hilbert prob-
lem

O'(t") — g®'(t")=E’(t") on b, a] (3.86)

y
E'(x)) = = { 0% (x,,0)= o1 (x,,0)} (Hl)_j.f,(_l) (3.87)

kD)
& T e+ )= if(—1) (3-88)

Even if the physical field solution is defined only in Q*, we consider its
mathematical continuation in Q-, the whole complex plane being cut along
the crack [b, a]. The solution of the Hilbert problem, Eq. (3.86), is given
by Cauchy’s integral

X(@) [/ EY (t)d’ +P@)X(2) (3.89)

o= X(E)(t—

2w

X(2) = (2 b))% (a— z) ¥+ (3.90)
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tan(za) =1t xk—1)/(x+1) (3.91)

for arbitrary rational function P(z). We also have g = exp{2in(a + (1/2))} =
—exp(2ina). For k=3 — 4v (plane strain), we have 0 <o <0. In Eq. (3.89),
X(z) is a solution of the homogeneous Hilbert equation with adequate sin-
gularities.

Kinematically, the displacement field near the crack tip is described in
Fig. 3.8. For negative shear stress, the kinematic at the left tip z = b is
called the pull-out type singularity (—o. in the exponent in Eq. (3.90)),
while that corresponding to the right tip is called the push-in type singular-
ity (+o in the exponent).

The displacement shown in Fig. 3.8 corresponds to the one of the auxil-
iary field, q(x;,0), which coincides with u(x;, 0) on the interface. P(z) is
determined by the condition ©'(z) — 0. Let us fix arbitrarily the left tip
z =b for which function X(z) = (z — b)(/2-2 is regular, for both stress and
displacement. The singularity of X(z) at z=a is strongly singular as
X(z) = (a — z)~(/2+% g0 that unbounded stress and discontinuous displace-
ment should have arisen and thus are not acceptable. Two constants have
to be determined, namely a and C, by two conditions: bounded stress and
continuous displacement. On taking the constant C which cancels the r.h.s.
of Eq.(3.89) at z = a, we then obtain a bounded solution ©'(z) at both crack
tips (regular stress and bounded displacement) and vanishing at infinity

X(z) E° (t)dt ¢ E°(tdr
2ir {Ib X(t ) (t— -[b X(t+)(t—a)}

0'(z) = (3.92)

Figure 3.8: (i) The pull-out singularity at z = b; (i) the push-in singularity at the z=a
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Now let us integrate the strain to obtain the displacement as

We thus obtain the compatibility equation at z = a

This is the compatibility equation to determine the relation f(a, b) = 0.
The curve f(a, b) given by Eq. (3.93) has been calculated for normalized
polynomial (Bui and Oueslati, 2005)

Delamination is expected to occur in interval x,e [-1,1]. As a matter of
fact, the quasi-elliptical curve in the (b, a)-plane, contains the points
N=(-1,-1)and M = (+1,+1), Fig. 3.9.

It has been found that the admissible conditions (A) for stresses and dis-
placement are satisfied on the curve. Thus the solution to the frictional in-
terface crack problem is not unique.

This is the first example of non-uniqueness of solutions encountered in
frictional contact problems with Coulomb’s law.

To ensure uniqueness, we need other considerations taking the place of
unspecified loading history.

It should be noted that the singulatities at tips {b, a} agree with those
found by (Deng, 1994) in his analysis of a semi-infinite crack.

The analysis of a finite crack enables us to discuss energetic aspects
which cannot be done in the infinite crack case. Finally, this exact solution
is a counter-example of a non-ocillatory solution in an interface crack
problem with friction.

It is found in many works that the oscillatory solutions which present
overlapping in a very small zone of atomic size for the opening mode does
not exist in our solution of a frictional contact crack. The oscillatory solu-
tion can be observed in other problems involving contact stress. It was
discovered by Abramov (see Muskhelishvili, p. 488, 1977) in the punch prob-
lem where two components of the displacement are prescribed on the
punch, and the stress free condition outside the contact zone. It is a general
property of a mixed boundary value problem in elasticity. In the punch
problem, the oscillations with amplitude O(r!'/2) appear outside the punch
and has no consequence for the stress free boundary which can be freely
deformed, contrary to the crack case where the overlapping of cracks faces
violates the condition [[u,]] 2= 0.
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Figure 3.9: The quasi-elliptical curve f(b,a) = 0 above the line a =b. Each point
(b, a) provides a solution for the.crack geometry. The curve contains two starting
delamination points M (a=b=1)and N(a=b=-1)

3.5.3 The energy release rate of a frictional interface crack

As noted in many works, J-integral loses it meaning when the path has its
end points on the frictional contact zone. The path-independence property
of J generally comes from the stress free condition together with the fact
that n; =0 on the line crack. Let us denote the actual load at time t; by
P(t;). When the load increases from the zero load (0) to the load P(t;), de-
lamination grows from the initial point geometry [0, O] to the intermediate
one [b(t), a(t)] at time 7, then to the actual geometry [b, a]. Rice’s integral
defined with a large contour T' embrassing the whole crack [b(t), a(t)] (a
semi-circle with center on the crack and with large radius for example) and
with the end points on the unbroken zone, is path-independent (since n; =0
and u = 0 on the crack line). Such a nice property does not hold for semi-
infinite crack. Thus, assuming that the crack tip b, being in a lower stress
state, does not propagate, Jda still has the classical interpretation of the in-
crement of energy provided by the elastic region ouside T for an incre-
mental delamination da at the right tip. Thermodynamically, Jéa can also
be interpreted as the increment of the energy dissipated inside I'. There are
two kinds of dissipation, Jda = 8Dy + 0Dg, one possibly at the crack tip due
to the rupture process 6Dg, and another one due to friction 6Dg> 0 along
the slipping surface. A glance at the solution Eq. (3.92) shows that ©(z)=
(a—z)" (270 has a singularity weaker than r—12, thus 8Rg=0, or
G =J;pT' — 0) =0. (Fig. 3.10).
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We recover the same paradoxical result as the one observed in plasticity
(no driving force at the tip).

J-integral with a contour encircling completely the crack has the mean-
ing of the rate of energy fully dissipated by friction. The latter result en-
ables us to introduce the following additional assumption to obtain
uniqueness of the solution to the frictional interface crack problem: De-
lamination evolves in such a manner to minimize the energy stored in the
system, or to maximize the dissipation by friction. This assumption is re-
lated to stability considerations of the cracked system.

r
n
I,
L crack N

Figure 3.10: Path T" to define J-integral for frictional interface cracks. The
J-integral is path independent whenever B and C are outside the crack. The J;,-
integral for a path aroung the crack tip A of vanishing radiius €, is equal to Dg =0

3.5.4 The frictional interface crack problem with an opening
zone

Considering the same loading condition for the auxiliary problem (3-86),
(3.87) we want to analyse the structure of mechanical fields near the inter-
face crack, when there is an opening crack [c, d] (b<c <d<a) where
07— 1612=0 and u,>0. On [b, c] and [d, a] conditions of frictional contact
still holds, u, =0 and 6, — f6,, =0, assuming that 6;, <0, f6,,<0. The
auxiliary stress 8 must satisfy 65, — 161, = —6%,(x;, 0) + i6%,(x,, 0) on the
crack and the corresponding displacement q = 0 outside the crack. This is a
mixed boundary value problem on real axis, with an incomplete data at in-
finity. The idea is to search a solution in the form

0'(z) = F(2)Xo(2) (3.94)
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with function X(t") = (z - b)(1/2-%a — z)( 12+ regular at z=b, strongly
singular at z=a. Function X((z) satisfies the homogeneous equation,
Xo(t") = Xo(t*) =0 for any holomorphic function F(z) in complex plane
with a cut along [c, d]. Function F(z) is thus continuous across [b, ¢] and
[d, a] so that, owing to X(z), the frictional contact conditions u, =0 and
o1, — fo,, =0 are satisfied on these zones. Expressing the physical stress
free condition 61, — f6,, = 0 along [c, d] by

0'(z") + xO'(z7) = {—06%,,(x,,0) +16%,(x;, 0)}=h(x,) ,c<zt<d (3.95)

taking into account of Xy(z") =gX(z"), we are arriving at the Hilbert
equation

h(t)
X, (")

F(t) + SR ) = (3.96)
g
The solution of the Hilbert equation (3.96) is derived by Muskhelishvili’s
standard method by considering the solution Z(z) of the homogeneous
equation Z(z") = — (x/g)Z(z"). Let —(x/g) = 2B, B = o—(i/27)logk.
Solution of the homogeneous equation, regular at z = c and weakly sin-
gularatz=d is

Zl (Z) — (Z _ C)+(X+(i/(2ﬂ'))10gl((d _ Z)—{){—(i/(Zﬂ'))lOgK (397)
Solution of the homogeneous equation, regular at both points c, d is
ZO(Z) — (Z _ C)+Et’+(i/(27l'))logl((d _ Z)l—O{—(i/(Z/Z’))lOgK' (398)

Before selecting a function for solving frictional interface crack prob-
lem, with an opening zone, let us remark that solution in the contact zone,
[d,a] for example, resembles a flat punch problem in the presence of fric-
tion.

Figure 3.11: Frictional interface crack with sliding contact zones [b, c], [d, a] and
opening zone [c, d]
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Therefore a stress singularity at the end point of the punch z=d (or z =c¢)
could be possible. Hovewer, we rather search a solution without stress sin-
gularity at z = ¢ and d, so that function Zy(z) may be selected.

X, (2)Zy(2) Id h(t)dt
2ir ¢ Zy(tH)X,(t )(t—2)

©'(2)= +QX(2)Zy(2) (3.97)

Since Xy(z)Zy(z) = O(z), we must take Q=0 for vanishing ©'(z) at infinity
h(t)dt
Zy ()X (1)t~ 2)

1 d
') =>— X,(2)Z, () [, (3.98)

Solution ©'(z) is bounded at points b, c, d and weakly singular at z = a, The
last condition to be examined is the regularity at infinity. For z — o, regu-
lar solution at infinity exists only if h(t) satisfies the condition

Id h(t)dt

— = 3.99
¢ Zy(t)Xo(t) G2

Subject to the above condition, function ©'(z) gives bounded stress at any
point except at z = a, where stress is square integrable. It remains to exam-
ine continuity conditions of q. Let us fix arbitrarily b. Displacement
q,(t) +iq,(t) is obtained by integrating {©’(t") — ©’(t")} as

20(a,(0) + iay(0) =t [ 10'(t) = ©'( )1t }.

On [b, c], condition qy(c) = 0 is implicitly fulfilled by the contact condi-
tion since the latter integral is real on frictional contact zone. We have to
write the first compatibility condition for the normal component at z=d
with an integration beginning at z = ¢

2p0,(d)=xtm [ Jo'(t) -0t ) b =0 (3.100)

The second compatibility condition for the tangential component at
z = a, can be written as (an integration over the whole crack [b, a])

2uq,(a)=KkRe j:{(a'(t*)—@'(t ) bdi=0 (3.101)

The frictional interface crack problem is basically underdetermined, since
there are 3 equations, (3.99), (3.100), (3.101), for 4 unknowns a, b, c, d.
The solution is not unique. One of the unknowns, the parameter b for ex-
ample, may be arbitrarily selected in its admissibility domain defined by
conditions 61,(x1,0;b) <0, 622(X1,0; b) <0 for any x; on frictional contact
zones.






Chapter 4

Thermodynamics of Crack
Propagation

4.1 An elementary example

Consider a simple rheological solid system consisting of a series of linear
elastic parallel springs, assembled to two rigid bars and subjected to pre-
scribed displacement 8. Now we consider the evolution of the system when,
just after the loading, the first spring breaks suddenly at its middle point un-
der fixed grip bars. Since the rigid bars are fixed after the loading, there is no
additional supply of mechanical energy, W, = 0. When the stress is fully
released in the broken string, the stored energy of the latter is released by the
amount W, < 0. According to its definition, the dissipation of energy by
the rupture process is ODg: = 0Wex -0Wejast = —0Wojast > 0. What happens
physically? After rupture, the spring evolves dynamically; the sum of its
stored elastic energy and kinetic energy is alsways conserved, the elastic
spring oscillates indefinitely in its own direction. Therefore, the quantity
Wy — OWast can also be interpreted as the maximum of kinetic energy
dWyin of the vibrating spring when it recovers its original length or when the
stress is fully released. In real experiments, the broken spring movement
should be chaotic, in different directions of the space, and dissipates energy
by collisions, frictional contact with neighbouring springs, or internal dissi-
pative phenomena like plasticity, viscoplasticity etc. Such damping mecha-
nisms will finally slow down the spring.

I

S

Figure 4.1: Parallel springs fixed to rigid bars under displacement control; The
first spring breaks at its middle point; its elastic energy is released and finally dis-
sipated by vibrations and heat conduction through the rigid grips

97
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If the system is not thermally isolated, then thermal conduction through the
grips is another cause of damping of the parallel springs system. Thus we
conclude that fracture is essentially a dissipative phenomenon.

Thermal conduction mechanisms give us the interpretation of the quan-
tity DR = OW eyt — OWpast as a dissipated energy. Let us consider another
interpretation, by isolating a small region of the first spring containing the
broken point and consider that the first spring consists of two parts held
together by “internal force” or cohesion force F, which is the analogue of
atomic force models in metallic solids. The work done §Wg by the cohe-
sion force F(t) from the beginning at equilibrium state, F(0) =0, to the
critical state F = F ., just before breaking, is equal to SWg= 8W oyt — SWgast-
In the literature, Wk is called the “stress working” by cohesive force. In
models of brittle fracture by cohesive force, the force-displacement curve
F(u) is schematically shown in Fig. 4.2.

Figure 4.2: Cohesive force models: (a) atomic force; (b) brittle spring

The work done by cohesive force, in a crack propagation per unit length,
is equal to the area A under the curve, as shown by Willis (1967). In quasi-
statics, Griffith’s theory of fracture is based on the assumption that the
energy relase rate, per unit crack length advance, is the constant 2y

oP
G=——1=2 4.1
s Y 4.1)
where P is the potential energy
P =Woelast — Wext (4.2)

for prescribed displacement on the external boundary Sy of the elastic
body. For general loading on a continuous medium with a crack, with pre-
scribed displacement ud on the part S, of the external boundary S, and
prescribed traction Td on the complementary part St, the quasi-static
energy release rate is given by
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with the energy density for linear material

We recall that Griffith’s theory G = 2y is equivalent to the cohesive force
model with the area A =2y, when a self-similarity of the crack opening
displacement near the crack tip region has been assumed. This is also
called an autonomous crack tip field. The geometry of the crack opening
displacement near the tip is unchanged during crack propagation.

4.2 Dissipation analysis

We consider the dynamic evolution of a cracked body in a solid and adopt
through out the book the small strain description, € = (Vu + V'u)/2, even if
singularities of strain may appear in some analysis. The considered solid
can be defined by its free energy W(g, o, T), function of the state variables
e, o= (04, oy, ...) with internal variables o; and temperature T. The first
variable € is directly observable in simple experiments while the second
ones are generally not. They are called hidden variables, which can be

sometimes observed by indirect experiments. The volumic entropy is
defined by

The conjugate (dual) variables to €, ® are called by Halphen and

Nguyen (1975) respectively reversible stress G.., and generalized force
A=(A)
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The solid receives the rate of reversible stress working, defined by the
quantity (dW/0g):0ie + (dW/dar).0.00 = (dW/0€):0ie — A.0.0.. The volumic in-
trinsic dissipation rate including thermal dissipation, is defined by

where q is the heat flux. For example, in classical isothermal plasticity,
considering only the plastic deformation €P as internal variable and the free
energy W(e—P) as function of the elastic strain e®=¢—€P, one has
6 =0W/det — dW/deP = 0W/de = Gy, hence D =o:0eP. This too simple
model of plasticity does not describe correctly strain hardening or soften-
ing of the material. Adequate internal variables must be introduced for
modelling more complex behaviors, (Nguyen, 1977; Maugin, 1992)

Now let us consider crack propagation in elastic or elasto-plastic solid.
The solid domain with a moving crack a(t) is denoted by Q(t) including the
crack tip C, or by Q*(t) if one deletes a small circular region V,, centered at
the moving crack tip, with boundary T', and with vanishing radius n— 0,
Q#(t) = Q(t)\Vy,. The dissipation analysis of the domain Q*(t) is analogous
to the one given in the example of the elastic spring, outside the small re-
gion containing the broken point. Materials inside V,, are very similar to
the broken elastic spring. The dissipation rate of the body consists of two
parts, the first one due to the intrinsic dissipation D in the domain Q*(t),
the another one due to the exchange of thermal energy on the boundary
'y which can be denoted by and interpreted as the “dissipation rate by
fracture” Dg = Gda/dt. The overall dissipation becomes

where 8(C) means the Dirac delta function 8(x — a(t), 0) concentrated at the
moving crack tip C, in fixed coordinates x,y and G is the energy release
rate (italic G)

where e = W + TS is the volumic internal energy, S the volumic entropy.
In elastodynamics, without considerations on thermomechanical aspects,
the right hand side of Eq. (4.10) is written with W instead of e, and is
known as Freund's integral (Freund, 1972).

The parameter G is the thermodynamical force associated to isoentropic
evolution, while G is associated to isothermal evolution. In practice, the
difference between G and G is not significant. As we shall see later, both
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energy release rates are expressed in terms of stress intensity factors by the
same generalized Irwin formulae. The only change is found on elastic co-
efficients, the Lamé coefficients in isothermal evolution A, p being re-
placed by A’, w’°, for isoentropic evolution, with A’ = A + k2Ty/(pc) and w’ = p
(see Mandel, 1966, p. 587). For steel, at the room temperature T=300°K,
A’ = 1.03X. Thus there is only a slight difference between G and G.

4.3 Thermal aspects of crack propagation

Experiments performed on an uncracked elastic body, subjected to cycles
of loading and unloading, show some well known features.

When there is no heat supply to the elastic system, under adiabatic evo-
lution, the thermo-elastic response of a specimen shows a decrease of tem-
perature in the loading and an increase of temperature in the unloading.
Figure 4.3 shows the response of the temperature in the thermo-elastic
range and in the thermoplastic range which corresponds to a rapid increase
of T. The response in the thermo-elastic range can be analysed as follows.

We consider linear isotropic elastic materials, with constant volumic
heat ¢ and thermoelastic coefficients I;; = -3Kad;;, with the bulk modulus
K= (3A+2u)/3, Lamé’s coefficients A, pu and the thermal expansion coef-
ficient o

The free energy becomes

T
W(e, T) =3 (Ae;€, +2ue;e;) — 3Ka(T—Ty)e; —cT ln(?) —(S; — )T+ W,

ii<jj
0

By linearization at Ty (6 =T —Ty) and taking Sq=0, Wy=—cT, the free
energy has the quadratic form

1
W(e.0)= = (e + 2ueie;)~ Kade, - %02 (4.11)

i<
0

The volumic entropy is S =3Koae; +¢0/Tj. In a pure tension test, with
Poisson ratio v<1/2, the trace &;=g11(1 —2v) is positive. Under adiabatic
condition (S = 0) an increase (or decrease) of the trace ¢; results in the de-
crease (or increase) of the temperature 6. This is the well known thermoe-
lastic effect.

Experiments have been performed in the elastic and plastic domains in
metals (copper, aluminium, iron). A specimen is subjected to some cycles
of loadings and unloadings with a variable amplitude in the elastic range.
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Figure 4.3: Temperature measurements in cycles of loading-unloading in thermo-
elastic domain and in thermo-elasto-plasticity (Bui, 1965)

Cooling is observed in loading and vice versa, heating is observed in
unloading. In the elastic-plastic range, the thermo-elastic cooling is over-
whelmed by the heating due to plastic deformation, Fig. 4.3. At the arrest
point A, temperature decreases by heat conduction through the grips. In
analysing the heat source by plastic deformation, it is important to make a
temperature correction which takes into account the thermal dissipation by
conduction.

The thermal analysis of a crack propagation in elastic body (under
adiabatic conditions) leads to wrong result if one ignores the dissipation
nature of the moving crack. As a matter of fact, in pure dynamic mode I
(K;> 0), the trace tr(e) ahead a stationary crack tip is positive and singular
as (r)-12. According to the relation S = 3Koej; + ¢6/T,= 0, the temperature
variation 6 should be negative. If one still considers the last relation for a
moving crack tip, one should have a heat sink at the crack tip. This is in
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contradiction with experimental evidence of a hot point emitting light in
fracture of glass, (Weichert and Schonert, 1974). To analyze correctly the
temperature response during crack propagation, we must take into account
the dissipation inside Vp, which comes from the energy release at the
process zone. We recall that intuitively a release of stress implies a heating
like in what happens in the example of a broken spring. The same feature
happens in crack propagation.

Now we show that the dissipation in VT, is equivalent to a moving point
heat source exterior to the system Q*(=Q\Vp). We assume that there is no
exchange of heat along the outer surface S, and that the exchange of heat
through the crack surface is globally zero.

The first and the second principles of thermodynamics lead to

where

Figure 4.4: Geometry of the solid Q, with crack length a(t). Fixed axes Ox,y and
moving axes O’xy, X». Solid outside a small circular area Vr is denote by Q*
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We assume that the solid has no thermal energy exchange with the exte-
rior, Py, = 0. We can rewrite the second principle of thermodynamics on
Qr with outward normal v (opposite to n on I')

A comparison between Eqgs. (4.13) and (4.14) shows that, when there is no
energy exchange with the exterior (Py,= 0), the energy release rate Gais
equal to the rate of heat source concentrated at the moving crack tip, (Bui
et al, 1980)

This is a fundamental result which makes a link between energetic aspects
of crack propagation with the G concept and thermal aspects with the heat
flux q. It should be noted that for a stationary crack da/dt =0 there is no
point heat source. For non elastic material, G =0 for stationary and mov-
ing crack; hence there is no point heat source either. For such a material,
including plastic one, the hot region observed near the crack tip is due to
inelastic dissipation distributed over a small, but non vanishing area
around the moving crack tip, rather than a true point heat source.

Evidence of a hot point at the moving crack tip in glass has been re-
ported by Weichert and Schonert (1974). Experiments on thermal aspect of
fracture of a thin sheet of steel have been performed by using Infra-red
camera. Fig. 4.5 shows a series of images of the deformation of a thin
sheet of steel with a circular hole. Images 1-3 correspond to the cooling
phenomenon in thermo-elasticity. Plastic heating begins at image 4 and
continues up to image 16. Crack initiation and ductile fracture appear sud-
denly between images 16 and 17. The mechanism of crack initiation has
been identified as plastic instability by a necking phenomenon at the
highly stressed points at the circular cavity. It should be noted that plastic
deformation is very large before the appearance of instability, so that it is
very difficult to have an adequate theory based on the small strain assump-
tion which agrees with these experiments.

The same kind of experiments have been performed on a cracked sheet,
Fig. 4.6. Ductile fracture occurs since the beginning with a characteristic
hot circular region centred at the crack tip and soon after a localized plastic
zone is observed ahead the crack tip, which may be explained by a lateral
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Figure 4.5: Deformation in a thin plate with a circular hole for twenty time in-
stances during 20 seconds. Images 1-3 correspond to thermo-elastic cooling. Plas-
tic heating begins at image 4 and continues up to image 16. Crack initiation and
ductile fracture appear suddenly between images 16 and 17, (Bui, Ehrlacher and
Nguyen, from an unpusblished report 1979, Ecole Polytechnique)

Figure 4.6: Infrared observation of crack propagation in a sheet of steel of 50mm
width; images for six time instances during 6 seconds, each color corresponding to
2°C (Bui, Ehrlacher and Nguyen, 1980, permission of LMS-Ecole Polytechnique),
(See Plate 1)
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Figure 4.7: Numerical isothermal curves due to a line heat source along AB ahead
the crack tip A

necking in the crack tip region. Numerical simulation of a line heat source
of some length is shown in Fig. 4.7. The isothermal curve seems to be in
qualitative agreement with images 5 and 6, Fig. 4.6.

4.4 Singularity of the temperature in thermo-elasticity

In what follows, we consider plane strain condition for writing the coupled
thermo-mechanical equations, using Fourier's law of conduction

Here the coupling arises at two levels :

1) the classical coupling between the strain and the temperature, as
already known in classical thermo-elasticity, Eq. (4.17)

ii) a new coupling exists between the temperature field and the mec-
hanical energy release rate arising in crack propagation, Eq. (4.18).

For a stationary crack, no such a coupling exists since a =0. Physically,
one needs to supply energy to the process zone for breaking some cohesive
forces (in atomic models for example). Such energy comes from the out-
side region Q*, known as the energy release rate. The release of stress at
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the process zone is transformed, partially or fully, into heat energy which
is dissipated by conduction back to Q*. This is the physical nature for the
coupled equations.

The boundary conditions on the opening crack surfaces are

[u:]= w,(x,0%, )~ u,(x,07,)>0, x <a(t)

0,(x,0",1)=0,(x,0°,t)=0

The thermal boundary condition on the crack (x < a(t), y = 0%) can be taken
either as dT/dy = 0 or [T] = 0. The dominant singularity of the temperature
field T satisfies the equation kAT + Ga 6(C); 0corresponding to the most
singular terms of Eq. (4.18). The asymptotic analysis of the temperature
field T leads to the dominant positive and logarithmic singularity which
satisfies both boundary conditions

The moving crack tip behaves like a hot point, as observed in Weichert
and Schonert's experiments on glass, which is a purely elastic material.
Experiments on thin sheet of metal, using an infra-red camera seem to con-
firm the hot point at the moving crack tip (image 1 of Fig. 4.6). However
in metals, as shown in Fig. 4.6, the hot point arising in plastic dissipation
rate is rather distributed inside a small circular zone of radius R than con-
centrated at a point. The higher the yield stress, the smaller the plastic
zone. A limiting model with infinite yield stress should corresponds to
R =0 and thus the moving point head source (4.19) is reconfirmed. Let us
recall that Eq. (4.18) without the point source term Gad(C) should give

rise to a sink of heat (negative singular temperature).

4.5 Asymptotic solution of the coupled equations

Now we are going to search asymptotic solutions of (4.17), (4.18) in the
basis of functions, involving power 1 and compound logarithms
rB(Inr)B (In,,r)Pmf(@, t), where In,r = In(In,,_r), B, ..5; are real numbers
and f(o,t) is twice differentiable on @, t

u=ul)+u® +.. (4.20)

T=TO +TO® +. (4.21)
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the expansion terms are ordered by decreasing singularity. Using such a
basis of functions, we search solutions such that different terms in G are
integrable. Let us introduce some notations (x; = x — a(t), X, =y, I = V(~1))

The material derivative of any function g twice differentiable in space-time
is given by dg/dt = —(da/dt)g; (+ more regular terms). Therefore, dg/dt
and (da/dt)g; have the same order of singularity, d’g/dt> and (da/dt)2g
have the same order of spatial singularity as well.

It is straighforward to write out the following sequence of equations, by
considering terms of the same singularity, which determines successively
T, u®), TQ .. etc, with the stress free condition on the crack for each
order

Term T(1)
We obtain the solution T(1), given previously in Eq. (4.19) as
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Term u(l)

Eq. (4.23) for displacement field u()) is identical to the one derived in iso-
thermal elastodynamics, (Yoffe, 1951; Achenbach and Bazant, 1975). The
general solution is given in terms of complex potentials @(z;) and ®,(z,)
by

1 1+ 2 1
ul) = —;Re[(bl (zl)+—2ﬂ2 D,(z,) (4.26)

) _
ul) = lIm B, (Z])+M®2(zz) 4.27)
U 20

2

The singular solution at the crack tip is given by the following potentials

_ 27,
D)= [4ﬂ1ﬂ2—(1+/3§)2]ﬂ[

_ 2z b, .
P —<1+ﬁ§>2]ﬂ{K' g A } -

where K; and Ky are the dynamic stress intensity factors derived from the
stress field o(u()) by the same formulae as the ones given in statics

—K](l+ﬂ§)+2iK"ﬂ2] (4-28)

K{? = lim 27 0,,(1,0) (4.30)
r—0

K = lim 27 0,,(1,0) (4.31)
r—0

Here we have labelled these stress intensity factors with (o) to remind their
definition based on singular stress fields ahead the crack tip. The expres-
sions of K’s based on crack displacement discontinuities behind the crack
tip, similar to the ones given in statics, are
@ ) U N2z
K}V = lim —
0 4(1-v)

u_N2mw
4(1-v) Jr

) — : . (©)
Factors K, (o= 1, II), are not equivalent to dynamic ones K7’ .

[u, ] 4.32)

[u] (4.33)

K{ = lim
r—0
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We can use the terminology of kinematic SIF for K. Both factors are
linked together by K = K'“f (&), with the universal relations

Functions f and fj; increase slowly and monotonically with the crack speed
from 1 to infinity as a approaches the Rayleigh wave velocity cg for
which the denominator of (4.34) and (4.35) vanishes. For the crack speed
less than one half cg, functions f, (d), ,(a) are nearly constant.

The energy release rate, for each order, is given in the literature as

The last expression can be written more symmetrically as

Eq. (4.37) shows a profound duality between two groups of stress intensity
factors, the kinematic and the dynamic ones. In quasi-statics or for vanish-
ing velocity, £(0) = 1 and f(0) = 1, we recover Irwin’s formula.

Term T(2)
Calculating the term (!} + 8;12))’] from the first order solution u() we find

The solution is searched in the form T (r,6,t) = T(t) + A(6,a)r"* Inr .
Using Eq. (4.24), it has been shown that function h is given by
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Finally, the second order temperature field is

The field T is continuous across the crack line in pure mode I and dis-
continuous in pure mode II. For steel, functions Rg and R depend slighly
on the crack velocity, (Bui et al, 1980). The isothermal curves T() + T(2) =
Cte for steel with constants

A=pu=0.810"Nm=2, k=42 Jm-1s!, o=1.510-5, Kigyn=107 N.m32
are shown in Fig. 4.8, for mode I and in Fig. 4.9 for mode II. It is worth
noting that Weichert and Schonert (1974) measured the temperature
T =130°C for steel, at the distance d =30um from the crack tip, with veloc-
ity a=10m.s 1. They conjectured about a higher temperature at the crack
tip. On glass, they observed a light emission at a =1000 m.s-1, which im-
plies a temperature higher than 1000°K. By filtering the emitted light on
different wave lengthes, the temperature T =3200°K is obtained on glass
and 4700°K on quartz.

Most work gives the interpretation of the high temperature by consider-
ing plastic deformation on a very small near tip zone. Here, we show that
even in pure dynamical thermo-elasticity, the temperature rise is very high
for crack propagation.
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unit = 1000d (d = 124)

500 1000 \500 |0 (degree K)

15 -10 -5 0 5 10 15

Figure 4.8: Isotherms for steel with da/dt =100m/s, for an insulated mode I crack;
(Bui etal, 1980)

X0 unit = 100d (d = 124)

2200 2400
2600

10

2600

X1

Figure 4.9: Isotherms for steel with da/dt =100m/s, for an insulated mode II crack
(Bui et al, 1980).



Chapter 5

Dynamic Fracture Mechanics

5.1 Experimental aspects of crack propagation

When a cracked body at rest for t <0 is subjected to an impulse loading,
which is characterized for example by the stress magnitude ¢* and the du-
ration t*, one observes that the crack is stationary as long as the dynamic
stress intensity factor is below some toughness value. Shockley et al
(1983) showed that crack initiates at some t* and above some critical value
o*. For large t* it seems that 6* is constant. Data for the dynamic SIF ver-
sus duration t* show similar features, (Ravi-Chandar and Knauss, 1984).
Crack initiation occurs and propagation of crack begins when the dynamic
stress intensity factor in mode I reaches some value called dynamic tough-
ness. We shall denote the dynamic toughness at propagation by K4 we
use the notation K;(©)(t) for the mathematical value of SIF for a crack at
rest K;(©)(t) < Kyq or at propagation K;(9)(t) = Ky4. Such a distinction is nec-
essary because the evaluation of the first paramater K;(9)(t) as the me-
chanical response of the cracked body under applied stress loading T(t) or
prescribed displacement u(t) and specified crack length history a(t), is a
mathematical problem. As shown later in some examples for particular ge-
ometry and loading, this problem is very difficult. It can be overcame by
numerical methods (finite element methods) combined with the use of path
independent integrals. The second parameter Kyy is a material constant,
which generally depends on the crack velocity. This is an experimental
problem, which is much more difficult since it requires, not only accurate
methods to calculate the dynamic SIF, but also adequate measurement set-
ups for capturing history of loads, displacements and crack velocity. These
reasons explain why difficulties are encountered in dynamic fracture me-
chanics.

Experiments on dynamic propagation of edge crack, reported by Kalt-
hoff (1985), do not tell us how crack actually initiates. Is the static tough-
ness Kj. equal to K;4? Is the value of SIF the same in crack intiation and in
crack arrest? What measurements for SIF’s? What formula used for the

113
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K 4y (MPam) ~ (b)

200 b DCB, 3PB

100 1~

200 1000 200 1000

Figure 5.1: Experiments on dynamic Stress Intensity Factors. (a) Kdyn function of
crack length, (Kalthoff, 1985); (b) Kdyn function of crack speed (m/s) determined
by DCB or 3-Points-Bending specimens, (Zener and Rosakis, 1989)

Iy Kfl

\ Griffith
\

Ky

>

Figure 5.2: Experimental data in the domain KO < U, (0O) (Kalthoff, 1985); (A)
(Zener and Rosakis, 1989); ---- Griffith (hyperbola); A (Arrest); In (Initiation)

experimental SIF? From the stress, the energy release rate or the crack
opening displacement? Some of these questions are still open problems.
Results on crack initiation are missing in the crack initation phase because
measurements of the crack velocity are performed after some finite propa-
gation. Kalthoff’s experiments show a plateau value of SIF corresponding
to constant velocity, followed by a decrease of both SIF and velocity. The
plateau phase justifies some models of steady state propagation in infinite
medium, while the transient phases indicate the geometry dependence and
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reflexion of waves. Most works indicate that the dynamic SIF is an in-
creasing function of the crack velocity, (Zener and Rosakis, 1989), Figure
5.2, (b). Different behaviors in crack accelereration and deceleration are
often observed. It seems that no simple relationship exists between K4 and
crack velocity. To describe experiments reported in the literature, we can
plot some data available in the ( [°, %) plane (in the sector 45°< 6 < 90°),
rather than in the (K, da/dt) plane. The increase of velocity corresponds to
the increase of the slope K%/K°. Griffith’s criterion with constant 2y cor-
responds to an arc of the hyperbola K{¥/K;° = 2yE/(1 — v2) = Cte, starting
from the initiation point (In). In Griffith’s model, crack initiation (In) and
crack arrest (A) correspond to the same point. Kalthoff’s experiments cor-
responds to circles (0) shown in Fig. 5.2, where the plateau value corre-
sponds to the region near the point (P) where crack velocity is stationary
and crack arrest corresponds to the point (A). Experiments by Zener and
Rosakis (1989) are indicated by triangles (A). There are no clear evidence
for the initiation point (In) and the arrest point (A) to be the same point on
the line 6 = 45° (zero crack speed). It should be expected that strain rates at
material points ahead or behind the crack tip are not in the same situation
with respect to loading (crack initiation) or unloading (crack arrest). Thus
the rate dependence of constitutive laws, which prevails in the process
zone, would give different toughness values at initation and crack arrest.

5.2 Fundamental equations

In this chapter, we do not consider thermal effects in the mathematical
evaluation of dynamic SIF, because the singular temperature field, Eq.
(4.19), does not change significantly the singular stress field. Perhaps, the
high temperature field at the moving crack tip has some effects on the
material properties inside the process zone, exactly as in the quasi-static
toughness of metals when the temperature goes beyond the transition point
Ty from brittle to ductile fracture. Temperature influence on the material
property is obvious in slip friction occuring in earth-quake, where energy
dissipated by friction causes sometimes melting of rocks.

The fundamental equations of elasto-dynamics for displacement field u
and stress field o in plane strain, are given in terms of functions ¢, y on
space-time, which are associated respectively to dilatational P-wave and
shear S-wave, which propagate with the speeds ¢; or ¢, = {(A+2u)/p}1/2,
¢, or cg = (Wp)l2 respectively

u=9+y, (5.1
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Uy =@y =¥, (5.2)
¢,xx + ¢,yy - C;2¢,tt = O (53)
l//,xx + l//,yy - Cs_2 l//,tt = 0 (54)

In plane strain case, u,= 0 and u, (=X, y) is function of (x, y, t). The
stress components are given by

O = (A2, + A0, +201y (5.5
Oy = (ﬂ.+2,u)¢,yy +Ap . — 2uy (5.6)
O-xy = /u(2¢,xy + l//,yy - l/j,xx) (57)

The equations of motion (5.3), (5.4) in the physical domain Q are given for
the case of no body force (except inertial force).

To solve transient problems, we need initial conditions u(t <0) =0 and
boundary conditions on 0Q.

For infinite medium, when the stresses are not prescribed, one adds the
finiteness condition of the total radiated energy Eg through the sphere S
defined as

E, = L - jS o.n ii.dSdt (5.8)

/v

5.3 Steady state solutions

In the steady state case with constant crack velocity, displacement and
stress fields depend on time through the combinaison x;=x—at. Let x,
X5(=y), be the moving coordinates. This supposes that the applied load is
moving with the same crack velocity. In case of finite crack, one crack tip
moves with the velocity V and behaves like a source of dissipated energy,
while the another one, moving with opposite velocity -V, is a sink of en-
ergy. Of course, such a model is not physical; Yoffe (1951) considered her
model only for determining the asymptotic behavior of the solution near
the moving tip with velocity V.

The complex representation of displacement and stress are given by
Radok’s formulae
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u = _%Re|:¢1(zl) + ﬁz ?,(z 2)} (5.9)
u, = llm{ﬂ,mzl) LB 2)} (5.10)
u 25,

with z;=x+iByy, zo=x+iByy, B =(1-d’/c))", B, =(1-a’/c])”. The
stress components are

- —2Re{2'31 Bty ey (zz)} (511
o=+ BRe o/ () + 6/ G) ¢ (512)
o =21m{ﬂ1¢1’<z1> X ﬂ%)%’(zz)} (513

2

If the prescribed moving load on the crack [a,b] is defined by 61,9=0,
6229% 0, then the solution ¢’ is given by

¢2’(z2>= - ﬂlﬂz — 250 (2) (5.14)
+ )
for which the bracket in Eq. (5.13) vanishes and ¢, (z;) satisfies
2
Reg, ()= — P o (x) = x) (5.15)

(1+B7) = 4B,
Therefore only one function, namely ¢’;, has to be determined. The solu-
tion of Eq. (5.15) is given by Cauchy’s integral (z = x; + ix,)
X(z) J~b 2f &dé

2 * X(¢T) §-2)

¢ (2) = (5.16)

X(z2)=(z — a)_m(z _ b)—l/z

From Eq. (5.16), Yoffe’s solution for the crack of length 2a under constant
pressure p is given by the function
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p(1+ /)
ABS, - (1+ )

The case of a semi-infinite crack b =0, a = —, under opposite concen-
trated unit load at x; = —a, corresponds to the function

v -(1+5) | PRI
¢1 (Z1)*7z_|:4ﬁ1ﬂ2 . (1 +,322)2:|Zl+a(21)

The Green’s function (5.18) allows the determination of the solution for
any moving load o,,4# 0 on the crack, for example a constant load 6,,9=c
on [—a, 0] as considered in Cragg’s problem

, —20(1+ /) {
¢ (z))=
VT [4sB 0+ B

It is not difficult to show that dynamic and kinematic SIF are linked by

¢I,(Z1):

-2 -2} (5.17)

(5.18)

()2 _arctan(-2)2 (5.19)
Z Z

D (e s . 4B - )
KW=K{7f (a), (@) = ' 2 (5.20)
o (c+ D48~ (1+ )]

Similar universal relations hold for modes II and 111

u o . . 4ﬁ2(1 B ﬁ2)
KW=K (@5 1) = 2 2 521
1 1 (), 1(@) (c + 1)[4ﬂ1ﬁ2 1+ ﬁ22)2:| ( )
KOK@h@,  wd)=o (5.22)
B

5.4 Transient crack problems

In this section we will consider some exact solutions to transient crack
problems, a self-similar solution given by Afanasev and Cherepanov
(1973).

5.4.1 Symmetric extension of a crack

Let us consider the following problem solved by Afanasev and Chere-
panov (1973). A crack of zero initial crack length, is propagating symmet-
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rically at constant velocity V at both crack tips, under concentrated impulse
load at the origin of fixed coordinates OX, y G yy(x,0,t) = —Q8(x)3(t).
To solve the problem, one remarks that the wave equation can be satisfied
by any complex function F(t) = f(x, y, t) of the Smirnov-Sobolev variable

12
xt— it {(t2 —c2(xr+y? »

x* +y?

T=7, +i7, = (5.23)

This variable is an homogeneous function of (x, y, t) of degree zero, that is,
by a scaling of variables (X, y, t)—(ax, ay, at), the variable t is unchanged.
The self-similar solution is searched in terms of displacement potentials ¢,
v, functions of Smirnov and Sobolev's complex variables z;, z, respec-
tively

12 12
Xt — it {(t2 - cgz (x* +y* )} Xt — it {(t2 - 0;2 (x* + yz)}
- ,Zy = (5.24)

Z

X2+y2 X2+y2

An integral transform f — f* is applied to displacements and stresses as

ui* = J.(; uy (XaY7 t)dl (525)

t
o,*= jo (X, . t)dt (5.26)

The transformed displacement fields are expressed generally in terms of 4
functions Uy(zy), Ux(22), V1(21), Va(22)

u*=Re{U,(z) + U, (z) t (5.27)
u,*=Re {Vl (z) + (2t (5.28)
However, the number of independent functions can be reduced. Afanasev

and Cherepanov (1973) showed that one function, namely W(z), is suffi-
cient for obtaining the solution

U/ (2) = zc2(c;” —22°)(c,” - 2*) " W (2) (5.29)
U, (2) = —2zcX(c;> -2*) "*W'(2) (5.30)

V(@) = cl(c.? -22")W'(2) (5.31)
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V, (2) = 22°¢*W'(2) (5.32)

The transformed stresses are expressed in terms of functions W(z;) and
W(z,)

[ 2 2 2 2 ]
R L -
Cpr =72, y y J
(5.33)
el €7 =270 2 |
0,,* = Hc; Re{————=W'(z )_ + 42, W'(z 2) 2b (5.34)
¢, ~ 2 Cl% W |

0, * = e Re {2(%2 - 2212)W'(Zl)% —2(c,> — 225)W'(z, )aaﬁ} (5.35)
X X

On the crack, y= 0, zi=2z,=t/x, W'(z1) = W'(z,), hence the condition
Oyy™* = 0 is satisfied. The remaining boundary conditions are: 6,,* = -QJ(x) on
the crack and v*(x, 0,t) = ReW(z) = 0 outside the crack. It can be verified
that solution of the problem considered corresponds to the function W'

TQ gy (5.36)

W'(r) =
@) 2muci(c;? = ¢,?)

S S
Upon differentiation of u,* and 6,,* with respect to time, one obtains the

crack opening displacement [[u,]] and the normal stress as

2
(sz - )(t v - xH? ) (x<Vi) (5.37)

[[u,11=

271'\/_ cs2 - 0;2 (x — Vt)"'?’

where S 1) = (¢ = 27 + 417(e;) — ) (e — )"

0, (x, 0, 1) = >V (5.38)

Remark that S = 0 for 7= +1/cg (cg: Rayleigh’s speed) and that the square
root singularities are recovered in transient loading of moving crack.
Moreover, calculating the kinematic SIF and dynamic SIF, one recovers
again the universal relationship K;® = K;(®fj(da/dt) of dynamic crack
propagation.
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5.4.2 Semi-infinite crack with arbitrary propagation speed

Consider the general case of a finite crack [b(t), a(t)] which propagates at
both crack tip db/dt <0, da/dt>0. The crack is under opposite normal
pressure py(x, t) in mode I, shear forces px(x, t) in mode II and p,(x, t) in
mode III. The solution of the general mixed mode problem of a finite
crack, given by Kostrov (1975), is very complex. Even in simpler case of
time independent load, the solution given by Freund (1972) is very com-
plex too.

For simplicity, we consider only mode III crack problem. Let us con-
sider the double Laplace transform of functions f(x, y, t) with respect to x
and t, the transformed functions being denoted by the corresponding capi-
tal letter F(q, y, p), with argument changes t — p, x — q. Laplace trans-
form’s and its inverse transform are

fx,y, 0 = F@y,p)= | e™ [ e fx, y, tdxdt

F( R f = _—]I+im+c ot J-+ioo+c' ag dod

Gy.p)= 6y, 0 =7 ) ¢ ). ¢ @y, pdadp

where ¢ > 0 and c' are chosen so that the integration contour is within the
strip —(1/cp)Re(p) < Re(q) = ¢’<(1/c,)Re(p), where F(q,y, p) is regular.
After simple calculations, shear wave harmonic equation becomes a sec-
ond order differential equation in the variable y for the double Laplace
transform U,(q, y, p) which can be solved exactly as

-1

My (g, p)Sen(y) (539)
up(c;” —q’p )

U@y, p) =
where 3(q, p) is the double Laplace transform of the stress, 6,4(x,0,t) =
—p(x,t) for x > a(t) and o,x(x, 0, t)=0 for x<a(t).

The transforms of stress ahead the crack tip £,.(q, 0, p) and of the crack
jump W(q, p) = U,q,0 +,p) — U,(q,0 —,p), are linked by stress-strain law

%,.(@p) + pI@(%) W(q, p)=0 (5.40)

where K3(s) = (1/cs2 - 1/s2)1/2/2u. The stress intensity factor Kyy(t) defined
by the limit of o,(x, 0, t)(x — a(t))!”2, x > a(t), x — a(t), can be calculated
after double Laplace inversion of ,.(q, 0, p) = -pK3(q/p)W(q, p)
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\/5 -~ %0)1/2 .[CS

Ku®= 20 b - xt - ) Lax (5.41)
T 0 c, VX

NS

Now, suppose that the load p,(x) does not depend on time and vanishes for
x < a(0), then Eq. (5.41) gives the SIF derived by Freund (1972), using a
different approach

V2 A, po 1
1= [0 7=

S

Ky (t) = dx (5.42)

K (5.43)

Kp®=1- ?)”2

a(t
V2 “p(x)Ll/2 (5.44)
z R0 (a(t) - x)
where K812t is the SIF calculated as in statics, with the load p(x) given on
[a(0), a(t)]. Such a property does not hold for a general transient loading as
shown in Eq. (5.41) where the load explicitly depends on time. It should be
noted that: i) The SIF (5.43) is a dynamic one which vanishes, Kydn =0,
when the crack velocity approaches the shear wave speed c;, viz, the stress
ahead the crack tip becomes regular or finite.
ii) The kinematic SIF, Kiyy®(t) = KipO(t)(1- 4 %(t)/cs2) 12 as introduced in
Bui (1977), can be written for the case of time independent load p(x) on
[a(0), a(t)], as follows

a(t)

Cq

stat __
KIII -

K@) =1+ ==y K" (5.45)

This means that, as da/dt — ¢, the kinematic SIF approaches a finite value,

K@) =K /42

5.5 Diffraction of time harmonic plane wave by a crack

This problem arises in the diffraction of time harmonic plane elastic waves
in solid for the purpose of crack detection. A steady-state plane wave of
direction o impinges the stationary semi-infinite crack, x <0, y = 0. The
displacement potentials with time factor exp(—iwt) are (kf],S =/ c;s)
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¢ =aexp(— ik xcoser — ik, ysina) (5.46)

'™ = bexp(— ik x cos & — ik ysin @) (5.47)

Now we show how to derive the solution with the Wiener-Hopf technique,
(Noble, 1958).

Wiener-Hopf technique

Here, the Fourier transform of function f(x, y) with respect to x is used
f(x, y)—F(s, y) with complex s

f(x,y) e dx (5.48)

Fey)= =]

1 e A
fx,y)= 7= [ TFG.yye s (5.49)

The star (*) in the second integral indicates that the real axis of the s-plane
must be appropriately indented, above or below of branch cut points of F.
The total field solution is sought in the form ¢® = ¢@n) + ¢, YO = ylin) + y,
with the stress free condition on the crack. Define the left and right Fourier
transform of h(x) respectively by H (s) and H*(s)

h(x, y)e™*dx (5.50)

- 1 0
H (s, y)= on Lo

+ _ 1 teo isx
H (s, y)= E .[o h(x,y)e™ dx (5.51)

Introduce the displacement discontinuities [[u]] and [[v]] and and the corre-
sponding left Fourier transforms [[U 1], [[V ]]. Displacement is continuous
for x > 0 so that [[U+]] and [[V*]] are zero. From the field equations for
auxiliary fields ¢, y, and the boundary conditions on the crack one obtains
c;

2

2
(s, y=0) + 2, (5, y=0) =2u(s> - ‘C"—J“
P
[ > @’ @
X%L(Sz - 2—2)2 R CHEE S Rl R S Rl 3 A (5.52)

s ¢ p Cs
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. = - =0) = , @
ny(Sa Y—O) + zxy(s, y—O) —2ﬂ(S — 9—2) S %

0)2
[ 2 2 2 ]
xi(s? = 2y — - Ly - Ly (5.53)
L 2 K Cp Cs

The underlined quantities in Egs. (5.52) and (5.53) are known from inci-
dent fields. These equations are typically of the general form of equations
which can be solved by the Wiener-Hopf technique. That is to find un-
known functions F+(s) regular and non zero in 1; < 1t and G—(s) regular and
non zero in t < 1, satisfying (s=1 +1imn)

AG)F*(s) + B(s)G (s) + C(s) =0 (5.54)

in the strip 1 < 1< Ty, —eo< N< +eo, The key and difficult step of the WH-
method is that to find a function E(s) such that the ratio B/A can be factor-
ized as the ratio of functions E+(s), E-(s) as B(s)/A(s) = E+(s)/E~(s). Here
A =1 in Egs. (5.52) and (5.53). Once E*(s) has been found, the function
f(s) = C(s)/E*(s) can by splitted into f(s)=D (s) + D-(s) using Cauchy’s
integrals for; t<c<t<d<1,

1 pevic (&) G

D*(s)= — —22dE,  —= + D (s)= — P(s 5.55
(s) Zmmeaﬂé o DO PO (5.55)
Thus by the continuation theorem, Eq. (5.54) for unknown F+(s) and G (s)
becomes
F* G~
PO by =p. SO
E"(s) E"(s)

+ D (s)= — P(s) (5.56)

where P(s) is a polynomial of degree less than the integral part of min
(p, q), which can be determined by examining conditions at infinity in the
physical problem. Now we consider Eq. (5.52) for determining the un-
knowns X, *(s, y = 0) and [V-] or Eq. (5.53) for the unknowns Z,,*(s, y = 0)
and [U-]. We need the factorization of the bracket {.} of (5.52) or (5.53) as

( w* w* ra
%L(SZ _ 2C§ )2 _ S2(SZ _ Clz] )1/2(52 _ Ci )I/ZJF —
2 1 1 1 22 o+
=0 (= - —2)(0—2 —-57)° 5 (s)S () (5.57)

K P R
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1 |, 1 J-w/c‘v4é$2(§2 _ a)2cp2)1/2(w2cg2 . ggz)l/zdf ]

S*(s)=—exp{— —arctan
( ) 4 p% T a)/cp (24:2 _ a)ZC;Z)Z giSJ

(5.58)

Factorization (5.58) given by Kostrov (1975) solves the Wiener-Hopf
problem for unknowns X,,*(s,y=0) and [V ] in Eq. (5.51) and
2y '(s,y=0) and [U-] in Eq. (5.53). Since the left and the right Fourier
transforms are known, the stresses are completly determined by the inverse
Fourier transforms of Xy (s, y =0), Zy(s, y=0).

Applications

Applications of the Wiener-Hopf technique have been given by Achenbach
(1980) for the simpler problem of scattering of a SH-wave us(x,t) by a
crack. A plane incident wave

us(in)(x, t) = UH(ct + x5)

of amplitude U impinges the semi-infinite crack x,=0, x; <0, H(.):
Heaviside function. The method of solution is based on Fourier’s trans-
form and the Wiener-Hopf techniques discussed above

uy(x, ) =ul(x, )+ wx, t),  w(x, t)= 2]—” IR¢(w, xX)exp( — iwct)da

- U —i - .
Px, @)=+ e ICWICXP(+WX2 Y’ -1 —iw x)dy

(with +sign for x,> 0, —sign for x, > 0). Branch cuts are made at y=1 in
the upper complex half-plane, and at y=-1 in the lower half-plane. The
contour C goes along the real axis from —e to +e and has to be indented
above at y=-1 by a vanishing semi circle described clockwise and below
at y= 1. Fig. 5.3 shows schematically how antiplane shear wave is reflected
at the crack surface S+, with twice the incident wave amplitude, while the
wave vanishes at the hidden surface S , except some perturbed region near
the crack tip, as if the crack is an opaque screen for incident wave. The
feature is similar for in-plane shear wave parallel to the crack surface, but
more complex because of scattered fields radiated from the crack tip with
speeds ¢, ¢;.

The screen effect justifies some approximations made in the next Chap-
ter in order to solve to crack detection problems.
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Figure 5.3: Waves fronts generated by incident inplane shear wave parallel to the
semi-infinite crack; Reflected wave and diffracted waves propagation speeds with
speeds c1, ¢2

5.6 Path-independent integrals

5.6.1 Path-independent integrals for moving cracks

A path-independent integral has been given by Freund (1972) and inter-
preted as the energy flux to the moving crack tip

F = lim J, [(W+ Lpii)n, - n.ow, |ds (5.59)

Crack parameter F coincides with the energy release rate G in isothermal
evolution. The path-independency property means only that the geometry
of the contour Ty, can be chosen arbitrarily. However, when the size n goes
to zero, the integrant of F is singular as O(1/r) and, even if the bracket in
(5.59) is integrable, the applicability of F in numerical computations may
not be easy. It is well known that numerical solutions by finite elements
methods are inaccurate in the crack tip region.

Therefore, a path-independent integral based on an arbitrary large con-
tour and involving more regular functions, should be of interest for
numerical computations. Many authors proposed the use of the following
path-indepedndent integral, (Kishimoto et al, 1980)

| .
J= J;_((W-F Epu.u)nl - n.o.0,u)ds + IA(r)pu.aludA (5.60)
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The area A(T), enclosed by the contour I', moves with the same velocity
da/dt. The second area integral is divergent in plane strain or anti-plane
strain, because pddu.d;u = O(1/12) has a non integrable singularity in the
domain A(T). Thus J-integral given in (5.60) does not have a physical
meaning. Considering that the singular part of pou.oju is O(1/r2), the in-
tegral over A(T") outside the circle C,,, with centre on the moving crack tip
and radius m, diverges as In(n) asn — 0,

J-A(l")—C,] pii.u ,dA = Cln(7)

In order to overcome this difficulty, a mixed path and area integral over a
moving path T is proposed in (Bui, 1977)

- . . d .
J= Ir ((W—%pu.u)n1 —n.0.0,u— pu.d,uan,)ds +a J'A(r)pu.aludA (5.61)

Even if there is an area integral A(T"), J is independent of T". The path inde-
pendency property of J results from a conservation law, (Fletcher, 1976)

div[(W - 1 pa®)I — “gra"'u).o] + %(pﬁ.gradu)= 0 (5.62)

and from the convected differentiation of the integral over moving domain
A(T)\C,, with the crack speed.

Term powu.dju in the second integral of (5.61), is singular as O(1/r), thus
is locally integrable in the area domain. Once the convergent area integral
has been evaluated, the time derivative is applied to the result (The opera-
tors d/dt and |5 cannot be interchanged). The integral (5.62) can be evalu-
ated by standard numerical methods, since the area integral is weakly
singular. The important result is that Jdyn is exactly the isothermal energy
release rate G = Jdyn,

Figure 5.4: Path contour I" and dashed area A(T") for Jdyn-integral



128 Chapter 5. Dynamic Fracture Mechanics

There is another path-independent integral, proposed by Nilsson (1973)
for stationary crack, based on time Laplace’s transform of fields,
a(x,t) > a(x,p)

N = L_[{W(é) + 1p’piiin, —n.6.9,ulds (5.63)

where transformed fields are written with a hat. The square root of JN)(p)
in pur mode I, or mode II, or mode III, is the Laplace transform of the cor-
responding J(t)!/2. Nilsson’s integral requires the mechanical fields be de-
fined on infinite duration [0, oo].

5.6.2 A path-independent integral for crack initiation

Path-independent integrals are applications of conservation laws to compu-
tational Fracture Mechanics. To obtain accurate results on SIF, from
numerical results which are generally inexact near the crack tip, one consid-
ers path-independent integrals which depend on the far-field, or depend
weakly on the singular fields near the crack tip, like the Jdyn integral.

A pure line integral can be derived by considering new class of conser-
vation laws in Elastodynamics which are related not to derivative of en-
ergy, but rather to duality between the actual fields and the dual (or
adjoint) fields. Consider the actual dynamic field u(x, t) of the solid, at rest
at negative time, which satisfies the following equations in Q

divo(u) — p%u =0 (5.64)

u=0, i=0, (t<0) (5.65)

with some boundary conditions and initial condistions. The notation o(u)
stands for L.e(u). Let us introduce an adjoint field in the form v(x,t;t) satis-
fies the following equations in Q:

divo(v) — p%\'f =0 (5.66)

v=0,v=0 (t=7) (5.67)

with some boundary conditions. The adjoint field depends on time. Com-
bining Egs. (5.64), (5.66) and using the symmetry property of the elastic
moduli tensor L, we obtain
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div{o(u).v — o(v).u} - %(V.fl —uv)=0 (5.68)

Upon integrating the result (5.68) over the finite time interval [0, t] and
taking into account the initial condition on u, Eq. (5.65) and the final con-
ditions on v, Eq. (5.67), we obtain the classical Conservation laws (from
which the well-known reciprocity theorem of Elastodynamics is derived,
(Willis, 1965))

div{jo’(a(u).v — o(v)u)dt == 0 (5.69)

5.6.3 Inverse problems in dynamic fracture

Conservation law (5.69) provides us a powerful method to solve some in-
verse problems in Fracture Mechanics:

Problem 1. Determine the dynamic stress intensity factor of a stationary
crack, by measurements of both stress vector T and velocity o;u on the ex-
ternal boundary, without using the finite element methods. This is an iden-
tification problem for stress intensity factor rather than an inverse problem,
since the datum T(x, t) is the only sufficient one to solve the well-posed
forward problem. If the datum T(x, t) is a self equilibrated stress field, the
solution to the Neumann boundary problem provides du and the dynamic
stress intensity factor. However, the knowledge of both boundary data T
and Jau bypasses the solution and can determine directly the SIF. This
problem has important applications in experimental mechanics specially
for experimentators who do not have (or are not familar with) softwares
for numerical computations in dynamic problems.

Problem 2. Find the dynamic SIF of a hidden crack in the body, from
measurements T, o on the external boundary. We need to determine first
the crack. The determination of the hidden crack is a true ill-posed inverse
problem, which will be considered in Chap. 11. Having obtained the crack,
we then calculate the SIF by using classical numerical methods.

In Chap. 11, we will show that global conservation law (5.69) has appli-
cations in the evaluation of materials, to detect flaws in solids, or a fault in
the earthquake inverse problem.

Usually, the earthquake inverse problem is solved by geometric optimi-
zation methods with asumptions on physical earthquake mechanisms.
Novel methods based on the conservation law (5.69) will bypass the
assumptions on the geometry and physical mechanisms of the fault.
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5.7 An experimental method for dynamic toughness

This section gives the solution to the identification Problem 1, for a given
crack in two-dimensional problem. We introduce an auxiliary elasto-
dynamic field w(x, t;a) for the same solid with a fixed crack of length a,
satisfying the same dynamic Egs. (5.64), (5.65) but with different bound-
ary conditions, and being regular at the crack tip as w = O(Vr). Define the
adjoint field v as

v(x,t;a, 7) = %w(x, T -t a) (5.70)

The singularity of the field (5.70) is just what we want for an adjoint field.
In fact, in the neighbourhood of the crack tip, the auxiliary field w depends
on the crack length through the combinaison ((x;—a)2+x3)!2 and thus
the adjoint field v admits the right singularity as O(r™"?). The path-
independent H(u, w)-integral (or H-integral for short) is defined for the
finite duration [0, ¢ ] of an experiment by (Bui and Maigre, 1988; Maigre,
1990)

Hz)= 14 [ jo’{n. o).y — n.o(v)u)dsdrel0, t] (5.71)

I' is an arbitrary path surrounding the crack tip, with each end point on op-
posite crack faces, along which o(u).n = 6(v).n = 0. The path-independency
property of H follows from the last free conditions. The H-integral method
has some advantage over other methods based on Laplace’s transforms.
The finiteness of the duration of experiments precludes us from using
Laplace’s transform of signals or functions in Nilsson’s integral which
need to be measured or defined over infinite time interval. Let K(u) and
Kq(w) be the SIF of the fields u and w respectively. For stationary crack,
no difference is made between kinematic SIF and dynamic SIF.

On consideration of the contour I" along the exterior boundary S of the
solid, it is obvious that integral H(t) can be evaluated from the data c(u).n
and u on S and from the known expression of the adjoint field v. The cor-
responding integral is thus a datum denoted by Hd(t).

One the other hand, a small contour around the crack tip enables us to
evaluate H(t)-integral with the stress-intensity factors of both fields. It is
then easy to prove the relation (Maigre, 1990; Bui and Maigre, 1988)

1—?

(K! # K} + Kb o« KY)=HY(7) (5.72)
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where the symbol (*) indicates a time-convolution. Now, considering ade-
quate choice of auxiliary fields, symmetrical field (K;V=0) or anti-
symmetrical one (K;¥ = 0), one can calculate separately each mode K" or
Kyt by an inverse time-convolution. The auxiliary field w can be either ex-
act analytical solution (for instance the solution of the problem of diffrac-
tion of plane waves by a semi-infinite crack) or numerical solution or the
actual field itself. In the first two cases (analytical or numerical w), Eq.
(5.72) provides a linear time convolution equation to determine the dy-
namic SIF from experimental data, without solving numerically the elasto-
dynamic equation. In the third case (w = u), for symmetrical geometry and
loading, Eq. (5.72) is a quadratic time convolution equation which can be
solved for K;*. The quadratic deconvolution method has been validated
numerically by finite element methods on the example shown in Figure
5.5, with opposite impulse applied to the specimen. The H-integral (5.68)
for w =, is denoted by H(u, u), where surface fields u, o(u).n are ob-
tained by the finite elements method.

Figure 5.5: (a) Calculated H(u, u)-integral in the specimen under impulse load-
ing; (b) Dynamic SIF by Finite Elements Methods; (c) Ki(t) by quadratic inverse
time- convolution, (Bui and Maigre, 1988)
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Fig. 5.5 (a) shows the time evolution of the H-integral. The SIF obtained
by the finite elements method is shown in Fig. 5.5 (b) and the SIF derived
from inverse time-convolution in given in Fig. 5.5 (c¢). The agreement be-
tween different numerical approaches is quite good. The effectiveness of
the adjoint field method to determine the dynamic SIF experimentally,
with analyses not based on the Finite Elements Methods but on the inverse
time-convolution method, has been demonstrated in the works of Bui et al
(1992), Rittel et al (1992) related to experiments on metals, plexiglass,
rock, glass etc. In experiments, it is easier to load a structure by a compres-
sive force than by a traction force. For this purpose, a specimen called
CCS (Compact Compressive Specimen) is machined according to the
geometry shown in Fig. 5.6. The experimental setup consists of Kolsky-
Hopkinson bars and software for signals analysis. Strain gages are used to
detect the onset of propagation, that is the initiation point (In). It should be
noted that impact compressive load acting on one side of the specimen in-
duces a slight dissymmetry, or a mixed mode fracture, with a small ratio
Ki/K; about 10%. The amount of Ky can be determined by the inverse
time-convolution with an adjoint field in mode II.

5.8 Identification of energies in dynamic fracture

Now let us generalize to moving crack the inverse energetic problem con-
sidered in Chap. 2 for stationary crack. Additional datum is the crack
length history a(t), which can be measured in two-dimensional problems

Figure 5.6: Dynamic SIF function of time in Compact Compression Specimen
(CCS) under impactor; LC: Linear convolution; FE : Finite elements solution; IN:
Crack initiation, (H. Maigre, 1990; Rittel et al, 1992)
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by either a high speed camera or rupture gages. Moreover for plates, lateral
in-plane surfaces are accessible to experiments to determine the crack ope-
ning displacement, thence the kinematic factor K;(t). Optical methods like
caustics (Theocaris and Papadopoulos, 1984) can provide the dynamic
stress intensity factor K;°(t) too. The other data are the traction vector
T(x,t) and the velocity u (x,t) on the external boundary of the solid Sey;.
The energetic identification problem consists in the determination of elas-
tic strain energy, kinetic energy and fracture energy. Thus we need three
independent equations.

This identification problem has been solved by Bui and de Langre
(1988) as follows. Since crack propagates, for velocity less than 60% of
the Rayleigh wave velocoty cg, there is practically no distinction between
kinematic and dynamic Stress Intensity Factors. Otherwise, these SIF in
mode I are linked by the universal relationship (5.20). Therefore, we
already get the first equation giving the total fracture energy

The second equation is provided by the balance equation of energy

Finally the third equation is given by the generalization of Brun’s theorem
to crack propagation, (Bui and de Langre, 1988)

In the second term of the right hand side of Eq. (5.75) only the time inter-
val [t, 2t] is considered because the corresponding integral over [0, t] van-
ishes identically (See the proof in an Exercice)






Chapter 6

Three-Dimensional Crack Problems

Closed-form solutions in 2D fracture mechanics has been derived by using
complex variables and Muskhelishvili’s method of solutions. In 3D frac-
ture mechanics, the power tool to solve crack problems is provided by
boundary integral equation methods. This chapter is devoted to a review of
mathematical methods for studying three-dimensional crack problems.

6.1. Fundamental tensors in elastostatics

Let us denote the elastic operator by L so that equilibrium equation in elas-
tostatics, in the presence of a volumic force f can be written as

H_ diva=—f inQ 6.1)

Lu:= pdivgrad u +
1-2v

Unless stated otherwise, we assume that the boundary of the solid domain
0Q is a regular surface(*) having a normal n at each point.

Stress vector is derived from displacement u by applying the stress op-
erator 7" : u — T™u = o(u).n

" ::2,ua%l + An.div + gn Arot (6.2)

6.1.1 The Kelvin-Somigliana tensor

The first fundamental tensor in elasticity is the Kelvin-Somigliana tensor
associated to a point force, f = 83(x — y)eK, which satisfies

(*) Generally for Lyapounov’s surface of index 0 < q <I. For instance =1 for the sur-
face y, — k(37 + 12)=0; q=1/2 fory, — k(y; + »3)"* =0; q=0 for the coni-
cal surface y, —k(y; +y;)"” = 0 whose vertex y = 0 has undefined normal vector.
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LVY(x,y) = =&(x — y)e (6.3)

The components of the Kelvin-Somigliana tensor V/(x,y) are given by
the following formula

SN R R T AN
KRt rrarat Gt

where |x — y|={(x; — yi)(xij— y;)} "2 is the Euclidian distance between x and
y. Traction vector 7"xV¥(x, y) on an area element of normal n, at point x is
given by

1-2
T™VN(x,y)=— v L (k= yi0m + (X — y)npe + i (x—y)+
87z(1-v)|x —y|
3
1—20x —vF - 6.5
= —y|2(Xk YOO, —ymx ¥} (6.5)

6.1.2 The Kupradze-Bashelishvili tensor
This fundamental tensor is associated to a plane P(y) or Py, with normal n,,

at 'y, and defined by the set of vectors {B!(x, y;n,);B?(x, y;ny);B*(x, y;ny)}
which satisfies the elastic equilibrium equation

LBk(X,y;ny): 0, x ¢ Py (for fixed y € Py ) (6.6)
and boundary condition

Bk(x,y;ny)zo,x,yePy andx #y (6.7)

The components of B*(x,y; n )are

o s 3 (v -yl 01
B (x,y,ny)—zﬁ (3_41/){[2#5,1{"‘1_2‘/ x—y[’ J}any ]x—y\)
(6.8)

Remark that Bf(x,y;n,)=B,(x,y;n ). To investigate the physical nature of
the Kupradze-Bashelishvili tensor, let us consider a point z on Py and a
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scalar function f(y) whose compact support contains z. First we multiply
Eq. (6.6) by f(y) and then integrate the result over the plane P(y). Second
by taking the limits as x — z* from both side of the plane, (+) sign in the
normal side, we obtain

Tim [, By, = % (et (6.9)

The above equation shows that the vectors defined by
BY(z",y;n,)=+e" Gy (y - 2) (6.10)

are opposite Dirac delta distributions. Physically the k-component of
Kupradze-Bashelishvili's tensor is a dislocation dipole, in the ek direction,
which has important applications in 3D crack problems since it describes
the discontinuity of displacement fields, Kupradze (1963).

6.2. Fundamental theorems in elastostatics

Two boundary-value problems in elastostatics, the Neumann and the
Dirichlet problems with boundary conditions, respectively

o(y).n = Td(y), y € 0Q, (Neumann problem)

ud(y), y € 0Q, (Dirichlet problem)

have been solved in a closed-form by Pham (1967). Pham’s methods of so-
lutions are based on boundary integral equations methods. The surface 0Q
of a bounded solid must be sufficiently regular for ensuring that a unique
normal vector n exists at any point of the boundary. The boundary of a
cube does not have a regular surface because of vertices and wedges, but a
worm cube like a dice in Las Vegas casinos does have. The regularity of
the solid boundary can be relaxed if one considers that a part dQ, of this
regular boundary, depending on a small parameter 1, tends towards singu-
lar surfaces like vertices and wedges when 1 — 0. This is why exact solu-
tions in 3D elasticity theory, which are seldom, are of great interest in
fracture mechanics. This section is devoted to the presentation of Pham’s
results. It should be noted that no equivalent results have been proved for
mixed boundary value problems, with data Td(y), y € 0Qr and ud(y),
y € 0Q,, even if the coupled integral equations of the mixed boundary-
value problems can be easily derived and solved numerically.
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6.2.1 Solution of the Neumann boundary value problem

Traction vector being prescribed on the surface dQ, it is then appropriate to
make use of the Kelvin-Somigliana tensor VX(x, y) which, for z € 9Q and
x €Q, satisfies LVX(x,y)= 0. For any displacement field in three-
dimensional elasticity, satisfying the elastic equilibrium equation without
body force, one has the first representation formula by a single layer po-
tential

s=2[_ & Dy @ds, (6.11)

with a vectorial density function ¥(z) defined on dQ. The simple layer po-
tential (6.11) is continuous across <, but the corresponding stresses with a
component along the normal should be discontinuous. More precisely, the
current elastic problem can be considered as an inferior problem, associ-
ated to Q = Q™. The limit of 7"xS(x) as x — y~€0JQ is given by

TS(y ) =p(y) +2(p) [y @7 Vi (v, 2)ds, (6.12)
For x — y*e dQ one has

TSy ==y () +2(pW) [ v ()T VE (v, 2)dS, (6.13)
‘ Egs. (6.12) and (6.13) are similar to Plemelj’s formulae in plane elastic-
lty.The Neumann boundary value problem for Q = Q~is solved by Eq. (6.11)

which involves a vectorial density y(y) satisfying the boundary integral
equation

w(y)+ 2(ov) J;Q w,(zT"YV* 'y 2)dS, =T"(y)
or in terms of components
i) +20v) [y @ Vi (y,2)}dS, = T (6.14)

According to Pham (1967) the solution of Eq. (6.14) is given by the
strongly convergent series

w(y)=h ) + hO ) + h®y) + .+ W) +... (6.15)
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where

h(y)=T(y)

W) ==200v) [ {1 V¥ (v.2)}h{ (@),

by =-20w) [ {77 V(.2}V @)as,

Series (6.15) converges absolutely and uniformly in the space C(dQ) of
continuous functions on dQ. This has been proved by Pham (1967) under
the compatibility condition for Td(y), y €dQ, which is nothing but the or-
thogonality condition

ja ST E(y)ds, =0 (6.16)

between Td(y) and the general solution f(y) of the homogeneous adjoint
equation

() + 200 [_§@[T™ Vi@, y)], ds, =0 (617)

Kernel in Eq. (6.17) is the transposed one of Eq. (6.14) where variables y
and z are interchanged [T"YVX(y,z)]; — [T"zVi(z,y)]x. It turns out that,
as shown in Sect. 6.2.3, the general solution of (6.17) is the rigid displace-
ment field f(y)=a+b Ay, so that Eq. (6.16) simply expresses the equili-
brium condition of prescribed datum Td(y).

It should be noted that in solving crack problems for a bounded solid
subject to tractions on its external surface, one first considers the same
boundary value problem for an uncracked body. The series (6.15) solves a
three-dimensional problem in elasticity by a simple calculation of inte-
grals, without using the finite element method and associated softwares.
Then one searches the solution of the auxiliary problem with opposite trac-
tion vectors on the crack surfaces.

6.2.2 Solution of the Dirichlet boundary value problem

There is a second representation formula of displacement satisfying the
elastic equilibrium equation without body force by a double layer potential

D)= [ Bi(x, n,)d,(2)dS, (6.18)
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with kernel given by Kupradze-Bashelishvili’s tensor B!(x,zn)) and a

vectorial density ¢(z) defined on the surface. According to Eq. (6.10), the
fundamental property of Eq. (6.18) is the discontinuity relation

D(x")-D(x )=2¢(z) (6.19)

so that D(x) could be considered as the displacement of an infinite solid
with a surface crack along dQ. For the interior problem considered here,
the density for solving the Dirichlet boundary value problem in Q= Qof
the integral equation obtained from Eq. (6.18) by a

limiting process x -y~

8.(¥)+ () [ BL(y 2:m,)8,(2)dS, = ul(y) , (v €3Q) (6.20)

According to Pham’s work, the solution to Eq. (6.20) is given by the abso-
lutely and uniformly convergent series in C(dQ2) the space of continuous
functions

o =g+ WM+eg?W+..+gV W) +.. (6.21)

where

¥ (y)= —% u(y)

"M =3 "W+ [ B, zn,).g"@)ds, }

VW= "+ v [ B zin,).g™ N@yds, }

The series (6.15) and (6.16) provide the solutions to quasi-static three-
dimensional elasticity, by a simple calculation of integrals. This makes it
possible to solve a three-dimensional elastic problem on a laptop without a
finite element method program.

Remarks. A mixed boundary value problem in three-dimensional elas-
ticity could be formulated by considering both potentials (6.11) and (6.18),
with unknowns y(z) defined on dQr and ¢(z) defined on 0Q,,. The coupled
equations fory(z) and ¢(z) are

T {S(y )+D(y )}=T!(y) on 0Q; (6.22)
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{SG) + Dy H}=u'(y) onodQ, (6.23)

It is found that a unique solution of the latter system of equations, for the
densities y(z) defined on dQt and ¢(z) defined on 0Q,, exists while com-
puted numerically, but no constructive iterative solutions are known. There
is no proof of the existence of solution either.

6.2.3 Direct methods using Kelvin-Somigliana’s tensor

These methods are based on the Betti-Somigliana reciprocal theorem in
elasticity, which considers two independent fields, on the one hand, the
current field {u(x), ™u(z), f= 0} with no body force, on the other hand,
the Betti-Somigliana’s tensor fields {VX(z,y), T2Vk(z,y), f= 8;(z—y)ek}.
The reciprocal theorem is written as

u(y) = jag{ V¥(z,y).T"u(z) — u(z).T"V (z,y)}dS, (6.24)

For simplicity, recalling the normal n, in the traction vector at the first
argument z, we set the notations

Ti(z) = €. T"?u(z)

Tik(Z> Y) = ei‘ T" Vk(Z, y)

so that Eq. (6.24) can be re-written as

wW= [ V@Y @) - @) (@yids,, (yeQ) (6.25)
Remark that for y outside dQ (y € Q%) one has
0=[ '@y (@ - u@ (@y)}ds,, (yeQ) (6.26)

Now, for any y inside Q~, we can calculate the stress tensor oy by appro-
priate differentiation of Eq. (6.25) and application of the moduli tensor to
obtain stress components in the form

o= [ W@y) (2) —u(2)Zy (2,Y)} S, (6.27)

with some kernels W and Z. If stress T;(z) is known on the whole surface,
taking the limit of Eq. (6.24) as y — x €9dQ~ one obtains the boundary in-
tegral equation for the unknown u,(x) on 0Q. By assuming that surface 0Q
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is regular (Lyapounov’s surface) the BIE for Neumann’s problem is (T(z)=

Té(z))
S0 E= V[ VX (@) -u@) @01, 6e02)  (629)

Remark that Ty (z, y) # Tii(z, y), so that the system of integral equations
based on Eq. (6.28) is unsymmetric.

The Dirichlet boundary value problem is more difficult to solve with di-
rect methods, because Eq. (6.25) with u(x) prescribed on the whole surface
is a Fredholm integral equation of the first kind for the unknown Tj(z).
This is a rather ill-posed problem. It should be noted that the same
Dirichlet boundary value problem, based on the indirect method (6.20)
makes use of the symmetric kernel

B! (x,y;n,)=Bj(x,y;n,)

and that Eq. (6.20) is a well-posed problem, being the Fredholm integral
equation of the second kind

To overcome difficulties in solving the Dirichlet problem with Eq.
(6.28), one generally adds a complementary equation defined as the limit
of Eq. (6.27) as y — xedQ~. A new difficulty arises in the presence of the
kernel Z which involves second derivatives of the tensor V and thus diver-
gent integrals which exist only in the Hadamard finite-part sense, so that
direct methods based on Somigliana's representation requires regulariza-
tion methods for dealing with hyper-singular integrals. The readers inter-
ested in the last subject, which is very technical, can refer to (Bonnet,
1999). Examples of finite-part integrals are given in Sect. 6.7.2.

Remarks.
Eq. (6.28) has a particular solution

w(y)=a+ bay

as a family of rigid body displacement field for which the stress vanishes:
Ti(z)=el. T"w(z)=0
Sw @)=V [ - wi@{T" V(2 y)}dS,

This is nothing but the homogeneous adjoint Eq. (6.17) whose solutions
are the rigid body displacement fields.
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6.3. A planar crack in an infinite elastic medium

This problem is the analogue of a 2D problem for a central crack of finite
length in infinite plane of Chap. 3. We now derive an integral equation
for the planar crack S of arbitrary shape. The surface S consists of two
faces S*. We denote the normal to the lower face S~ by n. To solve the
auxiliary problem, we assume that the solution of a bounded solid subject
to loadings on its surface has been solved previously by methods presented
in Sect. 6.2. If the crack size is small compare with the solid size, a model
of a finite crack S in an infinite elastic medium is good for applications.

X3
A

X2

X4

| t v

Figure 6.1: A planar crack S in an infinite elastic medium. The normal to the
lower crack face is n. Binormal and tangent vectors to the crack front are respec-
tively n and t. The lower face S~ is loaded by pressure p = —T3 and shears Ty, Tp

6.3.1 The symmetric opening mode |

The solution is searched in the form u(x) = S(x) + D(x) which combines a
single layer potential S and a double layer potential D with unknown den-
sities Wy = (y1, Vo, 0), d = (0, 0, ¢3) respectively. The latter choice is sug-
gested by the discontinuity relation

[[us]] =205 (6.29)

so that density ¢5 is physically the crack opening displacement of the upper
face under pressure p=T; on ST (p=-T5 on S ), with T being the stress
on plane P for the uncracked solid. The normal n being along €3, it is easy
to calcultate 7"S. The stress vector 7"D is much more difficult to calculate
because it requires a regularization procedure for handling hyper-singular
integrals (divergent integrals). In what follows, we shall omit the details of
calculations given in (Bui, 1975, 1977) and we give only results which are
quite simple (see examples of the regularization of hyper-singular integrals
in Sect. 6.7.2). Conditions 631 = 63, = 0 on S~ can be written as
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217 0,
, S el - B\ 6.30
Wi(2y,2,) 2+ 3u0z, ( )
2u° 00,
, s o R 6.31
W,(21,2,) A+ 3p07, ( )

Therefore, the displacement field of auxiliary problem can be expressed by
means of density ¢3

_ 3 4,Ll2 o a¢3 A<
w00 = [Bi(x zn)g.2)d5 + = [V P (6.32)

with z = (z;, z», 0). Normal stress 633 can be written as, (Bui, 1977)

A Jal/|z—-y|)o
MO ) [ XS0 )5, 1,00 (633)
Ya

(A +24) 3z

o

This is an integral equation for determining the density ¢3, subject to
¢3(y) = 0 along the crack front y € dS. Eq. (6.33) has been derived by Kos-
secka (1971) in her 3D dislocations theory, and also by Weaver (1977) us-
ing a direct method based on Somigliana’s fundamental tensor. The above
mentionned works were given for opening mode I. Now we extend the rep-
resentation u(x) = S(x) + D(x) to shear modes, where [[u3]] = 0.

6.3.2 The shear modes

The shear modes are characterized by discontinuites

[Tur]]=2¢1(xy, x2) (6.34)

[[uz]] = 2¢(x1, x2) (6.35)

We search a solution which satisfies the additional condition 633 = 0 on the
crack, so that a general solution could be obtained by the superposition of
opening mode I and shear modes II and III. Therefore, it is necessary to in-
troduce a single layer potential S(x) and a double layer potential D(x) with
respective densities

¥=(0,0 ) (6.36)

and
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&= (01, 92, 0) (6.37)
Expliciting the condition o33(S + D) = 0 on the crack, it can be shown that
247 04 99
, + ——(— + —) =0 6.38
Vsi(z,2,) A+ 31 (azl o7, ) (6.38)

Therefore, displacement fields of the auxiliary problem for shear modes
can also be expressed by means of density ¢ only. Explicit shear stresses
on the crack S are given by

Au Al/|z—y]) 9¢ 9,
- — (= + —2)dS
27[(/1+2,u)(pV)'L dy, (321 " aZz) a
M A(1/|z—y]) d¢,
Wl — = TP A dS =T 6.39
) R e el A (L0 (6:39)

A Al/|z—y) 9¢, 9
T — ——(=— + —)dS
27m(A + 2ﬂ)(pv) IS ay, (azl ’ azz) -t

u o(/|z-y) 9, .. _
e e 2 (6.40)

It should be noted that Egs. (6.39) and (6.40) are coupled while the open-
ing mode I, Eq. (6.33), is uncoupled from the shear modes.

6.4. A planar crack in a bounded elastic medium

The problem of an equilibrium crack in a bounded solid whose external
boundary S, is subject to loadings is now investigated.

We shall establish the equations for the case of a stress free crack and for
mixed boundary value problems which can be used for numerical compu-
tations.

This Section investigates the nature of the stress singularities near the
crack front dS.

Solution is searched in terms of a single layer potentials S(x;w) with
density w=(y, ¥, ¥3) on S, a double layer potential D(x; ¢) with density
&=(d1, 02, d3) on S and a double layer potential A(x;&) with density
6= (&1, &, Gs) defined on Sy
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Figure 6.2: A finite planar crack S, with faces S*, in a bounded elastic solid, subject
to traction vector on St and displacement vector on S,. A double layer potential of
density is defined on the external surface S¢y;. Single and double layer potentials are
defined on the stress free crack

On the crack, densities y and ¢ are not independent since we assume that
Egs. (6.30), (6.31) and (6.38) still hold, so that ¢ = (d;, ¢,, ¢3), are true un-
knowns on the crack, which are directly related to crack discontinuities. The
unknowns densities ¢ = (¢, ¢, 03), & = (;, &y, &3) will be determined by the
stress free conditions on S and the boundary conditions on Se = StuU S,.
The double layer potential A is defined by the integral over S, with kernel
B and density £

A= [ B(x zn,)g (2)dS, (6:41)
ext
The single layer potential S over the crack is

S ” e )"”3dS+

+ 2 s, (6.42)

+/1+3,u J 822

The double layer potential D over the crack is

Di(x; #)= | BI(x, z:n,)d, (2)dS, (6.43)
The stress free conditions on S are written as

e M o4 . 99,
27:(/1+2ﬂ)( ), o g T
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Ao [ 202 D284 7 ay )= 0. v e ) (640
2r s dy, 0z,

a1/ ¢, 9
Au ( )I ( \Z Y’) 9 ¢z) s,

27(A+2u) Y, azl 07,

992 4s £ T A(y:0)= 0, (yeS-) (645)

u a(l/[z-y)
i 2 ®v) IS ay 0z,

A o/ 0
ML ) [ X 'Z ) "”3@( S, + T Ay;() =0, (y €57) (6.46)
(A +2u)

The boundary conditions on S, are (I =1, 2, 3)

GO+ eV By 20, )5 (2)dS. + Si(v:9)

+Di(y:9) = uj(y).(ye Sy (6.47)

The boundary conditions on St are

T {S(y:0) + D(y:9) + Ay :{) }=T*(¥).(veSp) (6.48)

Eqgs. (6.44)-(6.48) are the coupled linear system of integral equations for
vectorial densities ¢ on S and £ on Sgy.

It is out of the scope of this chapter to derive the solution to Eqgs. (6.44)-
(6.48), even by a numerical method. In what follows, we'll use these equa-
tions for singularity analyses of the stress fields at points outside S, near
the crack front dS.

6.4.1 Singularity analysis

To do so, let us disregard the terms Tel1Ak(y;£), Te2Ak(y;L), Te34Ak(y;£) of
Egs. (6.44)-(6.46), which are regular at the crack front dS. We are left with
the asymptotic analysis for |y—z| — 0, z€S, y P (the crack plane) and
y ¢S of the reduced system of homogeneous Egs. (6.33), (6.39), (6.40).
These equations are identical to the ones for a planar crack in an infinite
elastic medium. Moreover, considering the near crack front solution we as-
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sume the following asymptotics at each point yye dS (the point of P out-
side the crack is denoted by y' and the point of P inside the crack by y)

where n (or €3), v, t are local basis vectors at the crack front dS, Fig. 6.2
and K; (i=1, II, II) are the stress intensity factors, y,' is the projection of
y' on the tangent Ot to the crack front at y,. Consider the opening mode .
Magnifying the coordinates at point yg, crack front becomes the straight
line x, =0, while the crack itself S becomes the half-plane x, <0. The
crack opening displacement ¢5 near the crack front can be written as

where y,' is the projection of y on the tangent Ot to the crack front at y,.
The stress o33(y') at y' near the crack front corresponding to (6.52) is

This is exactly the asymptotic singular stress field outside the crack for

p(y'¥o) 0.
Substituting Eq. (6.52) into (6.53) we then obtain

Comparing Eqs.(6.54) and (6.49) we obtain

Therefore the crack opening discontinuity has the asymptotics
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A comparison between Eq. (6.56) and Eq. (1.53) Chap. 1 shows that it is
the same formula for the plane strain case k =3 — 4v.

Remarks. Results (6.54)-(6.56) derived by Bui (1975) using Kud-
pradze’s potentials have been first given by Bueckner (1973) using the
Boussinesq-Papkovivch potentials with the Newtonian scalar density f(y).
Bueckner derived the normal stress as

and proved that f is the opening displacement us. In fact further analyses
show that Egs. (6.57) and (6.33) express the same normal stress. They are
different forms of the finite part of a divergent integral which arises when
the Laplacian operator (9%/0x,2 + 92/0x,2) is wrongly interchanged with the
integral operator.

We do not conclude that any regular point of the crack front is strictly in
plane strain state €;=0. As a matter of fact, in a three-dimensional crack
problem g is non singular, plane strain state is rather a particular case of the
asymptotics (6.56). Exact solutions for particular cases (half plane crack,
circular crack) confirm the asymptotics (6.56).

The analysis of shear modes, Egs. (6.44), (6.45) yields similar results

6.4.2 Solutions to some crack problems

We consider some useful solutions to three-dimensional crack problems,
given in (Sneddon, 1969; Kassir and Sih, 1960).

Circular crack under constant pressure

This solution has been obtained by Sneddon (1969), using Hankel’s trans-
form of elastic equilibrium equations. With the notations of Sect. 6.4, the
solution for constant pressure p on a circular crack of radius a in an infinite
elastic medium is
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It can be verified that ¢3(z) Eq. (6.59) satisties Eq. (6.33) with T3 = —p. The
stress intensity factor is

Circular crack under arbitrary pressure

One assumes that normal stress can be expressed in Fourier’s series as

By introducing functions g,(t) and w,,(r) related to k(1) as

Muki (1960) obtained the solution

Using kinematic definition of SIF, Eq. (6.56), one finds the stress intensity
factor along the circular crack

Circular crack under opposite concentrated loads

The unit point force load on S* at point B = (b, 0) (b <a) in polar coordi-
nates is

T3;=23(r — b)3(),

with periodic Dirac distribution 8(0) being expanded in Fourier series as



6.4. A planar crack in a bounded elastic medium 151

o(0)= % + 71[’”2:1 cos(mé)

Therefore functions k,,(r), gm(t) are given by
1 b
ko (r)=——0(r — —
0(1) > 7zab ( a)

1
km(r)zaﬂr 2),m— 1,2,..

2
b 1/2

1 b m
— 1 - —
(at) ( azt2

ﬁazt

gm()=

The stress intensity factor along the circle is given by

2 oo m
K,(8) = 2F(za) (1 - b—z)‘”2 G + b—mcos(mé')j (6.64)
a o1 @

It should be noted that the last terms between parenthesis can be written as

+ i ﬁcos(mé’) = a’ b’ = a-b°
am “a’+b’—2abcos ) p’(A,B)

1
2

m=1
Finally, stress intensity factor in mode I at the point A on the crack front,
due to opposite unit point force at B, is given by
@ —b )2 |

pEz \/E pz (A,B) (6.65)

K;(A;B)=

X3

X2

X1

Figure 6.3: Opposite concentrated loads at B on a circular crack of radius a
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Half-planar crack under opposite concentrated loads

Kassir and Sih (1960) solved this crack problem using the Papkovich-
Neuber potentials.

The crack front is along Ox,, the normal is along Ox3.

Let us consider the mode I for deriving the stress intensity factor from
the solution (6.65) of the problem of a circular crack of radius a subjected
to a pair of opposite normal point forces, by taking some limiting process
as the radius a goes to infinity. Let the shortest distance between the load
point B and the circle be & We take new coordinates for Fig. 6.3 so that
B = (-¢, 0, 0)and consider a transformed geometry of the circular crack by
fixing & and letting a — . In this limiting process, the circular crack be-
comes a half-planar crack tangent to Ox,, the stress intensity factor (6.65)
for the load R becomes

@ -b)’? R R26 1
3/2 2 % L L
72Ja  pP(AB)  m¢ & +xi(A)

_RJ2¢ 1
KI(A)_ 7[3/253/2 l+x§(A)/§2 (6.66)

This formula is in agreement with Kassir and Sih’s result. For shear modes
II and III, the results are

4P\2 v x,(A)/ &

Ky (A)= ”3/263/2 Q2-v) {1+ xg(A)/éfZ}z
03 . [ 2w xi(A)/fz)j
T A a2 v A E) o
R“
sl Q@ A
/’gé

Figure 6.4: Point force load on a half planar crack (Kassir and Sih, 1960)



6.5. The angular crack in an infinite elastic medium 153

6.5. The angular crack in an infinite elastic medium

The planar crack geometry S is defined by points M(p, 6, x3= 0) in cylin-
drical coordinates, 0 < p < e, =y< 0 <+ v, x3=0. The vertex p =0 is a sin-
gular point of the crack front. We focus on the nature of the singularity
near the vertex p = 0. The stress singularity at regular points A of the line
crack front 8 =+y is already known, that is, for instance in mode I, the
stress or the displacement ¢5 are characterized by the stress intensity factor
Kj(s), where s = |OA|. Intuitively when A approaches the vertex, function
Kj(s) is expected to vanish or to go to infinity according to whether the an-
gle 2y is acute (y< n/2) or obtuse (n/2 < v)..This is because of observations
of fatigue crack propagation, which show that acute vertex crack point
does not propagate while obtuse vertex point has a rapid crack propaga-
tion.

Mathematically, the crack opening near the vertex has the asymptotics
03(1, ..0) = p*..0., in polar coordinates.

To determine the eigenvalues o and the eigenfunctions g(0), avoiding
the complexity of the eigenvalue problems by classical approaches in three
dimensions, we consider the homogeneous integral Eq. (6.33) of the crack

Plane P

Figure. 6.5: The angular crack with acute vertex (2y<m) or obtuse vertex
(1t < 27y). The crack opening has the asymptotics ¢3(...0) = p®g.0. near the vertex O
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opening displacement in mode I

It can be shown that the above equation can be written in the following
form

Inserting ¢3(..0) = p®..0. in Eq. (6.69) we obtain

It can be verified that eigenfunction g(0) is explicitly given by

It should be noted that for y=n/2, Eq. (6.71) agrees with the well known
eigenfunction g(0) = cosO for a straight crack front. We remark that the
inverse of g(8) is the angular function (cos® — cosy)~1/2 which appears in the

/2 T

Figure 6.6: Eigenvalue « is a function of the angle y. Value = 0.5 fory=m=
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2(8)? = cos(8) — €cos(y)
(theoretical curve)

(numerical solut&

S v=3m

cos(0)

I
-0.5 0.5

Figure 6.7: Analytical eigenfunction g2(8) versus cos(@) for different angles y
Numerical solutions of equation (6.70) are plotted in dotted lines

solution of a flat angular punch, of angle 2y, on an elastic half plane, given
by Rvatchev (1959), Solomon and Zamfirescu (1968). The eigenvalue o is
then determined numerically as a function of y. Fig. 6.6 shows that 1/2 <«
for y< /2 and o < 1/2 for n/2 < v. Since the normal stress outside the crack
behaves like 6 = p®M-1(cosd — cosy)~!/2 the stress intensity factor K;(s) for
s — 0, as expected, is equal to either zero or infinity according to whether
the angle 2y is either acute (0. > 1/2) or obtuse (o < 1/2).

6.6. The edge crack in an elastic half-space

The problem of an orthogonal edge crack at the free surface of an elastic
half-space is now discussed. This problem has been worked out by many
authors, for instance Benthem (1976), Bazant and Estenssoro (1979).
Benthem (1976) considered the case of a crack front edge which ends
orthogonally at the free surface x, = 0. The crack S is on the plane x, = 0.
Bazant and Estenssoro (1979) considered the more general case of inclined
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crack front edge (with the angle y) and inclined crack plane. Displacement
near the terminal point is searched in the form u; = p*f(8,¢) with spherical
coordinates and the pole at the terminal point. The above mentionned
works make use of standard procedure for determining eigenvalues A of
interest for applications and eigen-functions from linear elastic equilibrium
equations. It turns out that for orthogonal crack, the eigenvalue A in the
range 0.5-0.6 depends on Poisson’s ratio. For instance, with v=0.3,
Benthem’s numerical solution is A= 0.5477. Thus, defining r = psing as
the distance to the crack front (¢ = 0) and s = pcos@ as the distance to the
free surface (¢ = 1/2), one gets the stress intensity factor in mode I as

KI(S) = g0.5477-0.5 — O(S0‘0477).

A power function with so small an exponent rapidly decreases to zero as
the distance to the free surface s tends to zero.

This phenomenon is called a boundary layer effect and explains why
the plane stress solution, discussed in Chap. 3, cannot be an exact solution
of crack problem for thin plate, but is rather an approximate one, with K;
being some average <K;(s)> through the thickness.

Bazant and Estenssoro (1979) did not consider orthogonal crack front.
They introduced rather an angle y between the crack front and the crack
lips and obtained the value y=101°, for v=0.3, for which K;(s=0) is
finite. Observations in fatigue crack of metals show slightly higher angles,
Figs. 6.8 and 6.9.

Figure 6.8: A view of fatigue arrest marks on steel, showing the fixed terminal
point (A) for inclined crack fronts with angle y< 90° and moving terminal points
(B) with angle y=102° and (C) with nearly the same angle y= 100° indicated by
arrows (Courtesy of René Labbens)



6.6. The edge crack in an elastic half space 157

Figure 6.9: Three-dimensional nature of fatigue crack propagation in aluminium
(in light); brittle propagation by overloads with different amplitudes (in dark); the
last overload results in the final brittle fracture (Courtesy of Louis Anquez and
Marta Dragon-Louiset, Dassault-Aviation)

Figure 6.10: A edge crack S in a half-space, with the crack front terminating at
angles V1, v, at the free surface. The union of S and its mirror image S' are consid-
ered as a unique crack SS'in an infinite elastic body. An orthogonal stress free
crack X in infinite body can be considered as the stress free surface of an infinite
half space when its size is very large. The system of cracks in an infinite medium
SS'and X can be analyzed by the coupled boundary integral equations
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show higher angles, Fig. 6.9. Now we show how Bazant and Estenssoro’s
problem of an orthogonal edge crack can be re-formulated by boundary
integral equations defined on bounded surfaces. We do not remake Bazant
and Estenssoro’s analysis based on an eigenvalue problem for an
unbounded edge crack.

The main aim of this sub-section is to propose an integral equations
method to solve the auxiliary problem of an (finite) edge crack S of
arbitrary shape which is orthogonal to the free surface F and subjected to
opposite stress vectors on S*.

The representation of the solution by means of single and double layer
potentials is not unique. Therefore we can consider an infinite elastic body
with a system of two orthogonal cracks, on the one hand, a surface crack
¥ lying on the plane F, on the other hand, an edge crack S together with its
mirror crack S' lying on the orthogonal plane P. Two crossed cracks in an
infinite elastic body are able to model an edge crack at a stress free surface
when X is very large. The angles of the edge crack fronts at terminal points
can be different vy, v,.

Single layer and double layer potentials on S.S'

The solution is searched in the form u(x)(D + u(x)@), with subscript (1) for
the contribution from S and S', and (2) from X. The first contribution is
u(x)() = §(x) + D(x) which combines a single layer potential S and a double
layer potential D with unknown densities y = (1, ¥, 0), ¢ = (0, 0, ¢3) respec-
tively

Sm=2]  {x 2y (2)ds, (6.72)

D)= [ BHx, n,)¢(2)ds, (6.73)

where densities y and ¢ are related by

2

2
Wz, Zp) — grads(z, z,) = 0 (6.74)

Y]
A+3u

Single layer and double layer potentials on X

The second contribution is due to X , u(x)®@ = I'(x) + A(x) which combines
a single layer potential I" and a double layer potential A with unknown
densities @ = (a1, 0, o3), p = (0, By, 0) respectively
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re=2[ & ads, (6.75)

A= [ Bi(xy;n)B.(y)dS, (6.76)

where densities &z and 8 are related by

2

y7i
A+3u

ouy1, y2) gradBy(yr, y2) =0 (6.77)

Coupled integral equations

We combine different potentials to obtain the displacement field of the
edge crack

u(x) =S(x) + D(x) + I'(x) + A(x)

Displacement u(x) is completely determined by the unknown discontinui-
ties

[[u3]] = 2¢3 on SUS'

[[u2]]=2Pron X

To determine these unknowns, calculating the normal stresses T3 on SUS'
and T, on T we then obtain the coupled integral equations
0
V25 s 18y (6.78)

2
e3.T“t(A+F‘+M(nv)j U
T(A+2u SUS' |t—z‘ dz,,

(te SUS!, tg3)

H(A+ 1)

S 7Y
T(A+2u (pV)La . |p—z[ J_,

dsS +e’.T"(S+D)=0 (6.79)

(peZ, pe SuS)

It should be noted that, unlike 3D finite elements methods, where the
vector field of displacement is to be determined in unbounded 3D space,
the method proposed in Eqgs. (6.78)-(6.79) is based on two scalar un-
knowns ¢3 and B, defined on bounded surfaces respectively SS' et X.
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6.7. On some mathematical methods for BIE in 3D

For applications to scatterng of elastic waves in the frequency domain, let
us remind some results of B.I.LE methods, particularly indirect formulations
analogous to the ones discussed in previous sections, for a regular domain
not containing cracks.

A crack may be rather considered as a flat cavity with small thickness
whose surface is smooth enough so that a normal vector is assumed to ex-
ist at each point.

6.7.1 The Kupradze elastic potential theory

The elastic potentials are those considered in Kupradze (1963), with ker-
nels V@k(x,y) and 7™ V(@Xk(x, y), where V(@ is the fundamental Stokes
tensor, which satisfies

Components V(®k are

The bounded solid Q is denoted here by Q; (instead of Q ) and its com-
plementary domain is Q., the boundaries are denoted respectively by S;
and S, (interior boundary of Q.). Consider first two fields u and v satisfy-
ing the time harmonic equations

Betti’s reciprocal formulae hold for interior problems

as well as for exterior problems (normal vectors on the cavity S, and on S;
are opposite)
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jﬂ u.f-v.g)dQ + L W' (v) - v.T"(u)}dS =0

with the condition that the second integral over the sphere at infinity van-
ishes. Such conditions are satisfied by the radiation conditions

T"u” —ip cu” =0(1/|y)

7'’ — ipwcu’ =0(1/|y|)

for dilatational waves uP and shear waves u®
u=uP + u

(1/k})graddiv u® +u” =0, rotu’ =0,
(1/k})graddiv u® +u* =0, divu®=0

One introduces the single layer potential S(®)(x) and the double layer po-
tential W(®@)(x)

S (x)=2 j V@(y, x).@(y)dS,, xin&Q;(or Q) (6.82)

W) =2 [[T"V(y, ). ¥(y)dS, xinQ; (or Q) (6.83)

These vectors satisfy the homogeneous equation

(L + po’)u=0 in Q; or Q..

Neumann problems

For prescribed traction vectors td on S; or S, the Neumann problems are

e Interior problem N;:

+®(y) + 2(pv) LQ D(z). 7™V (y, z)dS, =t'(y), yin $; (6.84)
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e Exterior problem N:

—~0(y) +2(pv) [ ©@).T" V" (y,2)dS, = t'(y), y in S, (6.85)

Dirichlet problems

For prescribed displacement ud on S; or S, the Dirichlet problems are

e Interior problem D;:

)+ 20W) [ [TV @ y)) (@S, =u' (), yin S (6.86)

e Exterior problem D:

+¥(y) + 2(pv) J;QLT“ZV(‘”) ‘2 y'.Wz)dS, =u’ y), yin S, (6.87)

Interior and exterior problems are adjoint problems. More precisely, on
the one hand, problems (N,) and (D;) are adjoint systems of equations, on
the other hand, problems (N;) and (D.) are adjoint systems of equations,
with kernel K(y, z) and its transposed one [K(z, y)]?, with the interchange
of variables z, y.

According to Kupradze’s works, these equations can be studied by
Fredholm’s theory of integral equations of the second kind which is
applicable to singular integral equations (6.84)-(6.87). If ® is not the
eigenfrequency of the homogeneous equation (D;) then a unique solution
to Eq. (6.85) of problem (N.) exists. To solve the case where ® is one
eigenfrequency of the homogeneous equation (D;), avoiding the difficulties
arising in spurious frequencies in numerical solutions, some authors make
use of a combinaison of single and double layer potentials, (Ha-Duong,
1979).

6.7.2 On the regularization of hypersingular integrals

Stress calculations of the double layer potentials D, A, W(® for field points
x €Q, tending to a surface point x — yedQ involve hyper-singular inte-
grals, or divergent integrals, when differentiations are wrongly made inside
the integral symbol. To make sense to such illegal operations, Hadamard
introduced the notion of finite-part of divergent integral.

Consider an integral I(x) on the plane P, which exists in the principal value

sense, that is I(x) = lim fxydS, = v J‘Pf(x, y.ds, .

£—0 JP\C(x.8)
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The notation (pv) is somewhat ambiguous since it does not indicate
explicitly the dependency of the symbol integral upon two hidden
variables, x and € appearing in the circular zone C(x, €) with vanishing
radius € centred at x to be removed from P. Since I(x) is a pv-integral, the
function f(x, y) has at least the singularity O(1/ly —€xJ?) because otherwise
a singularity O(1/]y — x|™), m < 2, should be integrable in the plane P.

Hadamard’s finite-part of divergent integrals

Considering the above mentioned (pv)-integral I(x), we may calculate its
partial derivative Jl(x)/dxy as the integral

(9/0x,, L e XS (6.88)

not as the integral

(=] if(x )dS (6.89)
k = e an ,Y)ao, .

which is divergent as € — 0. More precisely J,(x) diverges as some power

of 1/, for instance Ji(x) — C/e™. According to Hadamard’s definition, the
singular part (sp) of the divergent integral is (sp)Ji(x) =C/e" and its finite
part is (fp)Ji(x): = Ji(x) — C/e". In the literature the finite-part of a diver-
gent integral is denoted by

(tp) L,%f(x, y)dS, Or—fp%f (x,y)dS,

Converted differentiation of a pv-integral

Considering again the above mentioned (pv)-integral I(x), we can calculate
its partial derivative dI(x)/0x as the convected differentiation of an inte-
gral over a changing domain P\C(x, €) since X is changing in the differen-
tiation. Thus we may write for fixed €

fxyas,=[ L

o) 9x .

o f(x, y)dS, - L_x‘zgf(x, ynds, (6.90)
with ny = (yx — xx)/|y — X| being the outward normal to C. For a function f
singular as O(1/|y — x|?) the second term in the right hand side of (6.90) is
singular as 0(1/e) as e — 0 so that we recover the divergent integral minus
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its singular part defined by the integral over the circle |y — x| = ¢, exactly as
in Hadamard’s definition.

Let us illustrate the concept of finite part integral by considering Bueck-
ner’s integral where f(y) is extended to the whole plane P by letting =0

outside the crack S
2

B = (s + ) [ fiy)——ds
ox;  ox; P y ly — x|

The first partial derivative of the Newtonian potential exists in the pv-
sense as

K 1
) = 5 — [ fy) S = o [, —f(y)—dS

W ly=x ly-x"~

The second derivative of I;(x) is

)—dS = —(p ) j —dS 6.91)

The integral (with summation on k)

axk ax J fy

Jd d 1
.[P\C(x s)ga fy )|y | T e f(y)HdSy

diverges as an(x)/s. Thus the fp-integral (6.91) is equal to

d 1
(fp)f\c( 0 Ix, if(y)—\y—XI S, = Lo TV |y_ 7 ———dS, - f(x)— (6.92)

Noticing that

fx) 2~ = f(x)%ds
e x|

P\C(x,¢) |y _ Y

we may write Eq. (6.92) as

() |, —fly)——

P(Cx, €)E)x X, |y— x| ds, = _[P\C( {f(y) f(X)}| 7 ds, (6.93)

The right hand side of (6.93) is called a first order regularization of the
divergent integral, given by Bui (1975). A second order regularization
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proposed by Leblond (1986), and Guiggiani et al (1992) should be interest-
ing for numerical computations.
It is given by the ordinary integral

G ii fy)

P\C(x,€) ax |y x|

of !
fly) — f(x) = (yy — Xk)_(X)}
Ixy |y —x|

jp\c(x’s) < ds, (6.94)

where the zero-valued term

of(x) 1
- Yk = X¢) 5 dS, =0.
P\C(x,8) 0x, ly-x|
has been added to (6.93). Finally, an integration by parts of the right hand
side of (6.93) yields the formula, see Eq. (6.33)

0 1

d
f das
J.P\C(x,é‘) dy, ) ady,, |y - X| ’

], s)aTZ fly )ﬁds = (V)

6.7.3 Other regularization methods

There are regularization methods which are based on a completely differ-
ent approach to solve the equilibrium equations of elasticity. So far, elastic
potentials approaches to BIE have been considered with unsymmetric sys-
tem of equations. We mention now two approaches dealing with regular
kernels and symmetric system of equations. The first one is the variational
method proposed by Nedelec (1982) who proposed to lower the strength of
the singularity by a double integration. Nedelec’s method will be presented
in the more general case of frictional contact in fracture mechanics. The
second method is based on conjugate functions in the sense of Tonti’s dia-
gram in elasticity, as proposed by Bui (1992), which provides a posteriori
error estimate. In contrast with classical BIE methods, both approaches
yield regular and symmetric kernels.

Frictionless contact problems in fracture mechanics

Consider a crack S inside a bounded solid Q, with external boundary Sy
and internal boundaries S*.
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To describe a crack discontinuity, it is thus convenient to introduce the
double layer potential

with vectorial density W(y) defined over 0Q = SUS.,.. The density on S is
the crack discontinuity [[u]] which may be constrained by the contact con-
dition [[u,]] 2 0. As in previous crack problems, we consider the auxiliary
problem in which only opposite traction vectors +td are prescribed on S*
(no traction on Sy). In the absence of contact constraints, the variational
formulation to crack problems has been given by Nedelec (1982). Let the
symmetric bilinear form a(\P, ®) and the linear form b(‘¥') be defined as

where v(®) is the displacement field defined by the double layer potential
with density ®. The symmetric and positive definite form a(.,.) is given by

where [a, b, ¢]=(axb).c Gk (x,y) are the 1, s components of the second
order tensor G'¥(x, y) which is regular and symmetric, whose expression is
given by Nedelec (1982) as
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Nedelec’s variational formulation for non contact problems reads

a(P,®) — b(®)=0 VidheK

K being the space of continuously differentiable vector functions satisfying
@ =0 on the crack front dS. In frictionless contact problems, considering
the subspace K* of functions satisfying the constraints [[u,]] >0 on S, we
obtain the variational boundary integral inequation

a(P,d-F) - b(@®-¥)>0 V& eK* (6.100)

The solution of the variational inequation provides both displacement field
and contact zone. The reader will find mathematical analyses of variational
inequations in (Ekeland and Temam, 1974).

Formulation of time harmonic elasticity by conjugate functions

The symmetric formulation of BIE in Nedelec’s approach is provided by
the symmetry of the bilinear form a(‘¥, ®). Conjugate functions methods
introduce a symmetry in the system of equations as shown in Tonti’s diagram
of elasticity, Chap. 1. The kinematic approach, called a primal formula-
tion, begins with the Helmholtz scalar potential ¢ and vectorial potential
H

(@, H)—> u= Vo + curlH— {¢ = D*u,v = du} - {6 = Le,p = pv} —

For time harmonic elasticity the equation of motion, op+Do= 0, can be
written as

L+p Ve + curlH)=0 (6.101)
It can be splitted into two equations

{(A + 2w)div grad + p 2} =0 (6.102)

{udivgrad + p 2}H=0 (6.103)

The dynamic approach, called a dual formulation, starts from a second
order dynamic tensor Z, which may be conveniently derived from a vecto-
rial field ®

® — Z=LD*® — {0 = 9LD*®, p=-DLD*®)}

so that the equation of motion is identically satisfied.
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Continuing the dynamic diagram, we are led to

{6 =0LD*®, p=-DLD*®} — {e=L"1l.0, v=p/p} > -D*v+9de=0

For time harmonic elasticity the compatibility condition -D*v + de = 0,
can be satisfied by the equation

(L+pw?)® =0 (6.104)

Egs. (6.102), (6.103), (6.104), together with boundary conditions on
displacements or stress vectors, are the governing equations for the conju-
gate functions ¢, H, ®.

We are now in a position to formulate the Variational Boundary Integral
Equation (VBIE) for time harmonic elasticity. Let us consider the bound-
ary integral

a(p, H, O, p*, H*, ©*) =

= ja (Vo -+ curl H—iw®)(Vp* + curl H *~iw6*)ds (6.105)
It is obvious that the constitutive laws p = pv and ¢ = L.e can be written
respectively as

Vo + curlH - io® =0 in Q (6.106)

LD*(V@ + curlH — i®€) = 0....in Q

Thus the only equation to be condidered for constitutive law making a
link between conjugate functions ¢, H, @, is Eq. (6.106). Let Y = Vo +
curlH — io®. Combining Eqs. (6.101) and (6.104) we get

(L+pw?)Y =0 in Q.

If o is not an eigenfrequency of the homogeneous equations
(L+po0?)Y=0inQ, and Y =0 on 0Q, using uniqueness argument we ob-
tain Y=0 in Q. Thus, to solve time harmonic elasticity it is sufficient to
impose the boundary condition Vo + curlH —io® =0 on 0Q. We thus ob-
tain the variational boundary integral equation

a o, H.O: o* H*. O =0, V(¢*, H*, @*) € E (6.107)
with the bilinear positive hermitian form
a(g,H,0; ¢*, H*,0%) = _LQ(V¢+ curl — i@®)(V @* + curlH * + iw© *)dS

and E = {¢ ,H, @} being the set of conjugate functions satisfying
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such that (¢, H) satisfied, for instance, the boundary condition, Vo +
curlH = ud on 0Q. Eq. (6.107) is the variational form of the so-called error
in constitutive law introduced by Ladeveze (1975). A zero error of the con-
stitutive law means that {¢, H, @} is an exact solution. The associated
quadratic form gives a global a posteriori error of numerical solutions. It
should be emphasized that, unlike formulation (6.98) with a double inte-
gral, the VBIE, Eq. (6.107), involves a simple integral.

6.8. An integral equation in elasto-plasticity

To solve non-linear elastic-plastic problems in fracture mechanics, one can
formulate the rate problem by integral equations. Unlike elastic problems
which can be solved by boundary integral equations, elastic-plastic prob-
lems involve domain integrals. The reason is that equilibrium equation
written as div(L.de — L.d¢eP) = 0, is that of elasticity for the rate problem
o with the body force div(-L.deP) in P, being in equilibrium with the
traction vector L.dgP.n on dP. Thus plastic rate in some loading region P
and displacement rate satisfy the equation

-0 . . . .. M _ D
where u; (x) is solution of the rate problem in elasticity, and f; = -2 uég;,

Thus the strain rate is given by

where (sym) means the symmetrization of indices (i,j). Eq. (6.112) exists
in the ordinary sense in 3D. Without changing the result when P is re-
placed by P\B(x,n) with a spherical ball B centred at x of small radius n,
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then integrate the equation by parts, and taking account of terms over the
sphere 0B, we obtain

It may be convenient to set the notation

for symmetrization of indices (i,j). We also set the notation

The kernel of the domain integral in Eq. (6.113) is symmetric. Assum-
ing that the plastic rate is continuously differentiable, the limits of 2nd and
3rd terms in the right hand side of Eq. (6.113), asm — 0, are given by

We are led to a domain integral equation in the pv-sense with an extrane-
ous term P &, (X)

Remarks

Some works are not aware of the fact that dVj(x, y)/dx; is singular as
ly — x| 2, so that 9?Vj(x, y)/dxjoxx = O(y — x| 3) is not integrable; the first
integral of Eq. (6.112) upon an integration by parts formally yields a di-
vergent integral
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Precisely the Hadamard finite part of this divergent integral is

The existence of the pv-integral in (6.115) is ensured by the necessary
and sufficient condition (6.115). Result (6.116) was first published in (Bui
and Dangvan, 1970) and also in (Bui, 1978).

An integral inequation in perfect plasticity

Using Eq. (6.116), we now derive an integral inequation for perfect plas-
ticity, with the V. Mises criterion s;js;; = k. The plastic rate is proportional
to the stress deviator, with the multiplier rate A4 x) >0

Substituting die = M.dG + dieP and dP(x) = (dA)s(x) in Eq. (6.116), taking
account of s:d,c =0 in P and multiplying the result by s(x) we get a sym-
metric kernel integral equation for the multiplier

In the elastic unloading zone E, the inequality s:d;c =s:d,;s<0 or equiva-
lently the inequality s:die® < O holds. Thus, Eq. (6.116) yields

Since /i(x) =0or g,'J’ (x) =01n E, we obtain the inequality

Formally, writing Eq. (6.117) and inequality (6.118) with operator A, we
obtain the system of integral inequation for the rate problem of elasto-
plasticity, Az—d=0in P, Az—d >0 in E (Bui and Dang Van, 1970).






Chapter 7

Non Linear Fracture Mechanics

7.1 Introduction

Microscopic and macroscopic observations of fractured specimens in duc-
tile materials show evidence of the presence of cavities of various shapes
and sizes, from about Sum to 100um. Some of them are present before
loadings, others are created during the whole process of deformation and
fracture.

Decohesion around an existing inclusion, for instance in 304 stainless
steel, results in a cavity which keeps the inclusion imprisoned in its inside.
In further loading only the matrix with a cavity can deform with a free in-
clusion inside. This mechanism induces small porosity measured by a den-
sitometer — theoretically a zero porosity — since the undeformed inclusion
still participates to the density measurement while it does not contribute to
the strength of the material. After rupture, the broken surface shows a se-
ries of characteristic cups, sometimes with an imprisoned inclusion inside,
but most of the inclusions have been removed from the material in the ma-
chining of specimens, Fig. 7.1. Cavities of this type shall be referred to as
the population of cavities (a). The analysis of a cavity (a) can be done
within the small strain assumption.

There is another mechanism of the cavity formation referred to as the
cavity population (b). This consists in the growth of an existing small cav-
ity — theoretically of a vanishing radius — in a very highly stressed zone, as
observed in many works. Thompson (1984) observed pinholes initiated at
the grain boundaries under shear. According to Moussy (1985), cavities
are created by a microspopic instability in the presence of very high stress
gradient, Fig. 7.2. Obsviously, under very high stress, the mechanisms are
associated with a bifurcation phenomenon which implies a finite deforma-
tion analysis, as shown in a further analysis to understand cavitations in
solids. Two features — low porosity measured from cavities of the type
(a) and high porosity of population (b) not necessarily uniformly distributed
in the medium — are reported in the literature.

173
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Figure 7.1: An spherical inclusion left inside a cup revealed in ductile rupture of
aluminium (Courtesy of B. Tanguy and T.Q Luu, 2005, ENSMP Paris)

Figure 7.2: Cavities and microcavities unrevealed by mechanical burnishing (left)
and revealed by ionic burnishing (right) in steel (F. Moussy, 1985, in Plastic
Instability, Considere Symposium, Presses ENPC, Paris)

Figure 7.3: Population of cavities (a) formed by decohesion at inclusion; Growth
of population (b) of microspopic cavities of vanishing radius in a highly stress
zone, in finite elasto-plasticity, resulting in a larger cavity after elastic unloading
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The cavity formation at two levels (a) and (b) has been first suggested by
Pineau (1981), Fig. 7.3. However, despite the high porosity of population
(b), cavities of type (b) are too small to be observed experimentally since
they can be masked by a machining process. Both types of cavity popula-
tions contribute to the overall porosity, which is generally small, about 0.1
to 0.5%, as observed in experiments. On the other hand most theoretical
porosity description using classical models of cavity growth in plasticity or
viscoplaticity is of many order higher, 5% or more (Moussy, 1985, p. 266).
For instance Brown and Embury (1973) give a simple criterion for coales-
cence of two parallel neighbouring cavities when their elongated height
equals the remaining ligament between them, which would correspond to
15%. Thompson and Handcock (1984) proposed a model which gives a
porosity about 5% at the formation of a crack. It is likely that both argu-
ments hold true : measurements of the porosity of population (b) are un-der-
estimated and existing models of cavity growth based on the small
strain condition lead to an over-estimated porosity.

From a theoretical point of view, it is important to analyse the behavior
of plastic materials containing cavities, particularly to know how an exist-
ing cavity grows and how it can grow at a microscopic point of the matrix.
As far as we know, there are many unsolved problems such as the coales-
cence of cavities, which are not considered in this chapter.

7.2 Ductile fracture

Ductile fracture is a particular damage theory developed for metal plastic-
ity, which is characterized by the nucleation and the growth of cavities.
Unlike brittle fracture which deals with the mechanics of a crack, ductile
fracture studies the macroscopic elasto-plastic behavior of materials in the
presence of porosity. Classical plasticity theory deals with slips in crystals
which imply plastic incompressibility. Ductile fracture damage involves
the dilatance of the material under positive mean stress so that the void
volume f or the density p is the pertinent internal variable associated with
its conjugate mean stress o,,. Plastic strain in the material matrix is still the
internal variable associated with the deviatoric stress. Moreover, ductile
fracture of metals is observed after a large strain of the specimen so that it
requires, in principle, a finite strain analysis.

Among theories making use of the finite strain analysis, the most impor-
tant one is provided by the model of Rousselier (1981). Another approach
is given by an early work of Gurson (1977) which is based on the limit
analysis of a rigid-perfectly plastic sphere containing an internal spherical
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void and on a homogenization theory of a two-phases body, consisting of a
rigid perfectly plastic medium and a population of cavities.

7.2.1 Rousselier’s model

Let us first follow the works of Mandel (1971), Rousselier (1981), Stolz
(1987) to set the general formulation of materials in finite strain. Then we
present Rousselier’s model of ductile fracture as the natural consequence
of the finite strain formulation.

Introduce the configuration (0) of a representative volume element in its
natural and undeformed state, the current configuration (c) of the same ma-
terial at time t under Cauchy stress ¢ and the relaxed one (r) deduced from
(c) by an unloading. F is the gradient of the transformation (0) — (c), P the
gradient of the transformation (0) — (r), and E the gradient of the trans-
formation (r) — (c), then F=EP (*).

The gradient of the velocity is
gdeED+Q=%F1 (7.1)

where the deformation rate D and the spin £ are the symmetric and un-
symmetric parts of grad v respectively, and d’/d’t is any convected deriva-

tive, Jaumann derivative or Mandel derivative relative to the rotation of the
director frame which is related to crystal orientation.

O—
O N, & % ©

Q (1)

Figure 7.4: Natural (0), current (c) and relaxed (r) configurations. Gradients of
transformations F, E, P

*In terms of matrice notation, one writes Fjj = EikPk;j or F = E.P (a simple con-
traction of indices) or simply F = EP in operator notations if there is no ambiguity.
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Let A® be the Green elastic deformation tensor A¢: = (ELE —1)/2 and
o(A®, o ;) be specific free energy, function of A® and of internal variables o
characterizing strain hardening, strain-softening, damage like porosity.
Introduce the densities

1 1
= = 7.2
P= 4tk ” ~ detp (7.2)
and the Kirchhoff stress & relative to the configuration (r)
BLE=2 (7.3)
Pr P
The dissipation rate ®>0 is defined by
tr(o.D !
o= M@D) _d (7.4)
P d’t
which can be written as
o-x.pr (22 _ZFyd . doda (1.5)

NS p, dt da;, d't
The second term vanishes because the transformation (r) — (c) is reversi-
ble, thus

T Jdp
r*_99 7.6
P OA° 70

Introduce the generalized forces in the sense of (Halphen and Nguyen,
1975)

s=EL Y, 4=-22 (1.7)
Y o,

which are the conjugates of the plastic deformation rate DP and the inter-
nal rates (d'/d't)a;. The second principle reads

:D? do.
ST 4 4% 5y (1.8)

D: ;
p d’t

Now, assume that there exists a convex single plastic potential F(Z, A;)
such that
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withA>0,if, F=F=0, A =0 otherwise.

Now, consider the configuration (r) so that the elastic transformation is
symmetric (pure deformation) and assume that the elastic deformation €° is
small in comparison with unity. Thus the following relations hold

The following forms of the specific energy and the plastic potential are
used in Rousselier’s model (we recall: s;e;; = tr(s.e) = s:e)

Internal parameter B is denoted by ® in the damage theory of Lemaitre
and Chaboche (1985). Since ¢ = pd@/de® = pL.e®, Lemaitre and Chaboche's
theory is recovered by considering = 1-p and the effective stress /(1 — m)
in their elastic law o/(1 — ) = L.g®.

The plastic potential of the V. Mises type is given by

where

Let us decompose the deformation rate DP = D4 + D, into deviatoric
part Df and spherical part D, and the stress ¢ into deviatoric part s and
spherical part 6,,,. Hence one obtains
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The equivalent deformation rate is

Therefore internal parameter o is nothing but the cumulated plastic
strain

Now, the damage parameter 3 is function of the mass density (B = B(p)),
hence dB(p)/ot = B’(p)dp/dt. Now, considering the mass conservation law
dp + pdivv =0 and remarking that

(D,, is the spherical part of D) one gets

The left hand side is a function of p while the right hand side is a function
of 6,,/p. Both functions equal a constant C/c, and thus
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Eq. (7.25) is the fundamental result of Rousselier’s theory on the expo-
nential dependence of the damage rate on the spherical mean stress J =
rexp(Co/pog). In contrast with other theories based on micromechanical
model of cavity expansion, Rousselier’s model is a consequence of the
general framework of finite strain.

Eq. (7.26) shows that function B(p) can be chosen to make a best fit with
experiments and also to ensure the possible lost of stability of the material
in the Driicker sense. Nguyen and Bui (1974) showed that stability implies

In this model, the second derivative of the matrix 9?¢/da;do; has two
components 0%¢/doida; = @y(o) + ¢2(B), the first one ¢j(o) is strictly posi-
tive if strain hardening is assumed in the matrix material and the second
one @>(P) is related to the void fraction. The choice of models is subjected
to condition @5(B) < 0 which makes it possible to have a structural instabil-
ity. A simple choice is

Rousselier indicates other possible choices based on the void volume
fraction f

Another choice is suggested by the model of Rice and Tracey (1969) of the
growth of a spherical void of radius R

Therefore functions B(f) and ¢, (f) are
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—f

p= f,(1—1)

= ¢, (P)=In(1-f, +fexpf) = ¢, (<0 (7.31)

With these functions the yield criterion F=0 becomes (1/ V3= 0.577)

O-eq 3Gm ’
+ 05770, fexp(—2m) — gl (1) = 0 (1.32)
P 2po,

Gurson’s model discussed below leads to the yield stress

3%y (14+£)02 =0 (1.33)
)

ng +207 f cosh(

For small damage, approximate form of Eq. (7.33)

3o,

0.y +0.50,fexp(*=2)~ 6, =0 (7.34)

0

is quite similar to Rousselier’s model, with coefficient 0.5 instead of 0.577.

Figure 7.5: Triaxial tension test (unit yield stress) for different factor k in the
range [0, 0.7]. The maximum stress G| before the occuring of softening is found
for plastic strain less than 15%, for lateral stresses factor k > 0.5. Values of den-
sity p are given for k in the range [0.3, 0.7], Rousselier (1980)
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An application of Rousselier’s model to a triaxial tension test is shown
in Fig. 7.5 (unit yield stress). The maximum stress c1; before softening is
reached for plastic strain less than 15%, for a lateral stresses factor k > 0.5.

7.2.2 The micromechanics of plasticity

Before introducing Gurson’s model, let us consider the homogenization of
a porous material Q including voids ®, with boundary dQ which is aimed
at the application of the limit analysis of Plasticity theory to the problem
considered (Hill, 1967; Mandel, 1964).

The volume fraction of the voids is f= &/Q. Microscopic quantities are
denoted by small letters, macroscopic ones are in capital letters. The po-
rous solid is subjected to a homogeneous macroscopic strain rate (tensor)
D, that is the boundary velocity field is

Any continuous and continuously differential velocity C! field v(x) sat-
isfying the boundary condition v(x) = V(x) (x € 0Q) is called a kinemati-
cally admissible field of the set KA. Such field is defined on the sound
material.

One considers its C! continuation inside the voids and thus defines v e
KA in the whole domain Q. There is no body force and the surface of cavi-
ties dw is stress free. Upon considering Hill-Mandel theorems in the theory
of crystal aggregates one obtains the general following results (<.>q de-
notes the mean value on domain Q and <.>q\, the mean value on the ma-
trix Q\w)

Figure 7.6: The Representative Volume Element of a porous material € containg
cavities, of total volume ®
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The RVE is said macroscopically homogeneous in the Hill-Mandel
sense when the following conditions are satisfied. For any d'(x) kinemati-
cally admissible with the homogeneous field D', v'(x) =D'x (x € QuU®),
and for any o(x) statically admissible with the homogeneous stress field X,
o(x).n(x) = £ .n(x) on dQ or 0 on Jdw respectively, Eqgs. (7.35)-(7.37) hold
for the microscopic fields 6(x), d'(x) in Q. This is always true for any pair
of non related fields d'(x), 6(x). Macrohomogeneity implies intuitively that
in a rea process, kinematic boundary condition v'(x ) = D'.x (xedQ) results
in the boundary stress ¢'.n which must not fluctuate too much from a ho-
mogeneous state. Conversely, static boundary condition 6.n =X .n on 0Q
results in the measured boundary velocity field v(x) which must not devi-
ate too much from a homogeneous boundary field. Can such a condition be
satisfied in the periodic homogenization of cells? Suppose that the cell is a
cube which contains one spherical cavity very close to one of its faces and
that homogeneous stress condition is assumed on the boundary of the cell.
The macroscopic homogeneity in the Hill-Mandel sense does not hold. The
deformation of the cube face close to the cavity is more important than
those of other faces so that the overall deformation of the cube is far from
a homogeneous state. Macroscopic homogeneity in periodic cells is obtained
when there are many small cavities randomly distributed in the cell.

Having introduced basic notations and mechanical fields at both micro-
scopic and macroscopic levels, let us consider the plastic criterion at the
microscopic level defined f(5(x)) < 0 which is a convex C™ in the stress o-
space and let us show how to derive the macroscopic plastic criterion F(X) <0
in the stress Z-space. To do so, we consider the case of an elastic-plastic
matrix and assume the usual symmetry of the moduli tensor. According to
Hill’s maximum principle of the plasticity theory, the following inequality
holds for any x in Q\w :

for any o(x), 6*(x) such that f(o(x)) = 0 and f(c*(x)) < 0. The stress o(x) is
on the yield surface dC™, while the stress 6*(x) belongs to the convex C™,

both stresses are in equilibrium with X, that is div(c) =div(c*)=0 and
o(x).n(x) = 6*(x).n(x) = Z.n(x) on 9dQ. For brevity, the stress field 6*(x)
statically admissible with X and plastically admissible, o*(x) eC™, is
called the SPA field. Since the variation from o(x) to 6*(x) is purely elas-
tic, by introducing Mandel’s localization 4™ order tensor A(x), which gives
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a purely elastic stress t(x) for the applied stress X to the body :
T(x)=A(x).Z, we have

o(x) — 6*%(x) = A(X)(Z — I*) (7.39)

Now, making use of Mandel’s homogenization formula for the plastic
strain rate DP = <AT(x).dP(x)> where AT is the transposed tensor of A, we
obtain

<(o(x) — 6*(x)):dP(x)>q = <A(X)jjuk(Z — Z*)ndP(X)i>0
= < (Z = ZF)p A (OnkijdP(x)>0 = (2 — 2¥%):<Al(x).dP(x)>q

=(Z-2*%):DP>0 (7.40)

The parallel is completly established between (7.38) and (7.40) which is
the maximum principle of plasticity in the macroscopic level.

The result (7.40) derived under the general condition of non negligible
elastic strain is due to Mandel (1964) and Bui (1969)™). It remains to de-
fine the macroscopic convex of plasticity CM.

Now we neglect the elastic strain rate at both levels so that P=d, DP=D.
The function dP(x)—o(x):dP(x)=n(dP) is called the plastic dissipation de-
fined, according to (7.38), by

z(d”) = g}g}éa* .d? (7.41)

Owing to the convexity of C™, n(dP) is linear in dP since dP — AdP
implies
7(dP) — An(dP), for any scalar A. For any D, let us define the function
P(Dp) called the macroscopic dissipation

PDP)= min <7z(d(¥V))>q=(1-f) min <z(d(V))>4_, (7.42)

v(x):Dp X v(x):Dp.x

Function P(DP) is a /inear form of DP, because the change by a scalar fac-
tor DP — ADP implies the changes v(x)=DP.x — Av(x), dP — AdP and
n(dP) — Am(dP). Any linear form P(DP) is defined by its expression P(DP) =
a;;DP;; with symmetric (a;) so that a;; can be identified with ¥ ;. Therefore
P(Dr) is identified with X:DP for some X, P(DP)=X:Dp.

*Bui (1969) found two other formulae, for elastic strain rate D¢ = <AY(x).d®(x)>q
and for the total strain rate D = <AY(x).d(x)>q which is also equal to D = <d(x)>q.
Thus Mandel's formula DP = <A'(x).dP(x)>g, is infered by substraction.
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Now from (7.40) it is clear that the stress £* belongs to the macroscopic
convex CM defined by its convex hull

The convex CM is approached by the c-family of hyperplane X jDP;; = c,
in the stress-space where c is the constant value given by the right hand
side of (7.42) (c is constant parameterized by DP and the convex C™) with
normal DP. The convex hull determines the convex CM from the outside.

Elastic-plastic microstructure

We now relax the assumption of negligible elastic strain to prove that,
even in perfect plasticity and contrary to common belief, there is generally
a difference between microscopic and macroscopic plastic dissipations

for f(c) = 0, dP(x) = Adf/dc. In elasto-plasticity, the field dP(x) is not a kin-
ematical one, but d(x) = d°(x) + dP(x) is an element of KA. From the yield
criterion, upon differentiating f(c) we obtain

Now, let us consider a particular proportional loading such that eP and dP
are proportional at any point in Q and any time &P = ydP

On the other hand (E is the macroscopic strain corresponding to &(x))

By virtue of the elastic moduli tensor symmetry

Taking into account of (7.46) we obtain

The total macroscopic plastic dissipation, in the presence of elasticity, is
less than the plastic work



186 Chapter 7. Non Linear Fracture Mechanics

wWe=[xDjd > [<oyd) > d (7.48)
Physically, this means that macroscopic elastic unloading does not com-
pletely release the residual stress of a polycrystal. A part of the elastic
strain energy is blocked inside crystals. Experiments on heat dissipation in
plasticity have been performed by Bui (1965) confirming quantitatively the
inequality (7.48).

7.2.3 Gurson’s model

Gurson considered the limit analysis of a hollow incompressible sphere of ex-
ternal radius b and internal radius a. We shall follow the presentation of
Gurson’s model given recently by Leblond (2003) which has the merit of
simplicity. The approximate velocity field to be considered consists of two
parts

V(x) = VO X)+VB)(x)

with
v(x)® = % e (7.49)
v(x)® = Bx (7.50)

Field (A) is radial and field (B) is deviatoric (trf=0, #=/4%). Both fields
have been used by Rice and Tracey (1969).

Since the field (A)+(B) is only an approximation, the macroscopic dis-
sipation rate is majored by

PH(DP) = é jb 4z’ < (d() >, dr (7.51)

where ST is the surface of the sphere of radius r.

The integral is very difficult to calculate in explicit form. It will be not cal-
culated in closed-form but as suggested by Leblond (2003), can be ma-
jored by a quantity which can be explicitly evaluated. Leblond observed
that P*(Dp) itself can be majored by

PH(DP) = é jb 4o’ {< 7 (d)) >,y (7.52)

Here the integrant is given by
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Figure 7.7: Comparison between Rousselier’s model, Eq (7.32) and Gurson’s one,
Eq. (7.54), for porous plasticity, X.q/0 versus X,/

6

< 7% (d(r)) > =0, (4D, ET +Dg,) (7.53)

The calculation of P*+(DP) from expression (7.53) can be performed
analytically (Leblond, 2003). The macroscopic yield criterion defined by
the convex hull, which is necessarily larger than the exact convex CM, can
also be determined in closed-form

0'3 20,

This is the Gurson model of the yield function of porous plastic materials.
The yield stress in tension is 6. Rousselier’s model (7.32) and Gurson’s
one are compared in Fig. 7.7. Noticeable difference can be observed on the
slope vy at point (£,,/cy, 0): finite slope in Rousselier’s model, infinite slope
in Gurson’s theory.

x? )
= 2fc0sh(3—mj —1-f2=0 (7.54)

7.2.4 Extension of porous plasticity models to aggregates

Gurson’s model is strictly valid for a perfectly plastic matrix. The model
has been generalized to a hardening matrix described by some law
o = g(€) between equivalent mean stress and strain. Gurson assumed that
his rigid-perfect plasticity model could be replaced by
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and that the flow law is given by the equivalent rate & in the sense of the
conservation of plastic dissipation rate

We do not insist on different empirical modifications of Gurson’s model,
more or less justified for applications.

Now let us mention other promising generalisations of porous plasticity
to polycrystalline aggregate which introduce non homogeneous matrix ma-
terial in the microscale (Rousselier and Leclercq, 2005).

Because of the first term in (7.55) =¢4/ &~ .Gurson's model cannot adapt
to stress additivity in the polycrystalline aggregate theory. Rousselier’s
model (7.32) which involves a linear term in 6.4 can do.

We first recall some self-consistent models analogous to the one intro-
duced for isotropic crystals by Kroner (1961) and for anisotropic crystals
by Bui (1969). The self-consistent theory of plasticity originated from a
rigorous result on the theory of ellipsoidal or spherical inclusions by
Eshelby (1957). For a spherical inclusion in a homogeneous plastic matrix,
the stress and strain inside the inclusion are both uniform. They are called
eigenstress and eigenstrain. If the plastic strain of the matrix is EP, the
plastic strain of the spherical inclusion is €P, then the stress in the inclusion
is given by Eshelby-Kroéner's formula, with § = (8-10v)/15(1 — v) (roughly
B=0.5)

For the correction of anisotropy of the inclusion (i) with moduli L®,
embedded in an isotropic matrix of moduli Ly, Kroner's formula (7.57) is
generalized by Bui (1969) as

Formula (7.58) bears a close resemblance to (7.39). The localization tensor
A0 is given by an exact formula for a spherical inclusion (i)
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34, + 84, At
1540 (Ag +244) e 151y (Ag +2145)

Various other modifications of (7.57) are considered in order to take ac-
count of cumulated plastic strain in cyclic loadings (Cailletaud, 1987), or
viscous relaxation stress (Berveiller and Zaoui, 1979). In the last reference
Eq. (7.57) is modified as

80 (7.61)

ijhk =

L, D
o) = Z + 2u(1-B)aEr — er(i)), ; = 5 (z);/_ (7.62)

Rousselier and Leclercq (2005) proposed an extension to volumetric de-
formations of damaged materials

O = Z+2u(1-B)ML®L, + aly].(EP  €Pg) (7.63)

with 1/n and 1/0. some adjustable affine functions of (EP).q. The coupled
Rousselier’s model and polycrystalline aggregate contains two adjustable
parameters Dy and 6 (f;: volume fraction of phase (i) in a sound material)

pIN

1—f+D O'lfexp(—) Zfa(,) =0 (7.64)
- 0,

As already noted, Rousselier’s model accommodates the additivity of

stress at the microscopic level, but not Gurson's model.

7.3 Bifurcation problems in plasticity

Experiments on the deformation of a sheet of metal with a circular hole, as
shown in Fig. 4.5, indicate two features. The structure undergoes very
large plastic deformation (images 1 to 16, triggered at every two seconds)
then suddenly (between images 16 and 17) necking phenomena occurs at
the internal cavity in the thickness direction before crack propagation. The
following scenario is likely, as described by the schematic view of Fig.
7.7: thinning of the ligament by lateral necking, then crack initiation and
propagation in the thin ligament. This explains the high temperature rise
observed in experiments long time before crack propagation. When the
ligament thinning becomes critical a crack appears then propagates. This
process occurs very rapidly. Instability phenomena occur generally in the
competition between the stabilizing effect of hardening of the material and
the destabilizing effect due to a geometry change.
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Figure 7.8: Two seconds separate images 16 and 17 of Fig. 4.5; first lateral

necking thins down the ligament before in-plane necking takes place at the inner
radius; then crack propagates in the thin ligament

Void damage introduces an additional destabilizing effect by increasing
the softening part of the material constitutive law. Most instability analyses
do not consider the material instability by void damage. Only in recent
works void damage theories have been considered in instability analyses.

As far as we know, and also as pointed out by Nguyen (2000), there is
no general bifurcation theory in plasticity or damage plasticity for describ-
ing all phenomena of instability. Only specific theories are known for par-
ticular cases.

The subject is very difficult, as illustrated by some further examples in
Engineering mechanics and the Mechanics of materials. We do not consider
here mathematical problems of instability (*) and bifurcation plasticity
and damage. The readers can refer to the works by Hill (1958), Hutchin-
son (1973), Hutchinson and Budiansky (1974), Tvergaard and Needleman
(1975), Rudnicky and Rice (1980), Triantafyllidis (1983),Petryk (1985),
Benallal et al (1991). For a comprehensible and synthetic view on instabi-
lity, we refer to Nguyen (2000).

Let us consider a mechanical system defined by its geometry, constitu-
tive laws, initial conditions and loading conditions. The state variables of

(*) Instability and bifurcations are the rules in open biological systems Q with the
exchange of materials and energy, through its boundary dQ. They are essentially

governed by chemical reactions, cell division, growth and death (apoptose), dif-
fusion, gradient of concentration, kinematical constraints (leading to folds in the
brain and fingerprints) and perhaps mechanical constraints too.
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the system (current geometry, position or velocity of material points
ye R"in a finite dimensional space), satisfies a non-linear differential
equation

where A is some control variable. The control variable can be an initial ge-
ometry imperfection or the radius of a cavity in a geometric instability
analysis or the width of a shear band in a localized bifurcation analysis, or
the load function of time A(t) in a dynamic instability analysis (Petryk,
1985, Nguyen, 2000).

Now let us mention some instability problems arising in Engineering
mechanics and the Mechanics of materials.

1. Necking in bars and sheets of metals. The well known formula ¢ =
dc/oe of Considere (1985) determines the theoretical stress at necking of a
tensile bar. Most theoretical analyses of necking predict so high a value of
the critical load which would be far outside the range of practical interest
(Miles, 1971). This is because critical load is sensitive to local im-
perfections. Moreover, there is uncertainty about the correct constitutive
law to be considered for real experiments. Instabilities phenomena by
necking, surface ondulations, are typically geometric instabilities.

2. Shear band localizations. This is a huge subject of great interest for
applications in solids, structures and geomechanics, which cannot be over-
viewed in a few words. Let us mention the work by Benallal et al (1991)
who gave the necessary and sufficient conditions for continuous localiza-
tion (in a band) or discontinuous localization at the free surface. Localized
shear band is associated with a plane of normal n, along direction g (g.n = 0).
The discontinuous gradient of the velocity is of the form [Vv] = g®n.
However, the nominal stress vector rate must be continuous #.n=6 .n or

n.H*.Vvt =n.H . Vv". Generally, the modulus H is continuous (the same
elastic or plastic loading, or elastic unloading at both sides) thus

(n.H.n).g=0

The existence of localized shear discontinuity implies that det(n.H.n) = 0.
The acoustic tensor n.H.n has been introduced by Mandel (1962), Hill
(1962) in studies of accelerating waves in elasto-plastic solids.

3. Cavitations in plasticity and viscoplasticity. A spectacular phe-
nomenon is observed in metal extrusion in high temperature, Fig. 7.8.
There are chevron cavities periodically distributed along the extruded part
of the bar. Let us consider a visco-plastic material domain Q(t = 0) in dot-
ted line in a steady state flow upstream the extruded section A. Pertinent
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quantity like the longitudinal stress o33 is time-independent and negative
because of high pressure. At the extruded section, the drop of pressure and
temperature make the flow strongly time-dependent. Suppose that the fun-
damental time-independent solution at negative time branches into a time
T-periodic solution. If the maximum stress 633 at x; = A, at time t =ty is
positive and high enough for a crack to appear (crack is then moving out
the extruded section), the decrease then the increase of the stress o33 at
x;=A, at time t=t,+T initiates a new crack and so on. The distance between
cracks is VT where V is the velocity of the extruded metal. Time-periodic
solution should result in a periodically spaced chevron cracks. This kind of
instability is called the Hopf bifurcation, Fig. 7.9.

To understand the mathematics of such an instability, assume that the
steady solution is described by some time independent relation f(y, A)=0
or y = g(A). Suppose that the gradient matrix M = df/dy posseses a simple
eigenvalue s(A) = a(A)+iB(A) and

oha) = 0, B(Aa)>0.

Other eigenvalues are assumed to have strictly negative real part. Then
the fundamental branch y =g(}) is stable up to A=2A, correspondingtopoint A.

Now, we make another assumption, called the transversality condition
(Iooss and Joseph, 1980)

3—3(@» 0 (7.66)

then at A =A+0 the real part of the considered eigenvalue s()) gets through
the imaginary axis with a strictly non zero real part value.

Figure 7.9: Hopf bifurcation into a periodic cracking in metal extrusion

The static curve y =g(\) branches out into a time-periodic response, with an
increasing amplitude from as O(A-A4)2 (Nguyen, 2000). This is the Hopf
bifurcation.
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Along BC, Eq. (7.65) is no longer valid since the temperature and the
stress decrease to values sufficiently low for stress-strain law to become
time-independent and periodic cracks to be frozen. For instance, metal in
BC behaves like a plastic solid rather than a visco-plastic one at A.

Hopf’s bifurcation® frequently occurs in fluids dynamics. For instance a
steady state laminar viscous flow upstream becomes unstable downstream
at the backward-facing step (Lesieur, 1997), Fig. 7.10. It is striking that
features in Figs. 7.9 and 7.10 are quite similar, stable regime and unstable
one with the increasing of amplitude, even if the mechanisms are different.

Figure 7.10: Schematic view of a backward-facing step flow (Permission of Mar-
cel Lesieur, Turbulence in Fluids, 1997, Kluwer Acad. Publ./Springer-Verlag"")

7.4 A finite strain theory of cavitation in solids

Cavitation in fluid is a common phenomenon which is explained by a
phase change of fluid into vapor below some pressure. That is a volume of
fluid is transformed into vapor. Unlike cavity formation around a solid in-
clusion, true cavitation in solids should be viewed as an intrinsic material
and geometrical instability at some critical stress state. The appearance of
a cavity from nothing (no defects in an homogeneous medium) for instance

(*)The following example is given in looss and Joseph (1980):
dy;/dt — (3A-20)(y12y2)—y12=2y1y , dy /dt—(2A—0)(y1ty2)+y1y +y2? where
G isa constant. The eigenvalues satisfy s;s,=(2A—0)(26-3A1)>0, for 6/2<A<20/3
and sy+s; —5A—30 —0 for the bifurcation parameter A—30/5, so that s;——s» cross
the imaginary axis.

(**)initiated from an inflection point in the velocity profile or Kelvin-Helmholtz’s
instability
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in a two-dimensional problem, raises certain mathematical questions about
the change of the solid domain topology, from a simple to a double con-
nected one.

However physical considerations avoid such a difficulty because a con-
tinuum modelling of solids is nothing but an homogenization of a discon-
tinuous medium where cavities already exist at the microscopic scale or at
the atomic scale. Suppose that a stress concentration exists at a micro-
scopic scale and results in the separation of atoms over certain large dis-
tance d, then the mean value of the stress over d is less than the initial
mean stress. This happens in the coalescence of a series of small cavities
into a microscopic crack. When the size of a microscopic cavity becomes
of the same order of the RVE size — the Representative Volume Element of
the homogenization theory — the macroscopic stress decreases and eventu-
ally vanishes. This is the process of a cavity formation from “nothing” at
the macroscopic scale, which is physically the coalescence and growth of
“existing” cracks and cavities at the microscopic scale. Here the change to
topology is simply related to a scale change.

This process is different from the decohesion around an existing inclu-
sion, resulting in a cavity which surrounds the imprisoned inclusion. In
further loading of the material, the imprisoned inclusion remains unde-
formed while only the matrix undergoes deformattion.

Now, for studying the first mechanism of cavitation we will assume that
a cavity of infinitesimal radius exists somewhere and will grow under fa-
vourable local stress conditions. Recent works related cavitation to bifur-
cation phenomenon in the framework of finite elasticity (Ball, 1982) or in
rate-dependent solid, (Abeyaratne and Hou, 1989). The latter paper
showed the following features in the radial traction of a sphere. Below cer-
tain stress value, the sphere with an infinitesimal cavity undergoes a ho-
mogeneous deformation. At certain critical stress, another solution exists
with a non zero stress free cavity.

Let us recall the solution provided by Abeyaratne and Hou (1989) for an
existing infinitesimal cavity, at the center of a spherical ball of unit radius
a at time t =0, i.e. a(0) = 1. Spherical symmetry and incompressibility are
assumed. Consider a material point in one radial direction, at distance R
(0 <R<1) in the undeformed configuration. Its radial coordinate is r = f(R,t)
in the current configuration at time t.

The deformation gradient tensor n spherical coordinates is

of f
F=—eR®eR+E(e‘9®e‘9+e“’®e‘p) (7.67)

Incompressibility means detF =1
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Let b(t) and a(t) be the current cavity radius and the current external radius
respectively. Eq. (7.68) leads to

The current cavity b(t) radius has to be determined from the load T(t) with
the initial condition for the cavity b(0)=0. The material velocity is

and the strain rate tensor D=(gradv+(gradv)!)/2 is

with the strain rate

y(r, 1) =23 fo0 (1.72)

T

and upon integrating the strain

On the other hand, the Cauchy stress and the deviator of the Cauchy stress
are respectively

with T=(sgg—S,)/3. The equilibrium equation is written as
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Abeyaratne and Hou (1989) considered the following constitutive law

where m>0 and g;(y), g>(y) are arbitrary non negative functions.
The boundary conditions are the stress free condition on the cavity and the
traction T(t) at the outer radius a, for t=0

7.4.1 Abeyaratne and Hou'’s Solution in finite elasticity

Upon integrating the equilibrium equation and using the boundary condi-
tion, one gets

Inserting the latter expressions of 7 (r,t) and y (1,t) one gets an implicit dif-
ferential equation, with b(0)=0, to determine the void evolution b(t) as a
function of the load T(t). Now, using the constitutive equation (7.77), Eq.
(7.79) can be written as

Finite elasticity

In the case g,(y) =0, Eq. (7.80) has two solutions:

1) First solution b=0.

The infinitesimal cavity size remains unchanged for any load T(t)<T,
given below.

i1) Second solution b(t) given implicitly by
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1 Traction T 4

cavity radius b

>

b; -

Figure 7.11: Bifurcation diagram in the cavitation of an existing infinitely small
spherical cavity in finite elasticity, Abeyaratne and Hou (1989)

The cavitation solution is similar to Ball’s result (1982). The right hand
side of (7.81) is a function of b denoted by T (b). Fig. 7.11 shows the
equilibrium curve T=T (b), which is the post-bifurcation state, starting
from point (0,T() where the critical stress Ty is given by

The necessary and sufficient condition for this cavitation solution is that
the right hand side of Eq. (7.82) be strictly positive. No equilibrium solu-
tion exists for load higher than T;. Dynamic effects must be introduced for
T>T,. Load T, appears to be the ultimate load in the quasistatic deforma-
tion theory of plasticity, in finite strain condition.

7.4.2 Solution for a creeping material

In the case of creep, the constitutive law considered by Abeyaratne and
Hou (1989) is
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similar results have been obtained by Abeyaratne and Hou (1989). The
equilibrium curve solution of the cavitation problem in finite elastiticity
separates the plane (b,T) into two domains, contraction zone and expan-
sion zone. Below the curve, points (b(t), T=cte) evolve towards the solu-
tion b=0.

The existence of the stable branch between 0 and b; which arrests the
expansion or the unstable branch above b; which contracts existing cavities
in its left hand side, will lower the porosity in comparison with theories
based on small strain assumption, Fig. 7.12. Applications of this theory to
ductile fracture is very promising. For cavities under certain size, say
b<bmax =2b; a threshold stress can be introduced, T, = T, (or Tj) so that
theories of cavity growth in viscoplastic medium, as given in the literature,
are good for T>T,,, and that they give over-estimated prediction of poros-
ity rate for T<T,.

Figure 7.12: Stability analysis for a creeping matrial,g(y)= ga(Y) = uyn Stable
branch for small cavity at low load T<T,. For load T>T}, a vanishing radius cavity
will grow indefinitely. In a pure creeping material, with gi(y) =0, g»(y)=uy", there
is no contraction zone: the equilibrium state b=0 is unstable at all loads
(Abeyaratne and Hou, 1989)



Chapter 8

The Fluid-Filled Crack

8.1 Introduction

There are many applications of fluid-filled crack problems, in engineering
and materials science: fluid flows in pipes or structures, hydraulic fractur-
ing of rocks for the oil industry, interaction between a fluid and a cracked
solid. This chapter is devoted to these problems, for both static and dynamic
fluids. It illustrates many concepts encountered in fluid-filled crack prob-
lems. Problems involving the interaction between solid mechanics, with a
medium slightly perturbed with respect to its initial configuration, and
fluid mechanics, with an Eulerian description of fluid flow, are not always
easy to handle. The example of the Griftfith crack in a two-dimensional lin-
ear elastic solid illustrates this difficulty. Near the crack tips, the crack
opening displacement arising from the fluid pressure acting on the crack
faces, cracks open near tips as 0(r!’2). The pressure p is applied on a crack in
its current deformed configuration — the normal vector n approaches the
unit vector e! continuously at the right crack tip — while the stress, the
strain and the displacement in the solid domain are measured in the initial
undeformed configuration, with a fixed normal to the crack n= (0, £1).
Three possible models of fluid-filled cracks avoiding such difficulties
which will be considered in this chapter:

1) The first model ignores the local action of the pressure and accounts
only for its global effect. For instance in a closed pipe of mean radius R
and small thickness e subjected to some pressure p, the radial stress at the
interior radius is o, = —p, axial stress is 6,,=p R/(2¢), and the hoop stress
is ogg=pR/e. The global stress is twice as high as the axial stress and
much higher than the local stress 6., which can be neglected.

i1) The second model considers a crack with zero toughness K;.= 0, so
that [[u,]] = O(r3/2), (Detournay, 1999).

iii) The third model considers a fluid-filled crack with a gap (or lag)
near the tip (Abe et al, 1976; Abou-Sayed et al, 1978; Bui, 1996).

199
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8.2 The leak before break inverse problem

This problem arises in the context of maintenance operations of nuclear
structures. Suppose that a pressurized pipe containing hot water leaks
through some small longitudinal crack. The knowledge of the design
geometry of the pipe, the crack geometry and the thermo-mechanical con-
ditions yields a direct problem which consists in the determination of the
fluid flow rate Q and the stress-intensity factor K;. Nothing is basically
new in this problem. The only possible novelties lie in the choice of fluid
flow models, or in methods for solving the fluid flow rate problem for in-
complete data with regard to either the loading, as shown in Fig. 8.1, or the
crack shape. For instance, to determine the stratified interface between the
liquid and the vapor, one has to deal with an inverse problem with data
consisting of measured flux and temperature on the external surface of the

pipe.

Figure 8.1: An inverse problem in Nuclear Engineering to determine a crack

Let us consider the former problem of a fluid flow occupying the whole
pipe, in the presence of some insulator prohibiting any measurement from
the outside, including that of the crack length. To determine the critical
crack length before break, we have to solve an inverse problem, using the
leakage rate of water as data for the inversion. This is the Leak Before
Break (LBB) inverse problem in Nuclear Engineering. Given a physical
model, solutions to direct problems yield a multi-parametric model of the
fluid flow rate which can be compared to experiments, in order to deter-
mine the optimal solution with respect to the crack geometry.

Generally, no good solution exists in this problem of fitting theoretical and
experimental results, because the physical model under consideration is



8.2 The leak before break inverse problem 201

inadequate to describe the experiments. The main reason is that the expe-
rimental flow rate Q(a) behaves like some power law of the crack length.
Models of the fluid flow rate yield some power law too, Q = Ca™, the coef-
ficient m here depending strongly on the physical model of fluid flow. To
solve the LBB problem, one has to find the best possible physical models,
describing laminar flow or turbulent flow or possibly both regimes in dif-
ferent fluid domains in the breach of the opening crack., rather than the
best parameters of a given physical model as is usual in the parametric
optimization of systems.

In what follows, we make a review of existing models of fluid flow
through a longitudinal crack in a pipe and introduce some new ones. The
first model is devoted to turbulent flow in the crack breach and the second
one to a laminar flow.

8.2.1 Empirical models of fluid flow in a crack breach

The following characteristics are considered in models of fluid flow:
R : mean radius of the pipe; R;, R, : internal and external radii
H : thickness
2a : longitudinal crack length
2b : maximal opening of the rectangular crack of dimensions 2axh half-
way through the thickness
E, v : Young’s modulus and Poisson’s ratio respectively

R, : Reynolds number, U : mean velocity

Ap/h : pressure gradient through the pipe thickness.
The physical constants of the fluid are those of water at the temperature
and pressure of interest. The mass per unit volume p(= py) and the kine-
matic viscosity are considered as constant. Application of the pressure p
results in an elliptic crack opening v(x;) and a minor axis is b(p,a) given
by (in plane stress conditions)

vix)= 2R s 1 = (8.1)
4hu
2pRa
b(p,a) = 8.2
(p,a) hE (8.2)
Perfect fluid

The simplest possible model of fluid flow rate corresponds to a perfect
fluid, the flow rate then follows from Bernoulli’s classical theorem as
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2
Qo = 7ab(p.a) (=) (83)
Substituting (8.2) into (8.3) we obtain Qgeca?p3/2.

A lubrication theory

A simple model of viscous flow is suggested by the lubrication theory for a
laminar flow in a constant elliptical breach of area S = nab.

The velocity profile is then parabolic, for a small ratio b/a, one gets the
flow rate

o b)) _zpab’(.a)
1 -

~4p h@>+b>(p,a))  4p h (84)

Now let us mention some other turbulent flow models.

Classical turbulent flow models

Turbulent flow models are classical for circular tubes, but less so for other
breach geometries. Most works considered some “equivalence” with a rec-
tangular section, with the same cross-section, particularly in lubrication
theory. Let us recall two models of fluid flow in pipes, which can be ex-
tended to the elliptical breach considered in the leak before break problem:

1) Turbulent flow along a smooth wall,

ii) Turbulent flow along a rough wall.
Depending on the relative roughness d/R, or equivalently to the Reynolds
number R, = 2RU/m, different regimes can arise

+ High Reynolds number or smooth surface (d/R < 19.2 (R.)-7/8)
Introduce the pressure gradient A = 2pRL~!(pU?%/2)~!. The relationship bet-
ween R cand A reads

A2 = 0.85In (M2R,) - 0.8 (V. Karman) (8.5)

A-12 = 0.85 In{2.5012R,+ 0.27 d/R}. (Colebrook) (8.6)

+ Low Reynold number or rough surface d/R >19.2 (R.)-7/8
The coefficient A is independent of R, and depends only on the relative
roughness through the formula

A == {A In(d/R) + B} 2 (8.7)

where A and B are material constants.
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Egs. (8.6) and (8.7) cannot be used in nuclear vessels because d/R is in-
accessible to experiments. Eq. (8.7) for a circular tube yields the following
Darcy-Chézy formula, where C; is related to the nature of the solid surface

R5 1/2
Q,=¢, {pf} (8.8)

Turbulent flow with logarithmic velocity profile

Now we consider an adaptation of V. Karman’s model for a circular tube
to a flat cavity, whose surfaces are very close to each other. The idea con-
sists in using the well known boundary layer solution for viscous flow near
a planar wall, duly completed using a symmetry argument. Near the wall
the fluid flow is laminar and the velocity is given by

U(y) =ky, O<y<e (8.9)

where y is the coordinate along the normal. Outside this boundary layer of
thickness €, the logarithmic profile solution is dominant (Landau and Lif-
schitz, 1971)

v,y

14
Uy) = —— In
™) = g7 ™ ¢ 7

) + Y (8.10)

where v, is some constant to be determined by choosing k = (v¢)*m and
€ = M/Vy, we ensure the continuity of the velocity between the laminar and
turbulent zones. The logarithmic profile function is assumed to hold above
the major axis of the ellipse y = b = np/4, while a symmetric profile solution
is considered below the major axis. This kind of approximation has been
considered in models of fluid flow in circular tubes. Here we use the same
approximation to derive the mean velocity, in the presence of a boundary
layer, as

U=y, 204 .. (8.11)
0417 °p

where the omitted terms are small, for large v, b /n. It remains to establish
the link between the pressure gradient p/h and the constant v,,. For this, we
write the equilibrium condition between the force at the input section
4pab and the viscous friction force on the lateral crack wall. The shear
stress is T = pnadU/dy = p(v()? and the viscous resistance is thus 4ahp(vg)2,
so that
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p=phv; /b (8.12)

Egs. (8.11) and (8.12) parametrically determine the pressure as a function
of the mean velocity with the aid of the ancillary variable.
Finally the fluid flow rate is given by

— 12 - -
Q= 2.4zzab{pi} 1n{3(p3)”2} (8.13)
ph 7 ph

where b = ntb/4 and b = 2pRah/E. Applicability of (8.13) requires that the ar-
gument of In(-) be greater than 1. This model provides a relation between
R, and A similar to Karman’s solution for tubes

A712 = (1/0.83) In (AI2R,) — 1.66 (8.14)
2pb,1 —2
o201 8.15
—op ®.15)
R =22Y (8.16)
n

The main interest of Eq. (8.13) is that the expression of Q3 does not
depend on the roughness ratio d/R.

Experiments have been carried out on tubes with the following geomet-
rical and physical constants.

p=107Pa (=100 bars), R = 10-2(m), h = 10-3(m)

E=2.1011(Pa),v=10.3

p =7.25 kg/m3 (water at 300°C)

n’=1.38 10-7(m2s~1) (kinematic viscosity n°=n/p).
Experimental points (*: Experiments FC), Fig. 8.2, show a remarkable
agreement with model (8.13) for a <10mm corresponding to a flow rate of
200 //hour. For a<10mm, model (8.13) gives higher results than experi-
ments, which means that it is conservative for very small cracks. Designers
appreciate this feature of the model. However, for large crack, it gives too
low prediction and thus becomes non conservative.

Consider a leakage rate visible to the naked eye, corresponding to, say,
2a = Smm. The best fit of experimental and theoretical curves, for model
(8.3), is then achieved by defining Q' = 0.3Q.
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Figure 8.2: Fluid flow rate Q through a longitudinal crack of length 2a. Compari-
son between theories and experiments performed at FC Dept. (R&D, Electricité
de France). Model (8.13) combines a boundary layer and a logarithmic profile
velocity

8.2.2 Variable breach area

Generally, the breach of a longitudinal crack in a cylindrical shell is not
constant. This is a consequence of the theory of cracked shells of Bergez
and Radenkovic (1972). One of the principal curvatures of the breach sur-
face vanishes (in the radial direction), so that the flow is either divergent
(bulging effect) or convergent (pinching effect). According to Krent
(1978), there are two flow regimes governed by his shell parameter 3
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{120 —vz)}”4
JRh

B < 4.78: Divergent flow (bulging effect). The radial stream lines emerge
from a line Oz parallel to the cylinder axis OZ, Fig. 8.3 (a)

B > 4.78: Convergent flow (pinching effect). The radial stream lines con-
verge to a line Oz parallel to the cylinder axis OZ, Fig. 8.3 (b).

The half-opening displacement b(x3) is an affine function of the coordinate
x3 (the coordinate through the thickness). Therefore we shall take account
for the variation of the flow section, like in lubrication theory. However,
in contrast to the lubrication theory which is based on the assumption
of an unidimensional flow, we shall derive the exact solution for a three-
dimensiona fluid flow. The equation of the crack surface, in polar coordi-
natesr, 0, z, 1S

f(8,2)=0 (8.18)

The section at 1, corresponding to the mid shell surface (r is the dis-
tance to the polar axis Oz, 1y, corresponds to x3 = 0), corresponding to the
mid-surface of the shell, is the ellipse

2 2
Z L Wm0 (8.19)

Z

a b,

_a (8.17)

where by = b (x3 = 0). Note that polar axis Oz is on the concave side of the
shell for divergent flow and on the convex side for convergent flow. Let ry,
1, be the internal and external radii of divergent flow respectively (or the
external and internal radii of convergent flow). Then
_|_

ro= % (8.20)
Let o= by/r,, be the half angle of the breach at the center. Fluid particles
move along radial lines, defined by the angle w(z), |o(z)| < o. On the wall,
(6, z) =0 or 8 = £ w(z), and the fluid velocity is zero.

Mechanical aspects of the breach

When subject to the pressure p, or to the hoop stress 6 = pR/h, crack opens
proportionally to X3 =1 — 1y,,. The stress intensity factor is given by (Bergez
and Radenkovic, 1972)

K (x3)= 07 (K +2 Ky, 22) 821)
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Figure 8.3: (a) Divergent flow for B < 4.78; Divergent flow (bulging); (b) Con-
vergent flow (pinching) for B > 4.78. The breaches in either of two cases are
ellipses with constant major axis 2a and variable minor axis 2b(x3)

The coefficients K, Ky here have been evaluated by Krent (1978) and
are given in Tables A and B, as functions of R/h and . These coefficients
allow for ry, rp, by and o to be calculated as

K
= E\ﬂ_ N
2 Ky,
(divergent case Ky, > 0) (8.22)
h K.,
L = 5K + 1)

bm
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Table A. Kn(B)

B R/h=10 R/h =50
0. - -
0.25 1.017 1.015
0.50 1.063 1.058
0.75 1.129 1.121
1.00 1.00 1.201
1.5 1.409 1.396
2.0 1.635 1.620
3.0 2.121 2.102
4.0 2.615 2.595
5.0 3.102 3.079
6.0 3.577 3.552
7.0 4.042 4014
8.0 4.497 4.464
9.0 4.944 4.905
10.0 5.387 5.340

Table B. Ky,,(B)

B R/h =10 R/h = 50
0. - -
0.25 0.0264 0.0236
0.50 0.0611 0.0571
0.75 0.0933 0.0900
1.00 0.1211 0.1196
1.50 0.1610 0.1647
2.0 0.1807 0.1909
3.0 0.1673 0.1920
4.0 0.0949 0.1346
5.0 (B =478) >0.025 0.0292
6.0 ~0.183 ~0.115
7.0 ~0373 ~0.292
8.0 ~0.590 ~0.496
9.0 ~0.830 ~0.723

10.0 ~1.091 0971
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h K
R=o (1)

2 Kim

h K (convergent case Ky, < 0) (8.23)
B == (1-—mm)

2 bm

Solution of the three-dimensional fluid flow problem

Now, having specified the geometry of the cracked cylinder in its unde-
formed state, we investigate the laminar fluid flow through the breach. The
hypothesis of laminar fluid flow is not applicable to “GV tubes” under
normal service conditions which imply turbulent flow. Other applications
should therefore be in one’s mind when considering this model. We do not
fix the breach shape yet. We shall determine instead the function f(6,z)
which characterizes the breach by Eq. (8.18). The radial velocity is sear-
ched in the form

U(r, 6,2) = 162
T

(8.24)
The radial component of the term (VU).U of the Navier-Stokes equation is
of order O(U?/r,,). On the other hand the viscous term of order n'U/b? with
U=100ms !, r,,;= 10 'm, n'=10°m2s~! and b=10"3m, is about 10 times
larger. We do not adopt the simplified assumption of one dimensional
incompresible fluid flow of lubrication theory since the velocity vector is
radial and depends on all three coordinates r, 6, z. We look for a solution of
the linearized equations

1op  [19f 19f)

+n| 5— + - 0
p or nkr38492 r 07°
10 1 of
_ E£ + MF% =0 (8.25)
LI
p oz

with the following boundary conditions:

p=po at the internal radius

p=0 atthe external radius
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f(6,z) = 0 on the breach wall (adherence condition).

It remains to determine the domain of validity of Eq. (8.19) of the ellip-
tic breach. Eliminating p in (8.25) we obtain

f f
8—3 + 4 a— = O
00 00
8.26
a3f ( )
——=0
000z
A solution of (8.26) is
(0, z) = Acos(20) + B z2 + C (8.27)
Let us take the following values for the constants A, B, and C
4 4 1
= B=--, C=y(1-—— 8.28
20 a’ 7 20 ) (8.28)
Then we obtain
fO,2)= Lcos(267)—é+1—L (8.29)
’ 4 20° a’ 207 '

Formally, Eq. f(6, z) = 0 with function f given by (8.29) and Eq. (8.19) are
different. Nevertherless, considering that the maximum angle of the breach
is small, expanding the right hand side of (8.29) up to order 62, and rem-
embering that o = by /r,,, we obtain the same elliptical breach (8.19)

2 2

- S 4D=0 (8.30)
a

2

r
£6,2) = y(= =
by
This three-dimensional solution for the laminar flow through a longitudinal
crack is exact. The velocity, pressure and flow rate easily follow from

there.

8.3 Wear mechanics

This important topic in Engineering deals with the couplings between pro-
blems of contact with fracture and fluid mechanics. Inverse problems are
implied by the analysis of the unknown properties of the interface between
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solids in contact. A sliding wear contact between two elastic solids is typi-
cally a nonlinear problem. On the one hand, the contact problem itself is
nonlinear even if there is no wear; on the other hand, the presence of torn
particles changes the properties of the interface to some extent depending
on the rate of detached particles and on their unknown mass density in the
so-called third-body which is an aggregate film composed of solid parti-
cles and a lubricant fluid.

Most works on wear are restricted to the global description of wear,
through the coefficient w of Coulomb’s friction law and the lubricant
parameter L = nV/p (where 1 is the fluid viscosity, V the relative velocity
between sliding solids, p the pressure). Seldom references considered the
couplings between the micro-mechanisms of detachment of particles feed-
ing the third body and the macroscopic description of stress and strain in
solids. Let us remind some experimental results.

Experiments on sliding contact and wear, as observed in Stribeck’s
curves, Fig. 8.4, provide a relation between p=1/p 7 is the m ean shear
stress) and L:

Regime (I), Coulomb’s friction coefficient is constant when the solid
surfaces are directly in contact; this notably occurs in the case of dry fric-
tion;

Regime (II) of instability;

Regime (I1I) of mild wear, called the hydrodynamic regime, where u(L) =
a+bL, or for small a, w(L) =bL. The latter law means that u=bnV/p is
simply related to the laminar viscous fluid flow. The coefficient bn is not
considered in the above-mentioned paper as a constant but rather as a
coefficient which evolves with the volume fraction ¢ of debris, bn = (o).

r

u

L=nV/hp

Figure 8.4: Stribeck’s curve with friction coefficient | =1/p, lubricant coefficient
L =nV/p, fluid viscosity m, relative velocity V, pressure p and shear ©
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Figure 8.5: Micro description (i) of solids Q; and Q, with adjacent damaged
zones 31 and Q3> where debris are produced by wear on their boundaries T7;
meso-scale description (m) of the homogenized third body €2,; macroscopic des-
cription (M) of the sliding contact between solids Q; and Q, with the volume
fractions of debris as internal parameters (from, Dragon-Louiset, 2001)

The hydrodynamic regime of mild wear, in the presence of the third
body, has been investigated by Dragon-Louiset (2001), Dragon-Louiset
and Stolz (1999), in the framework of thermodynamics of irreversible
processes. Consider the worn system shown in Fig. 8.5, consisting of two
solids in sliding contact Q; and Q,. Due to the tearing off of debris from
either of two solids, one considers that the interface region is a mixture of
debris dispersed in a viscous fluid. Let us consider a less general model
than the one proposed by Dragon-Louiset (2001), by neglecting the inter-
mediate zones Q3 and Q3;, and considering that the tearing off of debris
occurs at the boundary I of Q, denoted hereafter by Q, and that the upper
solid ©; is undeformable.

8.3.1 Wear criterion and wear rate

The criterion of tearing off of particules adopted is similar to the usual one
in fracture mechanics; it uses the energy-release rate, applicable to elastic-
brittle materials. Let us define the function

g=n.0.Vu- py inthe sound elastic zone Q, (8.31)

where n denotes the outward unit vector normal to the interface, ¢ the
stresses, u the displacement vector, and y the free energy of the sound
zone. Assuming the existence of some threshold energy g®, the wear crite-
rion reads

G(o)=g—g>— g°<0 (no wear) (8.32)
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G(o)=g—g3>— g*>0 (wear) (8.33)

The wear rate is assumed to be given a priori by the following macroscopic
heuristic law

v =F(o) when G(c) 20 (8.34)

Considerations of macroscopic stress and displacement at the boundary T’
to describe the wear mechanisms at a microsopic scale imply some kind of
coupling between the two scales.

The rate of debris production depends on the macroscopic stress ¢ at the
interface. The stress ¢ in Q arises from the action of the rigid punch Q,
acting on the boundary of Q. In the moving frame tied to the punch, the
solid Q slides with the velocity —V.

Let x, y (instead of X;, x) denote the coordinates. The third body is
made of a mixture of solid debris and fluid. The interface extends along
Ox, —a <x <a, with a wake x <-a.

Let e(x) be the thickness of the interface. The third body is characterized
by the volume fractions of solid @4(x) and the fluid @{x) = 1 —@4(x). Being a
geometrical parameter, the volume fraction ¢4(x) allows for the considera-
tion of stick phenomena for high values of this parameter. For example, the
shear flow becomes impossible for the compact hexagonal arrangement of
circular debris of equal radius, with @4(x) = 62%, (Dragon-Louiset, 2001).

One expects that the mechanical property of the mixture is governed by
the internal parameter .

Figure 8.6: A punch sliding on an elastic half-plane and the third body interface.
Moving coordinates are used to describe the solid-fluid-solid interaction. The
debris are teared off from the solid Q
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8.3.2 Conservation of mass

The volume fraction of the solid is simply denoted by ¢ = ¢. The equations
of conservation of mass of both phases can be written, in the steady state,
in the form

a%[e(x)(o(x PV (x)] = @ p,v(x) =0 (solid) (8.35)

0
a—x[e(x)(l—cp(x))pfvx (x)] =0 (fluid) (8.36)

where opgv(x) is the source term arising from the tearing off of debris at
the rate v(x), which feeds the interface through I'; o represnts the propor-
tion of debris which diffuses toward the third body, (1- o) the proportion of
debris which are “imprisoned” by asperities and are removed from the con-
tact zone witout modyfying the rheology of the third body, and ps, pf are
the densities of the solid and the fluid, respectively. The relation between
o(x) and v(x) (mean velocity v,(x) =-V/2) reads

P(x)=— % “vdu (x<a) (8.37)

Considering a linear variation of the flow through the thickness, one gets
0

1-p(x)

Egs. (8.37), (8.38) are equivalent forms of (8.35), (8.36) respectively. Pro-
vided that v(x) is known, Egs. (8.37) and (8.38) yield the volume fraction
of the solid ¢(x) as
Ax)
1+Ax)’

e(x)=

(8.38)

P(x) = AX) = — \2]—6“ j v(u)du (8.39)

Equation @(x) = A(x) stands as a good approximation of the first Eq.(8.39).

8.3.3 Rheology of the third body

Because of the smallness of the ratio ey/a, the behavior of the third body
under compression can safely be represented by the following simple uni-
axial stress strain law in the form
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k )0, = ——(u’ —u;) (8.40)
e(X

where k(@) is the compliance of the layer e(x) and c; is constant. An ex-
plicit form of k() can be derived from micromechanical considerations.
For example, by making use of Reuss’s model of the mixture solid/fluid
based on additivity of strains, one gets

o l-¢
k o)=—+—— 8.41
?) KK, (8.41)

where K is the stiffness of the torn solid particles, K¢ is the compressibility
of the fluid, K¢ = = for the incompressible case considered by Dragon-
Louiset (2001). Eq. (8.41) is rigorous in the limit of vanishingly small vis-
cosity of the fluid. Stupkiewicz and Mroz (1999) used another approach to
calculate the stiffness of the mixture, by averaging microscopic stresses.
As a matter of fact, their model is based on additivity of stresses (Voigt
model of the aggregate) and is somewhat of a “dual” model to that pro-
posed by Dragon-Louiset (2001).

A second law describes the viscous behavior of the third body under
shear stress. As suggested by experiments (the Stribeck curve) the shear
stress 67xy = Oy can be assumed to be of the form

(du: du;\ _
o, =m »(p)k i FJ =m @)V (8.42)

where V is the relative velocity and m(¢@) = n(¢)/e(x) can be evaluated by a
micromechanical model of dispersion of solid particles in a viscous fluid.
The expression of the viscosity coefficient of the mixture n(¢) used in
Dragon-Louiset’s work corresponds to the Einstein mixture law given by
Nn(e) = no(1 +2.5¢) (see Landau and Lifchitz, 1971), so that

_ ) _ m(1+2.59)

m @): (1I-9) (8.43)
(@) €
For small @, Eq. (8.43) implies that the material constant m(¢) reads
m @) = n(1+1.5¢9) (8.44)
€o

Therefore, mechanical considerations show that the third body is neither a
solid nor a fluid. It is rather a /sybrid medium, being a solid in compression
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and a fluid in shear. It is similar to a ball bearing which transmits high
compressive axial forces while offering little viscous resistance to rotation.

The volume fraction of the solid ¢(x) is the internal parameter of the
third body which can be determined by solving the coupled system of
equations of the whole system (rigid punch + third body + solid half-plane
Q) for a given applied load.

8.3.4 The W-equation for a sliding punch on a half-plane

The general model of wear described in the preceding sections depends on
the material constant g5, the physical parameters defining the energy re-
lease rates g, g3 of the solid Q and the damaged zone respectively, the
geometrical parameter of the thin layer e; and the macroscopic rate law of
the tearing off of particles F(c). When these parameters are specified as
well as the rate law F, the determination of the internal parameter ¢(x) in
the particular system of a rigid circular punch of radius R with the profile
uty(x) =8+ (x — x0)%2R, sliding on an elastic half plane has been carried
out by Dragon-Louiset (2001). The boundary integral equation method
establishes an additional functional relationship between the gradients of
the boundary displacements o§ «(X, 0), u (X, 0)f ox and the boundary
stress {Oyy(X, 0), oyy(x, 0); in the form known as @lin’s equations (Bui,
1994). The necessary data are: the total force (compression P, shear T), the
velocity V, and the boundary conditions

{ny(X, _a): ny(X, _a)}: 0,
{Oxy(X, +a), Oyy(X, +a)}= 0

o(+a)=0

The vertical displacement of the punch & can be measured. The un-
knowns are the length 2a and centre X of the contact zone.

It can be shown that the solution of the non-linear coupled system of
equations provides the density of debris @(—a) at the downstream section
which can be used to determine the lifetime of the composite structure.

The wear model developed here is truly a predictive one (Dragon-
Louiset, 2001).

The readers can refer to this reference for details on the derivation of
equations, given here without proof. The normal stress satisfies the equation.
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d 1 +a dt
<+ K@), 1 +()— [0, (0 —

= (%) + &m P)X)Vi=b() (8:43)
while the shear stress is given by
d 1 (+a dt
€20, (9) =10, () +(pV) [ o, — (8.46)

For a trial value ¢(™(x) at iteration (n), Eq. (8.45) refered to as the W-equa-
tion, can be solved to yield 6,y in closed-form, subject to the orthogonality
condition for a bounded stress solution

2 dt

t—x

tal € 2 N1/ _
[ [E(t ~xg) + czm(@(t)V}(a ~t%) =0 (8.47)
Instead of specifying the loads P and T, one can first specify the contact
zone [—a,*a], then Eq. (8.47) yields x¢(9). Eq. (8.46) gives the shear stress,
then subsequently v and the value ¢ *Dof ¢ at the next iteration are pro-
vided by v=F(c) and Eq. (8.39). Provided that the iterative scheme does
converge, the solution ¢)(x) provides the loads P and T through

p=["0o, war (8.48)

T= [0 ®ar (8.49)

In brief, the predictive wear model is based on a full coupling between
different scales:

i) The micro-scale of the grains where the fracture mechanisms, the
criterion of wear through the tearing off of particles and the production of
debris are considered. These phenomena are governed by the macroscopic
contact stress, as usual in fracture mechanics,

ii)) The meso-scale of the multiphase flow of the mixture debris/fluid,
subjected to compressive stress and shear. Homogenization of the third
body yields an hybrid medium which is solid in compression and fluid in
shear, where the volume fraction ¢ of debris plays the role of an internal
parameter,

iii) The macro-scale of the sliding contact of solids in the presence of
some hybrid solid/fluid interface. The solution for the macroscopic contact
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stresses depends on the production of debris at the micro-scale (Dragon-
Louiset, 2001)

8.3.5 Identification of constants

Now to solve the identification problem in wear mechanics it is reasonable
to consider a simple model which depends on a limited number of con-
stants. We consider a model of tearing off of debris of the form v =
C(g— g% +™ which is similar to Paris’s law in fatigue, with a threshold gs
such that v =0 when g — g5 <0. The unknowns of the model are the material
constants C, m and the film thickness e,. The controlled parameters of the
model can be chosen in their experimental range of variation: different
punch radii R, indentations & and velocities V higher than some lower
limit corresponding to Stribeck’s lubricant parameter Ly < nV/p. The richer
the data, the better the identification of constants. Data which can be
measured include the downstream worn mass psegp(—a) per unit length and
unit thickness of the punch, the normal stress P and the shear T. In theory,
for rich enough data, the inverse problem of identificiation of the constants
C, m, ey can be solved by considering the whole set of equations for the
unknowns, using the classical least squares method.

8.4 Hydraulic fracturing of rocks

8.4.1. The physical problems

Crack propagation induced by a injection of a fluid into a bore hole is
widely investigated for applications pertaining to hydraulic fracturing of
rocks. Most works are based on the lubricant theory which makes the as-
sumption of small flow channel 2w(r, t) in comparison with the crack size,
one dimensional viscous incompressible fluid flow with the radial velocity
u(r, z, t) and negligible inertial force as compared to the viscous force
po2u/ot? < MAu (1 and ' = 1/p respectively dynamic and kinematic viscos-
ity coefficients). There are two types of models, with or without a lag at
the crack tip. Further insight on the physical and mechanical necessity of
existence of some lag will be discussed. Let us show first an experimental
existence of a lag in hydraulic fracturing of rocks by injected water in the
bore. Fig. 8.8 clearly shows the fluid front and the fracture tip separated by
a dry area (C.J. de Pater et al, 1999).
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Figure 8.7: Radial fluid flow in a circular crack, under injected flow rate Q, pres-
sure po(0, t); (a) model without lag; (b) model with a lag at crack tip

Figure 8.8: Hydraulic fracturing of rock by injected water in the bore (upper
right). The radial pattern may be probably caused by dynamic effects; the fluid
front and the fracture tip are clearly visible; the smooth surface beyond the frac-
ture tip is typical of a brittle fracture (Courtesy of C.J de Pater, TU Delft Univer-

sity, see Van Dam et al, 1999)
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The presence of a lag may affect the boundary condtions to be consi-
dered near the tip, and solve the problem of the appearance of singularities
in many models of hydraulic fracturing without a lag.

8.4.2 Equations in hydraulic fracturing of rocks

The radial flow of an incompressible viscous fluid in the channel of width
2w(r, t) is governed by the linearized Navier-Stokes equations, where terms
{ou/ot + (u.gradu)u} are negligible. The radial component of the velocity is
denoted by u,=u(r, z, t), and u, = 0. The field equations in the fluid domain
read

1o
pn' oz

=0

(fluid dynamics) (8.50)
G _2u o o
pn'or ot ror 97

w(r, t) =

4(1- V)JRO) gdg f &, (8.51)

pemed Sl e

Eq. (8.51), for the opening of the fluid-filled crack, is used in lubrication
theory to express the elastic fluid-crack interaction. The material constant
of the material to be considered in brittle fracture is the toughness Kj.
which is related to w(r, t) near the tip r = R(t) through

41-v%)
E

linl% {R=1)"*w(r,1)} = K, (fracture criterion) (8.52)

The quantity prescribed at the hole is either p the pressure
p(r =10, ) = py(t) (boundary condition on p at the hole) (8.53)
or the rate flow

Q(r=rp,t) =Qp(t) (boundary condition on Q at the hole) (8.54)

The flow rate at r, can be expressed in terms of the width w(r, t), using the
condition of incompressibility condition of the fluid between the radii r
and R(t).
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R  IW(Y)
nt)=4rx —=d
Q0 =47 [y =y
Let us derive another equation which provides a direct link between the
pressure gradient dp/dr and Q. We look for a solution of the Navier-Stokes
equations with a radial velocity of the form

(8.55)

u=o(t)(z” - wz)1 (8.56)
T

satisfying the adherence condition (more exactly the no-slip condition) on
the walls u(r, z = w, t) = 0. The pressure does not depend on z. Eq. (8.50) is
rewritten as

19 2w’ 1
— R g2 o= (8.57)
pn' or r r

Since the hole has a nonzero radius ry, the first term of the right hand side
of Eq. (8.57) is negligible in comparison to the second one. With such an
approximation, the mean velocity at the section of radius r, the flow rate,
and the pressure gradient are given, respectively, by

2

R 2aw
u= p. J:W u(r, z)dz = 3 (8.58)
3
Q=- 8a w (8.59)
3
(8.60)

VQd

!

Figure 8.9: (a) Pressure p function of d = (r — rp)/(R — 1), for different crack
sizes; (b) dR/dt, pressure p and time t as function of R (Zazovskii, 1979)
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No closed-form solution exists to the whole system of approximate Egs.
(8.50)-(8.60). Only numerical solutions and some asymptotic solution near
the crack tip r = R have been worked out. For a stationary crack, R = Cte,
it can be shown that the pressure has a negative singularity at the tip, s =
(R-1), p=0(s12), (Abe et al, 1976). To avoid this strong singularity,
Savitski and Detournay (2001) introduced a model involving a zero tough-
ness model K;.=0 and obtained a less singular behavior p=O(s !/3).
Zazovskii (1979) gave numerical solutions for the moving crack R(t) under
the criterion (8.52) and obtained a negative, logarithmically divergent
pressure p = O(In(s)). Zazovskii’s numerical results are shown schemati-
cally in Fig. 8.9. It should be noted that all one-dimensional flow models
without a lag yield a negative pressure at the crack tip, Fig. 8.9.a, which
should imply the appearance of a cavitation. To introduce a lag, a simple
model consists in introducing some characteristic length L, below which
no fluid, in the macroscopic sense, can penetrate into the crack as suggested
by Fig. 8.8. Another possibility has been exploited by Bui and Parnes
(1982) who introduced a two-dimensional flow correction to models without
a lag. This modified model avoids the singularity of the pressure.

8.5 Capillary phenomenon in fracture mechanics

Surface energy and surface tension of fluids as well as fluid-solid interac-
tions are not only significant at the atomic scale, but at the macroscopic
scale too: sap rises in trees, sand cohesion increases with humidity, bird
feathers repel water etc. In material sciences, there is a well-known phe-
nomenon reported by Rehbinder and Lichtman (1957): the resistance of
some solids is drastically reduced by moisture. Also, experiments reported
by Vutukuri (1974) have clearly evidenced an influence of liquids upon the
tensile strength of rocks which possess natural microcracks.

The concept of surface tension acting along solid-fluid and fluid-vapor
interfaces, while simple in the underlying physics, is a difficult one when
dealing with applications requiring quantitative predictions. Problems
involving fluid-filled cracks and moving fluid-solid interfaces are made
more intricate by viscosity.

Let us consider for instance a three-phases system (oil + water + crack)
with a fluid-filled crack. The structure of the moving fluid'-fluid?-solid
interface has been analysed by Moffatt (1964), Dussan and Davis (1974). By
observing the movement of honey drops placed on the fluid interface and
on the solid, Dussan and Davis (1974) found that the adherence condition
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Figure 8.10: Fluid 1(water) is moving on a solid surface and pushing forward
fluid 2 (oil); Drops of honey on the fluid-fluid and fluid-solid interfaces are ob-
served at different times in the moving frame attached to the triple point T; an
ejected line is observed in fluid 2; Particles of honey drops on the fluid interface
move either on the ejected line or lay over the solid wall; Fluid 1 rolls on the solid
while fluid 2 rolls off the solid at the triple point T, (Dussan and Davis, 1974)

is stronger than the no-slip condition actually observed in experiments.
The adherence condition means that fluid particles can never leave the
solid wall. Experiments show that this is not true. Fluid 1 is rolling on
the rigid wall while fluid 2 is rolling off the triple point T at some angle.
There is an “ejected” line or a “discontinuous” line of fluid 2 which con-
sists of contiguous particles which have been separated in the past. No
analyses have been carried out of the nature of singularities at the triple
point, neither in the fluid domains nor in the elastic one.

Two consequences, however, can be drawn for the fluid-filled crack, in
both statics and dynamics:

1) The fluid can roll on or off the solid wall, depending on a change of
the pressure p or the mechanical load o,

ii) In both statics and dynamics, the equilibrium between fluid and vapor
or vacuum at their interface may be considered in the framework of sur-
face force theories.

8.5.1 The equilibrium crack partially filled with a fluid

We first examine the two-dimensional problem of equilibrium of a crack
partially filled with a non-wetting fluid. The fluid-solid system is defined
by a surface tension o which is a characteristic parameter of the fluid.
Also, the contact angle 6 at the triple point depends on the whole system
(fluid-solid-vacuum). The fluid pressure p is balanced by the surface force
of the interface fluid-vacuum, given by Laplace-Young’s law
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=— 8.61
P=3% (8.61)
where R is the radius of curvature of the meniscus (zero pressure outside).
In a three-dimensional model,

1 1
p Ol(R1 + Rz)
where 1/R; and 1/R, are the principal curvatures. Therefore, in a plane
problem, the meniscus is a circle of radius R# 0. Fig. 8.11 shows the geo-
metry of the fluid-vacuum-solid system near the opening crack tip. The
maximum pressure corresponds to the critical radius R, predicted by a brit-
tle fracture theory with toughness K.

_4KR(-v')’

R
7B?

c (8.62)

Even if such the pressure p, = o/R, can be ascribed to the fluid, there is
always a thin layer of vapor or vacuum along the segment lying between
the triple point B and the crack tip A, with a lag [KA| # 0. Since 6 is constant

Figure 8.11: The moving fluid-solid-vapor (or vacuum) interface in the presence
of surface force; the case of a circular convex meniscus (6>n/2) is considered in
this figure; concave meniscus is possible for 6 <n/2 and high pressure of the vapor
zone; fluid can roll on or off the crack surface at points B, B' under changing pres-
sure or loads, without dissipation of energy in the fluid-solid interface
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and the pressure p is non negative, a geometrical argument shows that
point B cannot get closer to point A than a certain minimum distance.

This is an important feature for investigating the crack propagation be-
cause it allows for some relative slip to occur between a viscous fluid and
a solid wall, in the near tip region BA. There must be no shear stress in this
slip zone.

There are other physical and geometrical reasons for a lag to exist.

i) Let us consider some physical constants of rocks:

- Toughness, K= 106 Nm—3/2

- Young’s modulus, E =5.101Nm=2,

- Poisson’s ratio, v = 0.3.
The radius of curvature at the critical load given by (8.62) is R;= 5x 10~19m
or 5A. This radius is equal to twice the size of the water molecule H,O. At
this scale a continuum model loses its meaning.

ii) Suppose that some viscous fluid is in contact with the crack wall at
the crack tip A. Upon crack propagation, the “solid” points A+ and A~
move in opposite directions upward and downward, so that the no-slip
condition is violated at point K, in contact with A%,

Equations of the equilibrium fluid-filled crack

Let b denote the value of x(B) or x(H) and v(b) the crack opening dis-
placement at B. Let 2y denote the angle of the meniscus. The exact rela-
tionship between 6 and vy is

O=——+y+— (8.63)

where v(x) is the crack opening displacement. Since there is a lag, the gra-
dient dv/ox is regular near the crack tip and can be neglected in the small
strain assumption in comparison to the remaining terms. Hence we obtain
the following simpler relation which means that the fluid-filled crack pro-
blem becomes an uncoupled one

0= y/+§ (8.64)

The fluid pressure is p = /R with

)

=— (8.65)
sin )
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Now we derive the solution of the fluid-filled crack of length 2a subjected
to some fluid pressure p acting on the interval —b < x <b plus some remote
uniform tension traction . The stress-intensity factor at the crack tip A is
given by the following classical formula which can be found in many text-
books

K, = 2p(i)1/2 arcsin(E)+ oV a (8.60)
V4 a

We need to derive the crack opening displacement from the knowledge of
stress-intensity factor. We shall omit the details of the derivation given in
(Bui, 1978). The crack profile v(x) is given by

_4a(l-

2
V= V) roF () + 0 Gx) (8.67)

where

F(x) = +/(1-x*/a?) arcsin(b/a) +

2\/(a2—b2)\/(a2—x2)+232—b2—x2|

+(b/2a)In +
(b/2a) b))
x . [2bxya? —b? a2 —x’ —az(x2+b2)+2b2x2|
+Zlog 20 _b)) (8.68)

and

G(x)= %/1 _(x%/a%) (8.69)

Substituting Eqgs. (8.65) and (8.67) in Eq. (8.61) we obtain a quadratic
equation on p

F(b)p? + 6 G(b)p —YE2=0 (8.70)
where the dimensionless constant y is given by

_ zmosin(y)

BT (8.71)

One would expect (8.70) at first sight to yield two possible solutions for
the pressure. As a matter of fact, when y = 0 there is no surface tension and
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there is a trivial solution p = 0, so that only one solution of Eq. (8.70) is
significant for the fluid-filled crack problem

_ e 2 2
P~ 0G(b)+ 0°G>(b)+ 4¥E’F(b) } (8.71)

The solution (8.71) is real for 0 < b < a. Fig. 8.12 shows the dimensionless
pressure p/Ey!2 versus the ratio b/a of the wet zone, for several remote loads
¥ =o/Eyl2.

When b approaches a, without reaching it (up to some by,,y), the pres-
sure increases according to

1

p =
with C = 2"E(yn)2. However, the pressure cannot become singular be-
cause of the lag. To calculate the limit value b,,,x we express the geometri-
cal condition (x(A) — x(K)) > 0, which yields the following implicitcondition
(1 cosy)a < p(bpax)(@ — byay). Using the asymptotics (8.72) the maximun
size of the wet zone is

bimax = @ — {(1 — cosy)*am2(2a) 1 E-4y2}113 (8.73)

Figure 8.12: Pressure of the fluid occcupying the wet zone —b < x <b, as a function
of b/a, for several values of the remote load X
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8.5.2 Capillary stress intensity factor

The stress intensity factor is given by
2 . b

K, = [0' + 2P arcsm(—)} N a (8.74)
T a

Therefore the toughness of a wet cracked body subjected to some re-
mote tensile stress ¢ is lower than that for a dry material by the amount

KI0 = 2—parcsin(h)\/ ma (8.75)
V4 a

which is referred to as the Capillary Stress Intensity Factor by Bui (1996),
Fig. 8.13.

This is nothing but the Rehbinder effect which is explained by a mech-
anical argument here. The lowering of the strength of the materials by
moisture has been reported in the literature (Rehbinder and Lichtman,
1957, Eeckhout, 1976).

Previous interpretations of the Rehbinder phenomenon were generally
based upon Van der Vaals's interaction forces and chemical interactions
between fluid molecules and solid ones. Such an influence actually exists
but it is not the only one. When a water molecule penetrates into the crack
tip cavity in glass, a link is broken between some atom Si and the atom O
of the bond ..-Si-O-Si-, another one is broken in H-O-H. Then two hy-
droxyls OH build new bonds with the silicium atoms in glass resulting in

Figure 8.13: Capillary stress intensity factor existing prior to external loads
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two separate —Si-O-H and H-O-Si and a new cavity or an additional crack
length (Michalske and Bunker, 1988). This mechanism demands less energy
than that required to directly break the bond Si-O-Si. However, the size of
the water molecule (or other liquids) is comparable to that of the cavity so
that there is little room for a chemical interaction under low applied stress,
precisely because of a lag.

8.6 Viscous fluid flow solution near a moving crack tip

We consider a steady state propagation of a crack driven by some hydrau-
lic pressure and analyse the structure of fluid flow near the moving crack
tip moving at the velocity V. The geometry of the coupled fluid-solid sys-
tem is shown in Fig. 8.14. Neglecting inertial forces, the near tip geometry
is defined by the toughness Kj. of the solid. The fluid is separated from the
solid wall by a lag, with the surface tension o, the convex meniscus S, the
contact angle 6. In the moving frame, the fluid flow at section C is that
given by a lubrication theory, with a parabolic profile and a zero global
flow rate. The equations of the coupled system have been given by Bui
et al (2002).

8.6.1 Equations of the fluid-filled moving crack

Having in mind a numerical solution, we shall write the full set of non-
linear equations.
+Navier-Stokes equations

divv=0 inQ (8.76)
1
(v.grad)v+—gradp—n'divgradv=0 inQ (8.77)
P
3v( yz\\ .
v,=—|1-=1, vy =0, on CC' (width 2h 8.78
XT3 L th y ( ) (8.78)
v,=-V, v, =— m on BC, B'C' (8.79)

Y ox
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+Parabolic profile wall y = w(x)

2

y
X=——), 8.80
® (8.80)

4K (1-v?Y

Ic

R
7E?

C

(8.81)

+Capillary force (n is the unit outward normal to S)

Gnt - 0
(on the meniscus S) (8.82)

p = o divn,
+Global equilibrium equation
K, =f(p,0})) (8.83)

The first Eq. (8.82) indicates that there is no shear force 6, = 0 on the
meniscus surface, due to the lag. In a fixed frame, the fluid rolls on the crack
wall at point B. Eq. (8.83) provides the stress intensity factor for the applied
load ¢ and the internal fluid pressure p. This pressure can be either a given
datum — for instance at the bore hole in hydraulic fracturin . — or a value
implicitly determined by the flow rate of injected fluid or by the fluid vol-
ume of fluid in the wet zone.

8.6.2 Numerical results

When solving the above mentionned non linear equations, the value 6 = 2x
has been considered in order to avoid singularities at points B and B'. In fact,
the point force at the triple points of magnitude 2pv(b) is negligible in com-
parison to the total force acting on the crack 2pa. In other words, the surface
force acting on the meniscus at the microscale of the crack tip region has
only a long range effect.

The computer code N3S (Navier-Stokes in 3D) of Electricité de France
has been used to find a solution with a very small lag. Instead of solving
the coupled problem, we are solving an approximate uncoupled one
whichies Egs. (8.76)-(8.80) only, with fixed x(b) and constant p on the
meniscus. The meshes used are not fine enough for condition (8.78) to be
satisfied exactly and implicitly. A constant pressure is imposed on the
meniscus KB, rather than that determined by condition (8.82). At the stagna-
tion point K close to the crack tip A, the curvature does not vary signifi-
cantly so that condition (8.82) or (8.61) is approximately satisfied for value
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o inferred from the mean value pR. This “inverse” solution approach cor-

responds to the value K. infered from (8.81) and to some remote stress .
The stream lines are typically the well known ones of a “fountain” flow.

The pressure decreases smoothly to some finite value at the meniscus S.

Figure 8.14: Stream lines of the “fountain” viscous fluid flow in the moving
domain |y| < w(x) of the opening crack with the velocity V: Fluid velocity is equal
to (vx = —V, vy = —0w/dx) along BC; Constant pressure is imposed on AB (heavy
line); parabolic flow of zero global flux is prescribed at section C; Pressure
decreases smoothly from p = 8.4 at C to —18.3 at K; The fluid velocity vanishes at
K while the velocity of the solid point A™ is unbounded (Bui et al, 2002)






Chapter 9

Crack Detection by Scattering
of Waves

9.1 Introduction

The assessment of structures is an important problem in Engineering
Mechanics. Fracture Mechanics deals with the mechanical behavior of
cracked solids or structures under applied loads. One assumes that
the crack geometry and position as well as the boundary conditions on the
crack are known. This is true for tunnel cracks through a thin wall, for
which the crack geometry is known in a two-dimensional problem, or for
edge cracks in a three-dimensional solid where the crack geometry is par-
tially known. Except for these particular cases, the crack geometry in a
solid is generally unknown. This is the case for a slide fault of an earth-
quake in seismic regions where both the release of shear stress and the
fault geometry are unknown. The determination of the actual crack geome-
try in statics or dynamics poses many challenges for research nowadays,
owing to the interest of the mathematician community for Engineering
Problems (3 Journals on Inverse Problems have been created over the last
decade). Mathematical works in inverse geometry problems have been
developed for medical imaging and for the evaluation of materials. The
term Tomography is used in classical method of inspection by X-rays,
Single Photon Emission Computerized Tomography (SPECT), Positon
Emission Tomography (PET), as well as in methods — called generalized
tomographies — which include Scatterings of acoustic and elastic waves in
the frequency domain, method of Detection by Infra-Red emission, Mecha-
nical testings, Vibration, Scatterings of waves in the time domain. The origin
of these namings may be found in the use of ray theory of wave propaga-
tion. To scan a solid with ultra-sound devices, one gathers information
from a source S (or the input) and a receiver R (the output). The pair SR
acts as a X-ray line L in classical tomography. The only difference bet-
ween these tomographies is lying in the physics of phenomena considered
and the corresponding mathematics of the inverse problem.

233
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Tomographic methods will be discussed in Chap. 10. In this chapter we
will make a brief review of some classical methods to identify defects and
cracks, by scatterings of acoustic and elastic waves. New methods of scat-
terings of waves to detect planar cracks and to solve the earthquake inverse
problem in closed-form, in the time domain, will be specifically addressed
in Chap. 11.

9.2 Scattering of acoustic waves

Applications of acoustic waves are found in Medical Imaging like the ultra-
sound scan, in Engineering for the evaluation of materials or the Non
Destructive Testing (NDT) and in Geophysics for the detection of an oil
reservoir. The scalar wave equation in the frequency domain is (k = ®/c)

divgrad ¢ + k’¢ = 0, xeQ\{sg 1o} (9.1)

outside the source s( and the receiver ry. Genrally the domain considered is
unbounded. This is not true in the medical imaging of a human body. It is
not true for a real solid structure either. Nevertherless, it is well known that
the medical diagnosis of malicious cells provides reliable information to
radiologists and physicians.

To understand such a peculiar feature in acoustic scattering, we recall
the principle of acoustic scan. Waves of frequency ® are generated by an
emitter sy which is leant against the body, with a gel to make a better con-
tact for a wave propagation.

Two methods exist: the receiver ry is located either at different stations
(the “emitter-receiver” method) or at the same location at the source (the
“transducer” method), with the same apparatus. In either of them, incident
plane waves ¢ emitted by the remote source are diffracted by defects
and diffracted waves ¢(@ propagating to the receiver rq or back to the tran-
ducer, are travelling in an homogeneous medium considered as an infinite
medium.

One assume that Eq. (9.1) holds in a human body outside malicious cells
or in a sound solid outside cracks or inclusions. Thus it is assumed that the
wavelength is small in comparison to the body or solid size. Therefore, the
total field ¢ = ¢(iV) +¢(@ may be measured far from the inclusion. Waves are
assumed to satisfy the radiation condition
d

8_¢ — ikg = O(1/r) at infinity 9.2)
r
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The diffracted field ¢@(x) is related to the total field ¢(x) on the surface
of the inclusion S by an integral expression (for simplicity, the dependence
on the frequency is omitted, except for the Green function), (Bonnet, 1999)

d d
$0) = |, U5 G7nY) — G RN Z- UM, xe@  93)

y

where G®(x,y) is the Green function of the Helmhotlz equation corre-
sponding to Eq.(9.1), where a Dirac delta source at y=x has to be added
div_grad G(x,y)+k’G(x, y)+ 8(y —x) = 0. The domain Q is outside the sur-
face S. The Green function is given by

exp(ik|x — y|)

Gxy) = =

(9.4)

To solve the exterior problem of waves scattering one needs some
boundary condition which depends on the physics of the problem consi-
dered.

Finally, the model of an infinite medium with the incident plane waves
are simple enough to make the data inversion possible, while realistically
describing the main feature of the physics of wave propagation. This is a
compromise between the physics and the mathematics of inverse problem.

9.2.1 Detection of a rigid inclusion

The boundary condition for a rigid inclusion is d¢/don= 0. From Eq. (9.3),
the integral representation for the diffracted wave in Q is given by

R
POx) = [9¥)=— G (x,y)dS,, (x Q) 9.5)
S on,
The diffracted wave at point z on S is given by

0
#() = S 90)+ v [ ¢ ()5, (1), @) (9.6)

In the scattering of waves, two assumptions are generally made:

i) The (pv)-integral term of Eq. (9.6) is negligible compared to ¢(z)/2, so
that ¢(z) = 20, ¢in)(z) = ¢(z) — ¢ (z)) = 6 and ¢(z) = 2¢(n)(z). The
assumption is known as the Born approximation in acoustic scattering

i1) The integral over S in Eq. (9.3) is limited to the surface S+ illumi-
nated by incident wave. This approximation is justified by the exact solution
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of scattering of wave by a semi-infinite crack, provided by Achenbach
(1980), where except for the crack tip region, the field at the hidden sur-
face S- is zero. Numerical solutions for a flat inclusion show the same fea-
tures.

The diffracted field in the medium Q, is thus expressed in terms of the
incident field, approximately by

PO = 2[ PV GO S, () ©.7)

These approximations lead to an exact inversion of diffracted data. The
emitter is located at x far from the obstacle in the opposite direction. The
same device emitter-receiver (called the transducer) is used for sending
waves and receiving the backward diffracted signals. The illuminated sur-
face S+ is defined by y.x > 0, with y on the surface S, x at the receiver while
the hidden surface S- is defined by y.x <0. Since the source point is far
from the obstacle, we can express the incident field and its normal gradient
on the inclusion approximately as (% = x/|x|)

» 1 . o +
#M(y) = G?(x,y) = 4—exp(1k|x| Yexp(—iky.x)S,, (yeS") 9.8)

7x|

ik

47r|x|

d . : A +
— ¢ (y) = - x.n(y)exp(ik x| Jexp( — iky.X), (yeS") (9.10)

on

y

Substituting 0G®(x,y)/on, = 90(")(y)/ony, Eq. (9.10), and ¢(n)X(y), Eq.
(9.8) into Eq. (9.7) one arrives at the expression

@) o k . o an
#V(x) = N exp(21k|x|)J‘y.X>0 xp( - 2iky. X)X.n(y)ds, (9.11)
Now let us introduce the characteristic function @(x) of the inclusion,
equals to 1 inside S, and zero outside. The technique of the transducer con-
sists in collecting data for all possible orientations in the three-dimensional
space, at fixed distance |x|=39, in the whole range of frequencies. One
measures the datum ¢@(x,m) at each frequency. By setting K=2kx and
o =c|K|/2 we obtain the experimental datum ®(K) = ¢(K/K]|; c[K|/2).
Since K=2kx, ke O,,X €S, (unit sphere of dimension 2) vector K is a
three-dimensional one, there is hope that the datum ®(K) is rich enough
for a volume occupied by the inclusion C (or the characteristic function
©(x)) to be determined. Eq. (9.11) can be written in the form
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ik

87 |x|”

¢ (x; )exp(-2ik|x|) = - jwo exp(—2iky.X)%.n(y)dS, (9.12)

Making the substitutions x— —x and y =-y' into Eq. (9.12) and taking the
complex conjugate (*), we then obtain

[0 (~ x; @)exp(~2ik|x|)]* = - ik 2
877 |x|

[ exp(—2iky’.2)%.n(y)ds,
y'.x<0

(9.13)
Noting that ST = {y.x>0} and S~= {y'.x<0} and adding (9.13) to (9.12) we
obtain
¢V (x; )exp(-2ik|x|) + [¢'V (- x; w)exp(-2ik|x]) ]* =
__k
87’ |X|2

v[9+uS— exp(—2iky.x)n(y).x dSy

Finally introducing the characteristic function of C (p=1in C, 9=01in
Q), we transform the above surface integral into a volume one over the in-
finite medium

¢(d)(X; (0)6Xp(—2ik|x|) + [¢(d) (—x; a))exp(—2ik|X| )]* =
k? A
D [Ls 9 xp(=2ikyR)av, (9.13)

The right hand side of Eq. (9.13) is the Fourier transform Fo(K) of the
unknown characteristic function ¢(y) thus (K=2k x )

167°5” . .
Fo(K) = - %) (@ (K)exp(—i|K| &) + {D(-K)exp(-i|K|5)} *) (9.14)

Finally, the inverse Fourier transform of Equation (9.14) gives the char-
acteristic function @(x) of the inclusion C

Figure 9.1: Point y of the illuminated part S* of the surface of the inclusion C sat-
isfies y.x >0, point y’ of the hidden part S satisfies y’.x <0
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2
P(y)= - %Re(jR3 %@(K)exp(—ilKl 8)exp(iK.y)d’K) (9.15)

It is the well-known Bojarski formula which has important applications
in ultrasound scan (Bojarski, 1981).

The analytical solution (9.15) is derived for an ideal experimental set-up
which requires the whole spectrum o and all directions of the transducer
in the unit sphere S,. Needless to say, one can only obtain approximate
solutions from limited number of frequencies and directions of the trans-
ducer. For complete data, the explicit result (9.15) shows that the ultra-
sound inverse problem to detect an inclusion has a unique solution.

9.2.2 Detection of a flat cavity

We consider a plane incident wave of the form ¢(in)(y) = exp(ikd0.y) with
propagation vector kdO in the direction dO towards a flat cavity, whose
thickness is assumed to be small. The flat cavity modellizes a crack in
three-dimensions. Surface S+ n=e3) is illuminated by the incident wave.
The crack plane is denoted by P and the characteristic function of S de-
noted by ¢(y). The boundary condition for a cavity is ¢ =0. The diffracted
field at point xe Q (the infinite domain outside the cavity) is

9= - Jsﬁ“’(x,y)aicb(y)ds . (xeQ) (9.16)
n

y

The normal derivative at x near S+, but not on the surface, is given by

o

Figure 9.2: Flat cavity modelling a crack in three dimensional medium
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0 0 0
— Y@ = | —G°(x,y)—4(y)dS,, (xeQ) 9.17)
on, Ston, on,
The limit as x— z on the surface is given by the principal value integral

9 - ™ =1 9 A 2o
on, {p(2)-¢"™ ()} =3 o #(z) + (p )L+ n, G%(z,y) an, P(y)dS, (9.18)

where ze S*. As before, the pv-integral is neglected in acoustic scattering
models so that 0¢/dn, = 29¢(/9n, and

9 ..
p0=- [ 26°(x Mg 0O, (xe) (9.19)

The preceding reasoning given in Sect. 9.2.1 with the incident wave
d(in)(y)=exp(ikdO.y) leads to (xe Q)

ik

¢V (x) = - ———exp(ik|x|)@".e") | p(y)exp(-2iky.d")d’y, (9.20)

27|x|

The characteristic function @(y;,y,) of S in the plane P of the flat cavity is
extended to the characteristic function @(y;, y», y3) of the flat cavity in the

whole space by setting @(y1,y2,¥3) = 0(y1,y2) = 1 for 0<y;<e(small),
(Y1, ¥2) €S and ¢(y1, Y2, y3) = 0 otherwise. Eq. (9.20) becomes

ik

2e7Z'|x|

PVx) = - exp(ik[x)d.e’) [, G(y)exp(-2i y.d*)d’y, (xeQ)

The normal n of the illuminated face S* is n= e3. For a transducer, one has
x = —d°. By letting K= 2kd0, we can write the above equation as

iK
Ok =~ —explik|x)) [ o ep-iy Ky, (xeQ)

err|x|
Measurements at large |x| from the cavity yield the far field F defined by
F(x;k) = 47|x|exp(-ik|x|) ¢ (x; k) 9.21)

Therefore, the Fourier transform of the extended function @ (yi, y2, ¥3),
denoted by @(K) is related to the far-field
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PK) = [,16()exp(-iKy)d'y === F(~K/[K]:k) (922)
3

To achieve the inversion, it is necessary that measurements of the far-
field F are made for all the spectrum k>0 and all directions of incident
waves d0e S, (unit sphere, or a half-sphere) so that K=2kd? belongs to the
three-dimensional space. In fact, measurements for the right hand side of
Eq. (9.22) are made on the half space, K3<0, the extension to the upper
half space K;>0 being made by a symmetrization. In practice one deals
with a finite spectrum and a finite number of the transducers orientations.
The quality of the inverted image depends on the richness of data. Nev-
ertherless, the explicit formula (9.22), by an inverse Fourier transform,
shows that the inverse problem considered has a unique solution.

9.2.3 Finite spectrum and finite number of incident
waves

So far, the reconstruction of scatterer S has been based on the use of con-
tinuous spectrum k>0 and full observation directions x in the unit sphere
S,. Born’s approximation yields the remarkable result that the far-field
F(x, k) gathered by the transducer contains sufficient informations to solve
the inverse problem in closed-form. In practice, for instance in ultrasound
scan, a finite number of transducer directions d° = —x and a finite range the
spectrum or a finite number of frequencies are considered. In Geophysics,
the number of natural sources like earthquake or artificial ones (for in-
stance explosions to detect oil reservoir in the underground) are finite, as
well as the number of recording stations on the ground.

Consider the inverse problem to detect a cavity C using Born’s approxi-
mation and a finite number N of the transducer orientations and a finite-
nite number of frequencies M

g (y) = exp(ik 45,d()-y), (@=1,.N), (B =1,.M)

The theoretical far-field depends implicitly of the cavity shape dC and is
given by Egs. (9.19), (9.21)

F(R ()3 k(g 9C) = = 472]x 0| exp(ik ) [ X

w J in
x [ 2G (x(a),y)aqﬁ (3K p))dS, (9.23)
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The far-field measured is denoted by Fealeul(o, B).

To determine the cavity boundary dC one solves the shape optimization
problem, with or without constraints on geometric parameters, (see Bon-
net, 1999)

naliCnZ”Fcalcul(f((a); k() 9C) — F™* (a1, B)| (9.24)
a.p

It is well known that the shape optimization problem is ill-posed. The
presence of constraints on unknown parameters defining dC is then neces-
sary to regularize the problem (9.24). Roughly speaking, regularization
methods consist in choosing subspaces of functions to enforce the regu-
lariry of the solution. For instance, in a two-dimensional problem, when
the boundary JdC is defined by the set of points {yi, y2, ..., Yn}, optimal
numerical solutions without constraints often present instabilities or oscil-
lations: star shaped solution, “sea urchin” solution, dependence on the
number h of elements, non uniqueness of the solution, local minima etc.

To avoid instabilities, one can consider shape parameters {pi, ps, -.,
pm} defining the geometry of guess model dC (circle, ellipse, rectangle
etc..) in order to calculate the approximate far-field, (Kawabe, 1994). The
nonlinear optimization problem (9.24) is then solved by a gradient method.
Such a method implies a priori knowledge of the shape of the true cavity.

A more general method consists in parameterizing the curve JC by
y(0) =(y1(0) y2(0)) where y(6) is 2rn-periodic, twice continuously differen-
tiable and y’(8)] > 0. Then the sensitivity analysis is performed by the use of
Frechet differentiation of the far-field F(y) with respect to y(0), (Kress and
Zinn, 1992).

Another method to enforce the regularity of the solution to the geomet-
ric inverse problem, has been proposed by Colton and Monk (1985) to de-
tect an unknown rigid scatterer with one incident plane wave propagating
in the direction d°. One assumes that the receivers in different directions X
measure the far-field Fmeas (X ). The exact far-field for the true inclusion
dC is given by

) iz d oo
Fk:k d') = - T exp(= ) jac ¢(y)aexp(—1k.x)dSy (9.25)

For clarity, let us denote the guess inclusion by D and define function v(x)
as
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v) = | e@exp(iky.R)dS,

Function v(x), xe R*\D is called entire function of the Herglotz type.
If v(x) satisfies the radiation condition and the Helmholtz equation of the
exterior boundary value problem with a particular boundary condition

divgradv+k’v=0, xeR*\D (9.26)
v _ i[H§;>(1<|y|)] * yedD (9.27)
on on

where H{’(.) is the Hankel function of order zero and the first kind, then

D is called Herglotz domain.
We will denote the density by g(y ; D).

Colton and Monk (1985) derived the following result
[ PGk, )l DY, +/2/ (k) exp(~ )= 0 (9.28)

A Herglotz domain D, in two-dimensions and polar coordinates, pos-
sesses the property that its boundary r=r1(0) is very smooth. Thus the
boundary condition (9.27) is considered as an efficient method to enforce
the regularity of the numerical geometric solution. It is equivalent to the
regularization technique of solving ill-posed inverse problems. It remains
to enforce the boundary condition Fmeas(x) =F(x; k,d%) by substituting the
far-field measurement in (9.28). Then the proposed method reads

Min{] L‘:]Fm"“(fx;k, d*)[g(&; D)J*dS, + /27 k) exp( i?”) P+

ov(y:;D 0
+1,) %‘ SHE D] [as, 3 9.29)

This method has been considered by Ding and Planchard (1989) for
studying a circular scatterer for which the exact solution has been used for
modelling the data Fmeas(x ),

Numerical tests based on (9.29) showed that two frequencies and three
directions d’, (N=3) recover the scatterer with good accuracy.

This result is similar to that obtained by Kawabe (1994).
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Figure 9.3: Reconstruction of a circular rigid inclusion using the method of
Colton and Monk (1985), with two frequencies m;, m,, three directions N=3 of
incident waves. (From unpublished works by Ding and Planchard, 1989, EDF)

9.3 Diffraction of elastic waves

The scattering of elastic waves aims at the inversion of data for volume de-
fects in solids. To obtain reasonable models for the inversion, one makes
use of similar assumptions: small defects, weak defects, infinite elastic
medium, Born’s approximation.

Born’s approximation is related to the first order solution of the integral
equation for the total elastic field u, while in acoustic scattering, the zero
order solution has been used when we neglect the pv-integral in (9.6) and
(9.18). Typically, as shown below, the total elastic field satisfies an inte-
gral equation of the type u = u(m+Bu. Formally, subjected to a convergence
in suitable functional spaces, the solution u is given by the series u=
(/-B)~Tu(in) = u(in) 4+ Bu(in) + B2uln)... with iterated integral operators BN,

In Born’s approximation, only the fisrt terms are considered for the so-
lution u = u(in)+Bu(in),

Consider a small defect in a solid structure, which is modelled by an in-
finite elastic medium. The defect, for instance a damaged zone, is an inclu-
sion with a different elastic constants or with a change in the density. A
plane incident wave impinges the defect in the d direction

u™(x,t) = A exp(iK.x) exp(—imt) (9.23)

where A and dO are unit vectors, K= kd0. For the incident P-wave A®) = d0,
for shear SH and SV waves we have AS)1d0. Omitting the time factor, the
diffracted wave is denoted by u(d(x). The total field satisfies the time har-
monic equations
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L'fu,,; + po’u; = 0 (in R’ - Q) (9.24)

L(g)hkuh’kj + pP@*u; = 0 (in the inclusion Q) (9.25)

Let SL=L-LO), §p=p- p0, both vanish outside Q and are constant inside
Q. Egs. (9.24) and (9.25) can be written shortly as

Ly u g+ p@’u; + (L uyyy + @78 u;) = 0 (9.26)

Introducing the Green function G, (X, y) of the homogeneous medium, we
express the general solution of (9.26) in the form,

u (%) = ufP () + LY [y (NGl (x.¥)dR,

im,j

+ @’ jgum(y)Gg;(x, V)dQ, = u™ + Bu (xe OY) (9.27)

where B; are integral operators. Using Born’s approximation, u = u(® + Bu(in)
and the relation u@ =u— u™, we obtain the diffracted field as

w0 =L [ ufl(y)G0,(x1)dQ, + @”dp | ul(v)G, (x,y)dQ, (9.28)

We do not reproduce here the lengthy expressions of the Green tensor
components, which can be found in textbooks, (see Achenbach, 1980;
Bonnet, 1999). In fact, another assumption is generally made in scattering
elastic waves, which greatly simplifies the expression for G : for small de-
fects and for /arge distance between the defect (point y) and the receiver
(point x), the approximate Green tensor components depend on |x-y| and
derivatives, which are estimated by means of the following expressions
(k=kp or kg)

l/jx-y| = l/]x]|

[x—y|= x| - (y.X)

1 : S .
exp(ik|x— y|) = _HXiyj exp{ik(|x|—x.y)}

|X - Y| ayiayj

It can be shown that the diffracted field (9.28) is given by
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ul(x) = (8 - X%, ) ! exp(iks [X))F;(X, kg, d%)+

1

+§<§<
I

(x)exp(lk |x|)F (x; kp,d ) (9.29)

The far-field F defined on the unit sphere S, is given explicitly by

F(x;k,d")=—% kg (m)(y)exp( ikX.y)dQ, +
4mp

ﬁ&hkf( I uflrl’()(y)exp( ikX.y)dQ2, X €S, (9.30)
47rpa)

At fixed frequency, since the far-field is defined on the unit sphere, they
are theoretically sufficient for the reconstruction of the surface 0Q of the
defect. However, the inversion formula should not be simple to derive. Let
us consider rather the possibility of collecting data in the whole spectrum,
ke R, and from all directions xS, and show how to derive simply the

volume defect Q.

We consider the example of the reconstruction of defect due a constant
change of density, while the elastic constant is homogeneous 8L = 0. The
contrary case of a constant change on elastic constants (the crack like
defect) can be analysed in the same manner. We introduce the notations

X=ki, M(X; k) =4npF(X/k; k, do)

Function M(X;.) of X in a three-dimensional space (k>0,xeS,) is
known by experiments in which the emitter is fixed (incident P-wave A= d)

and the receivers are in different directions x of the 3D space. From Eq.
(9.23) without the time factor and Eq. (9.30) we obtain

M;i(X; k) = A; f[w @(y) exp{iy.(kd — X)}dy’ (9.31)

Since F is colinear with u(in), Eq. (9.30) with 8L =0, M is colinear with
A=d, we set M=md. By a change of variables, we obtain the magnitude
m(X;k) of the far-field

m(kd = X: k)= [ o(y) exp(iy-X)d’ (9.32)

The Fourier transform of the characteristic function of the defect is
known experimentally by the left hand side of (9.32). The conclusion is
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that the far-field contains enough information which can be extracted in
order to solve the inverse geometry problem. It should be noted that (9.31)
indicates some compatibility between different components of the far-field
data. If the data, measured components by components, are not compatible
(noised data) each component 4npF;/d; (no summation) provides indepen-
dent estimations of the true defect. Needless to say, all the exact inversion
formulas considered here suppose exact data or compatible data since they
are obtained by solving forward problems

9.4 Non destructive testing of materials. A case study

This section briefly presents some experiments performed in real structures
to detect cracks or defects in NDT using high frequency (Mhz), Nguyen
(1992).

As discussed in Sect. 9.2, there are many conditions for solutions of
scattering of waves in unbounded domain to be valid for bounded solids.
Thus, it is necessary to make tests in real structures or specimens with a
crack or hole in order to ensure the validity of both experimental set-ups
and numerical solutions. The computations of the pressure in the time
domain are performed in plane strain condition for a circular cylindrical
cavity in order

50

. =

Figure 9.4: Geometry of the testing specimen in steel A42 (in cm). Focusing
spherical transducer 2.25 Mhz operates in water. Measured p(t) at the interface
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Figure 9.5: (a) Electrical signal of the transducer; High oscillations due to diffu-
sion at the interface; Scattering waves by the cavity after a travel time; (b) Nu-
merical computation of the water pressure p(t) at the interface, (From G. Nguyen’s
report EDF, 1992)
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to determine the minimum size of the specimen for both valid measure-
ments and numerical computations. Fig. 9.5 (a) shows the electrical signal
of the transducer which may be sufficiently high for a transmitted wave to
reach the solid medium. Most energy has been dissipated in water. The
transducer also measures the reflected waves at the interface. Fig. 9.5 (b)
gives the calculated acoustic pressure at the interface. A coupled fluid-
solid interaction model has been used in the computations. The agreeement
between theories and experiments for the location of the cavity is quite
good for an engineering application.

9.5 Time reversal mirror (TRM)

This is a subject arising in medical imaging which has been recently deve-
loped, in theory as well as in experimental works and applications, since
the seminal works of Prada and Fink (1994), Fink (1997), Fink and Prada
(2001). Let us think about an inverse problem to determine the location of
a stone in the bladder, then the mathematical solution to the inverse prob-
lem, and finally a medical treatment which consists in destroying the stone,
mechanically by waves. An incredibly altogether complex operation to
solve an inverse problem in fracture mechanics for the medical imaging
and a treatment — is done by the well-known time reversal mirror.

Assume that a source at x (in Q*={x; > 0}) emits a brief signal f(t) of
compact support y (for instance two impulses of amplitudes a;, a, sepa-
rated by an infinitesimal distance 8. The precursor is represented by a thin
line, the other wave by a heavy line. The precursor amplitude a; is less
than a, for an easier graphical display (a <a,). Both waves propagate in a
three-dimensional homogeneus medium. The plane S (x;=0) consists of a
two-dimensional array of small transducers which are electronically moni-
tored so that they record, save data and magnify signals emitted backwards
after some delay.

If the plane S immediately reflects waves backwards, one should have
the picture shown in Fig. 9.6 Denote the incident wave in Q' by
ut (x,t): = f(ct — |x—xg|), the reflected wave in Q" emerges from the left with
wave u (x,t):=f(ct—|x+Xx¢|) as anemitted one at point — xo. The emerging
wave u=(x,t) for x in Q" is a divergent one.

Now suppose that the transducer records the signal u'(xg,t): =
f(ct— xg—Xq|) at point xg on S during [0,T] and then sends it back to Q*
after a modification as v(xg, t) = ~u(xg, T—t) with reversal time. That means
the wave a, is first sent back to Q*, then followed by a; in the reversed order.
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Figure 9.6: Divergent reflected wave u™(x,t) by S(x; = 0); The gradient of the ref-
lected wave du (xs,t)/0x; is negative and at xg=0 du (0,T)/dx;| = (a;—ay)/6<0

Figure 9.7: Time-reversed wave v(x, t) is convergent to the original scatterer x;
the gradient dv(xg, t)/dx; is positive on S. At time T/2 the wave is tangent to S at
x = 0 and 9v(0, £ T)/dx; = (ap—a;)/8 > 0

The reverse time wave is a convergent one. Imagine that source signal
v(Xs, t) has been electronically magnified by a large factor, thence the
reversal time wave converges to the original scatterer (the bladder stone).
Reversal time wave looks like a rewound movie playing backwards. In the
inverse problem terminology, wave fronts of the time reversal mirror TRM
are geometrical bounds of the unknown scatterer, for t < T. The smaller the
time (T - t) the better the bounds. The striking feature of TRM is that com-
plex or random scatterers can be considered.
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9.5.1 Experimental validation of TRM

We follow the works of Prada and Fink (1994) to describe their experi-
mental setups for the validation of TRM. One transducer is used to emit a
localized impulse which consists of three monochromatic waves, about
&/c =1us. The spherical wave strikes a band B of randomly distributed scat-
terers which emit a broad band signal, called a coda, in both sides of the
band B, about 200 us. The signal is then used by a TRM to reconstruct the
original source. One practically recovers a narrow band signal of the same
order 1us. The most striking result is that the more disordered the medium,
the better the reconstruction of the source.

Figure 9.8: Localized signal emitted by a transducer consisting of 3 different fre-
quencies; Multiple scattering by MS procudes a broad band signal; Wave received
by TRM to reconstruct the initial source; The coda signal is recorded and then
read in back slang to generate the reversed coda
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9.5.2 The mathematics of time reversal mirror

As seen in Fig. 9.7, by taking the origin of time as the instant when direct
wave reaches M and N, signal v(Xg, t) is thus known on Sx[0,T] as well as
the gradient ov(xg,t)/0x

d

0 0
— V(X ) = —u (x, T— t) = — f(c(T — t) — |x, +
o, V(X,, 1) aXlu (x,, ) o (T — 1) =[x, + )

Now the unit normal to dQ* is directed on the left, Fig. 9.7, so that the
normal gradient of the time-reversed field v is d,v(xg, t) = — du=(xg, T —t)/0x;.

Mathematically the time-reversed field v(x, t) satisfies the wave equation
(without source term) and two boundary conditions on S

2
divgrad v(x, t) — Lz J ;S Y Z0 on Q¥ x [0, T] ™ (9.33)
C
v(x, t) = f(c(T-t) =[x +X¢|) on Sx [0, T] (9.34)
M=—if(c(T—t)—|x+x0|) (9.35)
on ox,

Remark that f = 0 on S outside the area hit by the incident wave (thus out-
side region MN). The problem (9.33)-(9.34) is unusual for a wave equation
in the sense that there is no initial condition in QF, but rather two super-
abundant data on S, the Dirichlet and the Neumann boundary conditions.
Mathematically, this is a Cauchy problem for an hyperbolic equation
which is known to be ill-posed. One efficient method is based on the so-
called quasi-reversibility method of Lattés and Lions (1967), which has
been generalized to hyperbolic equations by Klibanov and Timonov (2003)
in order to solve Egs. (9.33)-(9.34) without the ill-posedness of the original
mathematical problem.

(*) More precisely the time interval [0, T— ]






Chapter 10

Tomographic Evaluation
of Materials

10.1 Introduction

Applications of X-ray in medical imaging are nowadays a means for diag-
nosis of tumors, fracture of bones. More powerful Gamma-ray tomography
are used in material sciences for detecting metal forming defects, cavities,
microcracks, inclusions, inserts etc. Fig. 10.1 shows an example of Gamma
inspection to reveal defects in steel structure in highly stressed zone, Fig-
ure 10.2 reveals inserts inside ancient statue.

Figure 10.1: Gamma tomography revealing micro-crackings and cavities in
stainless steel specimen; black zones are cavities (from Taheri, EDF/R&D docu-
ment)

253
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Figure 10.2: The Aphraodite statue of the Louvre Museum revealing metallic in-
serts (Permision Commissariat a 1’Energie Atomique, CEA/DAMRI, Clefs Cea,
N° 34 Hiver 1996-1997. La radioactivité)

In different techniques used in applications, the mathematical method of
solution for data inversion is the same, namely Radon’s transform and its
inverse.

10.2 X-rays tomography

The principle of X-ray tomography is based on Radon’s transform R.
When a ray L passes through the body, its global attenuation m along the
ray L can be measured experimentally. It is equal to the sum of unknown
local attenuation density (W(x) along the ray L
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m = jLﬂ(x)dx::Rﬂ (10.1)

Generally the local attenuation u is considered as proportional to the
unknown density p, so that Radon’s transform and its inverse are key
transforms for structural tomography, which determines the density map
p(x).

In two-dimensional problems, the scalar |t depends on (x;, X»). The posi-
tion of the ray L depends on two parameters, p and 6, defining the line L
(x1c0s86 + x,8in0 — p=0). The Radon transform is R: w(x;, x;) - m.p, 0).
Classical X-ray Tomography does not consider diffusion or scattering (like
the Compton scattering of electron). The body is perfectly transparent to
rays which propagate without a deviation in homogeneous and free of
defects zones.

Figure 10.3: Structural tomography by X-rays. The detector measures the global
attenuation m of the ray L passing through the body; the local attenuation is pro-
portional to the density

10.2.1 Inverse Radon’s transform

Let us extend p(x), defined on the defect Q, to the whole plane by setting
WX, Xo) = 0 outside Q

and denote the extended function by the same function p(x). The object
considered is scanned by parallel rays, making the angle 6 + n/2 with the
Ox axis, at the distance p from the origin of the coordinates. Introducing
the Dirac delta function 8(x;cos6 + x,sin® — p) we then express the global
attenuation m along the ray as
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Considering the partial Fourier transform m—M with respect to p with
the corresponding Fourier variable K, we obtain

The latter equation can be written as

Expression (10.4) has the following physical meaning. Denote the Fourier
transform with respect to the variable p by F(y,

By varying p, with the angle 6 held fixed, we get a “section” of the sur-
face of the 2D Fourier transform of m, in the Fourier space (K;, K5), by
putting K; =Kycos8 and K, =K.sin6. Now gathering the results obtained
from different sections, for all angles 6, we obtain the transformed M in
Cartesian coordinates (K, K,),

Therefore the inverse Radon transform is defined by the formula

which involves :

— a Fourier transform of the attenuation m(p,0) with respect to p

— a change of variables (K, 8)—(Kj, Ky)

— and an inverse Fourier transform in the K-space.

It is worth mentioning some other properties of Radon’s transform
u—Ru. Consider the adjoint operator R* defined as

R* w(p,0) - R*y)(X,,X,)= Jjﬂl//(x1 cosé + x,sinf, 8)d0 (10.8)

For physical reasons, R is called the projection while R* is called the
back-projection. Define the function B(p,0)
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I e
B(p.0):= -~ I_mexp(ipr)M(Kp,ﬁ)‘Kp‘de (10.9)

This function is not the inverse Fourier transform of M, but rather a
weighted inverse Fourier transform, by the weight factor [Ky|. It can be
shown that the solution p is the back-projection of B

I«
H(xp,%,) = 4—R (B(p.0)) (10.10)
V4

B is also related to the Hilbert transform H

u(s)ds

Hu) = —(pv) [, 2

(pv: principal value)

by B=HRy, so that pu=(1/4nr)R*Hm. The inverse Radon transform is
R-1=(1/4m)R*H. These operators have important applications in medical
imaging.

10.2.2 Example of crack detection

Let us consider the crack as a thin zone of some constant absorption with
small thickness e, with length 2n and parallel to Ox;. The presence of a
discontinuity of the material may reflect the X-ray partially at both faces of
the crack and thus causes equivalent absorption of the rays. The attenua-
tion is given by

mg(p) = e/cosh, if pp—mMcosO <p < py+Mcosh,

mg(p) =0, otherwise.
Hence
MK ,,0)= 2 sin 77K , cos 6)
K, cosé
or
M(KI,KZ):%sin nK,) (10.11)
1

By the inverse Fourier transform, we obtain

F(;l)F(;z)M(KI’Kz) = eC(x,/Md(x,) (10.12)
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where C(t) =0 if |t| >0, C(t) =1 if |t| <0. Function C(t) is the characteristic
function of the interval [-1,+1] and thus Eq. (10.12) yields the characteris-
tic function of the thin cut in 2D.

10.3 Attenuated Radon transform

10.3.1 Functional tomography by SPECT and PET

More recently there have been some new methods in medecine imaging,
for example the functional tomography which determines the distribution
of sources of photons emitted by radionuclides absorbed by specific cells.
The new methods make use of the so-called Attenuated Radon Transform,
(Finch, 1986; Novikov, 2001; Natterer, 2001).

In material sciences, such a functional tomography can be used for in-
vestigating edge cracks or microcracks absorbing radioactive fluids which
becomes sources of radionuclides.

In medical imaging, the functional tomography studies the activity of
specific cells under investigation which emit photons from the radionu-
clides (133Xenon, 18Fluoro) absorbed by the cells. A collimator-detector
measures the photons emitted at x, which travel along the line L of tissue
parallel to the axis of the collimator-detector. The source f(x) of emitted
photons is attenuated along the line segment L(x) from x to the collimator
at the location a by the factor exp(—fL(x)u(s)ds). It can be shown that the
exponential factor comes from the integration of Boltzman’s transport
equation of photons. The density map or the local attenuation p(x) is al-
ready known from the structural tomography, by the Radon transform and
its inverse. The unknown source f(x) may be determined by measurements
of the photon intensity F captured by the collimator-receiver for different
lines. The attenuated Radon transform of f(x) is the Novikov transform N:
f—>F

F= jL exp(— LX) wu(s)ds)f pk* + tk)dr (10.13)

k is the unit vector along L, x = pkl + tk, k =(cos8, sin8), k'l = (-sin6, cose),p
the distance of L to the origin of coordinates, L(x) the part of L from the
point x = pk- + tk to the detector.

Solving Eq. (10.13) for f(x) is the subject of Single Photon Emission
Computerized Tomography (SPECT).
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Figure 10.4: Positon Emission Tomography (PET). A functional tomography us-
ing 18Fluoro-Deoxy-Glucose concentrated in living tissue absorbing glucose in the
Parkinson desease : before, 3, 6, 12 monthes after the transplant of dopamine neu-
rones, indicating the progressive fixing of 18FDG and thence the viability of the
transplant (permission of CEA/SHFJ Orsay, Ph. Remy, Clefs cea, N° 34 Winter
1996-1997)

Another method of medecine imaging called the Positon Emission
Tomography (PET) considers the emission of a positon, which anhihilates
immediately with a nearby electron to produce two photons y emitted in
opposite directions.

The experimental set-ups consist of two opposite collimator-receivers in
the same line. The simultaneous measurements in opposite directions by
the collimator-detectors give the intensity

F= jL exp{—jL+(x) u(s)ds — jr N u(s)ds} f(pk* + tk)dt

F = exp(— jL U(s)ds) jL f(pk" + tk)dt (10.14)

where L =L+(x)UL~(x). Since the factor exp(—Ju(s)ds) is known from
structural tomography, PET methods of solution are obtained by an inverse
Radon’s transform.

Methods based on emission of soft gamma rays (100k eV) and for soft
materials, have applications in medical imaging, rather than in Engineering
Mechanics. Nevertherless, to study damage in materials due to the neutrons
of very high energy (>14 MeV) and radioactive elements produced in a
fusion reactor (Tokamak, JET or ITER project), none but the neutron-
tomography is able to detect defects in structures subjected to severe condi-
tions.
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10.3.2 NovikoV’s inversion formula

Eq. (10.13) for infinite line L is written with new variables (t,p,0) as

Fp, 6)=Nfp, )= f “{xp(— f u(s, p, O)ds)} e, p, O)dt (10.15)

The breakthrough of inverting Eq. (10.15) was achieved by Novikov
(2001) who gave the formula

1 o . d 27 .
05, %)= (= —i==) [ xpGORE p, )d6 (10.16)
1 2

R(t p, )= exp( || (s, p.0)ds) x (1exp(P F(p, O)}P {exp(~P F(p, 0)}
+ {exp(=PF(p, O)}P" {exp(P"F(p, 6)})xF(p, 6) (10.17)

where P+ are the projectors on the real axis
1 1 e

P p) = £11p) + (= [ LD (10.18)
2 A7 ~=1—p

Novikov’s inversion formulae (10.16)-(10.17) are explicit. There are also
numerous iterative algorithms for inverting Eq. (10.15), in particular for
constant attenuation U, (Kunyansky, 2001).

10.4 Conical Radon’s transform in Compton
Scattering

Scattering of photons by the Compton effect, may considerably affects the
image quality of the object in some cases. Classical tomographies, by
Radon’s transform or attenuated Radon transform, operate with primary vy
photons which arrive at the collimator-detector without scattering. Here,
the light arrives in the detector from primary photons and also from secon-
dary low energy photons, scattered at various angles with the correspond-
ing lost of energy. The higher the deviation angle, the higher the energy
lost. The relation between energy lost Ey—E and the deviation angle 6,
comes from the Compton single-scattering formula
1

E=E)——— 10.19
01+£(1—cos¢9) ( )

where E is the energy before scattering (Eq > E), € = Eo/mc2, mc? the rest en-
ergy of the photon. Eventually, after scattering a photon can be scattered
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again and again, by multiple scatterings. In what follows, only single-
scatterings of photons are considered.

In applications to astrophysics, imaging of galactic sources of gamma
rays of weak intensity, is considerably affected by absorption, deviation of
light by Compton scattering effect. Up to now, most methods of imaging
discard the scattered photons and operate only with the primary ones. It
should be important that secondary photons can also be used for the recon-
struction of the objects. To date mathematical and technical problems to
use secondary photons have remained a major technical challenge in y-rays
imaging. Recently Nguyen and Truong (2002) established a new relation
between the object radioactivity density and a series of images formed by
single-scattered photons which are secondary photons parameterized by
various angles of scattering. It appears that the transform can be viewed as
a Compound Conical Radon Transform.

10.4.1 The conical Radon transform

The material of this section is adapted from the paper (Nguyen et al, 2004).
Let g(D,06) be the photon flux density at point D at the detector site plane.

Consider this quantity as describing a secondary emission imaging
process since it is based on secondary emission by free nearby electrons of
the surrounding medium. Photons of energy E are arriving at the detector
point D from point M. Point M has deviated photons of energy Eg at the
site points C lying on the surface of a circular cone of angle 6, with the
apex M and with the axis normal to the detector plane.

The unknown density function is f(C) at point C in the medium. The
number of photons emitted in a solid angle d2, around the site M by an
elementary volume dv¢ at point C is

1
—A{(C)dv.dQ,,
47

Noticing that
dQy = dSy/r2(M,C)

with the Euclidian distance r(M,C): = |M-C]| between points M and C, the
flux of photons at M from the volume dvc in the direction CM is then
given by

1
—f(C)dv, exp(—ur) ——~
. ¢ M-c|’
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7

medium

upper
boundary

Figure 10.5: Geometry of the system for Conical Radon transform; Photons of
energy E coming from M to D are issued from photons C of energy Eg=E on the
cone scattered by electron M at angle 6

with the linear constant coefficient of absorption u. The number of photons
reaching the detector surface at D per unit time, per unit area (division by
dSyy) is the flux density recorded at the detector plane, at the site D. This
flux depends on the number ne(M)dv,, of free electrons, the distance from
M to D and the probability P(6) for a deflection by an angle 6 (given by
the Klein-Nishina probability)

2 2
! 1 + cos?(6) + & (1~ cos(6))

= [1+ &(1—cos(8))] 1+ &(1—cos(0))

When M is inside the medium, M3 > bs (the location of the medium up-
per boundary is x3 — bj3), the absorption has to be taken into account by the
factor exp(—(M3 —b3)). When M is outside the medium the factor is 1. The
recorded flux density is given by Nguyen and Truong (2002) as

n (M)dv,, 1.P(6)
IM-C|* [M-D|’

1
< (Codve exp(~p) exp(—4(M; — bs) (10.20)
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The total number of photons recorded per unit time, per unit detector area
at D=(Dy,D,) is the flux (where, for convenience, the Dirac delta function

in i’ has been introduced)

The conical Radon transform is defined by

The transform T maps a scalar function in a three-dimensional domain
occupied by C to a function which is also defined in a three-dimensional
domain {detector plane} x {angle 0 range}. Let t = tan(6) and denote the
compound functions by using the same notation g(D, 6(t)) = g(D, t),
K(8) = n.r.2P(8)sin(8)/8xn, K(t) = K(8(t)) etc. The conical Radon transform
can be rewritten as

The kernel p(D, t; C). is the image on the detector plane of secondary
point source at site C.

For angle 6 = 36° the amplitude of the image of single-scattered photons
has the form of a mexican hat, Fig. 10.6, which is very far from the Gaus-
sian shape generally considered in methods of imaging with primary pho-
tons. The energy lost at 6 = 36° is —-5%.

10.4.2 Nguyen and Truong’s inversion formula

Recently Nguyen and Truong (2002) accomplished a feat of strenght in
inverting the conical transform (10.22). It is out of the scope of this book to
go into the details of the derivation of the inverse operator T-1: g(D, 8)—
f(C). The transform itself is very complex, so its inverse should be com-
plex too. Surprisingly, the inverse transform has a quite simple expression
given in explicit form.

Consider the spatial Fourier transform of function:
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Figure 10.6: Kernel p(D, t; C). is the image of point source C, for angle 6 = 36°

Figure 10.7: Polygonal disc (a) and its image by photons scattered at 8 = 36° (b)
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Figure 10.8: Reconstructed object at different times, using photons in the range
5°< 0 < 175°, (a) in the absence of noise, (b) with noise (S/N =9.7dB, RMSE =
8.9%), (permission Nguyen and Truong, Cergy PontoiseUniversity)

The inverse operator makes use of the inverse Fourier transform com-
bined with a transform using Bessel functions

fC)= [ [ dudu, exp{=2infu,C, + u,C,JH4m(Cy = by)(uj + u3) %
. 1
X [0 tdtG(ul,uz,t)K*—(t){—Jo (2m(c3 —by)u? +ul )_

—(Cy—by)myu’ +ul)], (2m(c3 —by)yul +u )} (10.23)

where K*(t) = 2K(t)/r,2. A validation of the method has been given in
(Nguyen and Truong, 2002) for a polygonal disc. Fig. 10.7 shows the
original disc (a) and its image from the secondary photons scattered at
0 =36° (b).

To reconstruct the object, a series of images parameterized by 0 in the
range 5°<0<175° has been used under the following conditions: electron
density in biological tissue ne=3.5x1023 electrons/cm3, SPECT (Single
Photon Emission Computed Tomography) y-detector, *Technium radio-
isotope, model dimensions 16 x 16 x 16, acquisition time per image 0.1s.
Fig. 10.8 shows the reconstructed object at times 0.1, 0.2, 0.3s in the
absence of noise (a) and with a noise (b)(S/N = 9.7dB, RMSE = 8.9%).
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It should be noted that primary photons outside the range 0° <6 < 5° are
not recorded by classical SPECT because they miss the highly directional
collimator-detector. Therefore, methods which consider altogether primary
photons in the range 0 < 6 < 5° and secondary photons outside this range
may be a challenge for y emission imaging.



Chapter 11

The Reciprocity Gap Functional
for Crack Detection

Recently there have arisen new methods for defect identification based on
the so-called Reciprocity Gap functional (RG) which has the following
physical meaning: when RG equals zero, there are no defects in the solids;
the non zero value of RG indicates the presence of defects and provides a
direct means for their identification. This theory orginates from the famous
Calderon’s work on distributed defects, who showed that two boundary
values of the Dirichlet and Neumann type, determine the unknown volu-
metric defect in a linearized problem. The theory was extended to crack
identification for the harmonic equation Au =0 in Q, using two boundary
data u and du/on on dQ , on the external surface of the cracked body where
measurements are possible. Andrieux and Ben-Abda (1992) extended the
theory to determine the crack plane for the harmonic equation. Later, And-
rieux et al (1999) solved the same identification problem in elasticity for
the crack geometry. This chapter is devoted to inverse problems for crack
identification in different cases ranging from elliptic equations, parabolic
equations namely the heat diffusion equation with applications to crack
identification using the Infra-Red camera technique and to hyperbolic
equations. The latter topics concern transient acoustics, with applications
for ultra-sound scan in the time domain (instead of the frequency domain
in classical scatterings of waves) and transient elastodynamics, with appli-
cations for the earthquake problem

11.1 Distributed defect and crack

Calderon (1980) gave a nice method to identify a defect in a solid Q,
which affects for example the static heat conduction coefficient. This is
done by changing the normalized conduction coefficient from 1 to 1 + k(x).
The inverse problem of the static equation consists in determining k(x)

267
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from boundary measurements, the surface temperature 8¢ and the normal
flux f¢. The temperature field satisfies the equations

—div{(1 +k)grad 0} =0in Q (11.1)

0,0 =f¢ on 0Q (11.2)

To solve the inverse problem, an adjoint field satisfying the equations in
the domain Q with another boundary condition is considered

—div{grad y} =01in Q (11.3)

0,V =g ondQ (11.4)
Combine these equations to obtain
_ _ d
jgkgrade(k).grady/dg = LQ (Wd,0—-00,y}dS = ja Lyt - 60, pids
(11.5)

In Eq. (11.5) the field 6(k) solution of (11.1), (11.2) depends on k impli-
citly. The first integral of Eq. (11.5) is nonlinear in k. Calderon proposed
a first order solution by considering small perturbation, so that the first
order k™ is solution of

jg kDgradg.grad wdQ = ja Lyt =69, phds (11.6)
where ¢ = 0(k = 0) satisfies the equation

—divgrad ¢ =0 in Q (11.7)
0,0 =f* on 0Q (11.8)

Eq. (11.6) is not yet a Fredholm integral equation of the first kind. To
obtain such an integral equation, Calderon introduced a y-family of adjoint
fields or data g(y), f (y) so that (11.6) becomes a Fredholm equation of
the fisrt kind with kernel grado(x, y).grady(x, y)

[ KV gradg(x, y).grady(x, )dQ, = [ {wf'(y) - 6'(v)o,p}ds (11.9)

A particular choice of adjoint fields allows the exact inversion of (11.9),
(Calderon, 1980)

Now consider the inverse problem for crack identification using the
same physics, with measurements of the surface temperature 69 and the
normal flux f¢. The temperature satisfies the harmonic equation in Q and
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Figure 11.1: Geometry of the internal planar crackX to be identified; Two bound-
ary data 6 and 00/dn are measured on Sey. No heat flux on the crack d6/dn=()

boundary conditions 06/dn =f* on the external surface S and d6/on=0on the
internal crack faces X*. Since there are two crack faces, we will consider
the following notations. Let n = n~, n* = —n. Introducing an adjoint field y
in the uncracked domain occupying the same volume Q and combining the
equations for the current field and the adjoint field, we obtain

[ 11610, wds = | w0,6-460,pidS= [ {wi'-6'9,yds (11.10)

The second integral is called the Reciprocity Gap functional RG, (An-
drieux and Ben-Abda, 1992)

RG(8.y) = [ 40,6~ 8, p}dS

It is a bilinear form in (6 ,y) which becomes the linear form Rd(\u)
defined by the third integral in (11.10) when the boundary data 6% and f¢
are considered

RUW)= [t 69,y

RG(6, y) is also equal to the first integral over X. This is the consequence
of a conservation law (or the reciprocal Betti identity). Eq. (11.10) written
as RG(6, y) =R -(y), Vv, is nothing but the variational form of the obser-
vation equation to find 6 or to solve the inverse problem to determine ¥ and
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[[6]1]. Andrieux and Ben-Abda showed that a suitable choice of the adjoint
field determines the solution explicitly. Consider the example of the fol-
lowing adjoint harmonic function = sin(®wx;)sinh(wx,) to detect a line
crack in two-dimensions, lying on the axis Ox;. Let the jumpf = [[6]] be
extended outside the crack by zero, so that f(x;) is an unknown function
defined on the whole x;-axis, whose support function is the line crack. The
first integral of (11.10) is written as

f " H(x, ) sin(ex, )dy, = L Wwf(x) - 6°(x)0,y}dS (11.11)

The right hand side of Eq. (11.11) is known from boundary data and
from the given adjoint function, the left hand side of the equation is the
Fourier transform F(f(x,)) of the unknown function f. If the right hand side
of Eq. (11.11), denoted by R4(w) is known for the whole spectrum o, the
function f(x,) is obtained by the inverse Fourier transform of the right hand
side of Eq. (11.11), thus the support of the function F~1(Rd(w)) gives the
line crack. This method has been successfully extended to the harmonic
equation in 3D, (Bannour et al, 1997). Let us remark that Eq. (11.10) writ-
ten in the form

e pas= [t~ g0, pds. vy (11.12)

bears a resemblance to a variational equation for linear problems. In fact,
this is not exactly the case since the left hand side of the equation contains
the unknown crack X. It is rather a nonlinear variational equation, with
unknowns 6 and X(0). The notation X(0) indicates that the crack X is related
to the spatial support of the discontinuity [[6]] . Eq. (11.12) establishes a
duality between the current field ® and the adjoint field .

11.2 Planar crack identification in quasi-static elasticity

The planar crack identification is based on the reciprocity gap RG(u, v)
which gives the non linear equation, with unknowns X and [[u]]

IZ[[u]].a[v].ndSz jS vT—ulolv]nldS: =R%(v) (foranyv) (11.13)

where u is the actual displacement field and v is the adjoint field, continu-
ous in Q satisfying dive[v] = 0. Rd(v) is defined as the RG with boundary
data. The method to solve this problem consists first in determining the
crack plane P.
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11.2.1 Determination of the normal to the crack plane
The cracked geometry is the same as that shown in Fig. 11.1, with the
boundary data ud (displacement instead of 8) and T9 (stress vector instead

of the flux 06/dn). Since n can be factorized for a plane crack, Eq. (11.13)
is written as

nE.J.Z ov].[[u]ldS = L{v.Td u'.ofv]n}ds, Vv

Andrieux et al (1999) showed that the normal ny is explicitly determined
by the (ij)-family of adjoint field v(i

VEJ) = EMrl?hn(b‘lm(Sjn + é‘iné‘jm)Kh (11.14)

with M = L1, The adjoint stress is constant. Let us give the solution with-
out a proof (which can be easily checked). Consider the tensor

Q=5n® [ [[u]lds + [ [Tu]ldS@n}

One verifies that Q;; = RG(u, v(i)) = R(v(iD) and

| [, tunas| = fo* - @@y (11.15)
| it nas] = o* -2 (11.16)
[[u, 11dS = (Q) (11.17)

z

where [[u']] is the tangential discontinuity. We assume that the norm of the
integral in Eq. (11.15) is not equal zero, 2Q? — (1rQ)? # 0. Since Q is known
from the boundary data, the latter condition can be checked in the choice
of the loading. Define the unit vector

U= L[[u]]dS/“ L[[u]]dSH

and consider the normalized Q' = Q/{2Q? - (1rQ)?}2which has two princi-
pal values (1 +#rQ")/2 and (1 —trQ")/2, (trQ' < 1). All possible vectors U
and n can be chosen by permutations and changes on the sign of the com-
ponents of vectors, in the basis of the eigenvectors (qV), @, q®) of Q'
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WA 201 WA, = =4, 01}

Two loading systems (a) and (b) are needed for determining the normal

vector, parallel to the vector @3 A (®G), thus the solution becomes n =
q@3) A qOB[q@® A OO,

11.2.2 Determination of the crack plane

Once the normal has been identified, we choose Oxs in the n-direction.
The crack plane is defined by x3 — C = 0. The constant C is obtained from
Rd(v(®), with two adjoint fields o= 1 or 2 such that 63;[v(*] and G3,[v(®]
are linear in X3

W= —x]/2E  wx3/2E + (2 + V)x3 /2E,
V(zl) = VXX, /E, V(31) =vxx;'E (11.18)
v = —x2/2E — w? /2B + (2 + v)x2 /2E,
vy) = vxx, /E, vy) = vx,x; /B (11.19)

These fields activate the tangential component firutnds. Eq. (11.13) gives
the constant C by an equation in the form pC + q =0, where p and q can
be calculated explicitly, subject to the condition [2Q? - 2(trQ)?| > 0 for the
loading Td. The loading can be chosen so as to satisfy the latter condition
which implies the former one — required for having U — because [2Q?-

(trQ)?| > | 2Q2 - 2(1rQ)?| > 0.

11.2.3 Determination of the crack shape

Since the crack X is known, Eq. (11.13) becomes a linear variational equa-
tion which can be solved by standard methods, with the basis function v
satisfying the elastic equilibrium equations. A basis function of the
Calderon type allows the derivation of explicit solution for the crack geo-
metry.

Taking the origin and the basis vectors in the crack plane, we introduce
a two-dimensional parameter k = (ki, k,, 0) and two complex vectors in
R® +iR’ depending on k, Z, = (k + i||k||e}) and Zy* = (k —i||k||e?). Then
we introduce two k-family of adjoint fields of the Calderon type

W (x; k) =V, exp(=iZ.x) + V, exp(—iZ;,.x) (11.20)
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Note that the boundary value data R4(w+(k)) behaves like O(||k|) as
|lk|]|—0. Now assuming that uz# 0 on X in the crack problem, we make use
of the RG functional, Eq. (11.13), to obtain

Since RY(w+(k)) = O(||k|, as ||k||—0, the Fourier transform Fy[[u3]], having a
simple pole at k = 0, is invertible and therefore gives the normal displace-
ment jump and its support . In the earthquake inverse problem, there is no
crack opening [[u3]] = 0. We shall make use of Eq. (11.21) which is related
to the tangential displacement discontinuity

which can be writtten as

The left hand side of Eq. (11.25) is nothing but the Fourier transform of
div[[u']], whose support function is the crack geometry X.

11.3 The instantaneous RG functional

Consider a bounded elastic solid Q subject to loading T* = c[u].n* on its
craks faces ¥* (this happens in earthquake where T# is the shear stress re-
leased by fault slips). The stress vector on S,y is zero. The field u(y, t) sat-
isfies divo[u]-c~20,d.u = 0. Introduce a rapid elastodynamic auxiliary field
satisfying the elastodynamic equation in the uncracked body Qg having the
same external boundary S. The auxiliary field v is taken as a plane shear
wave k, with amplitude a, propagating in the p direction (p_Lk) in the ficti-
tious infinite medium, (obtained by extending Q to infinity)
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v(x, t) = akHé(t —X.p/c, —T) (11.26)

The associated stress fields correspond to a travelling impulse stress
wave o[V](x,t) propagating in the p direction towards the solid, t is a pa-
rameter defining the initial wave front and H5(.) isthe regularized function
which gives the down step Heaviside function for 8—0.

Suppose that © is chosen in such a way that the support of function
v(X,t) does not contain the crack for any timet > 0. Thus the RG functional
involving S1US2 vanishes identically. By changing t, RG begins to take a
non zero value when the wave front isin contact with the crack front.

More precisely, the RG functional can be written as

Figure 11.2: The moving impulse in direction p with a sharp front

Figure 11.3: Travelling plane impulse wave p; €7 is the part of € behind the
wave at time ty; S1 is the part of the external boundary S¢y behind the wave; S2 is
the wave front inside 2; The crack X at time t; is in front of the wave
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J.;] IQ] {u.divolv]-v.divolu]}dQdt = J;] Is {n.o{v].u—n.olul.v}dSdt

1US2

(11.27)

The contribution to the latter integral from S2 is zero because v =0 and
o(v).n = 0 on the front wave. The contribution from S1 can be evaluated at
the axis (p, k, j). The non-zero stress component o(v).n is the Dirac time
impulse function oy, =—(ap/cy)d(t — xp/cs—1) and the contribution from
o(u).n does not exist in the model. Therefore

J'gl J‘Q1 {u.divolv]-v.divolu]}dQdt = J.s1 {n.o{v].u }dS (11.28)

where o[v] =— (ap/cs)(kep + pek). The left hand side of Equation (11.28)
1s rewritten as

A (11.29)

Igl IQ] p{uV — v.ii} dQdt = jgl pluy — v}

It vanishes because at t =0 one has u=0, du/ot=0 and at t =t; one has
v=0,0v/ot=0.

Therefore the instantaneous RGF defined by the right hand side of Eq.
(11.27) vanishes as along as the wave does not intersect the crack. When it
does, we have RGF # 0 as shown in Fig. 11.4 where the plot of RGF(t) is
given for two opposite waves + p, (Bui et al, 2004). After the arrival time
t,(p), the contribution to the instantaneous RGF from the crack increases.

The two-dimensional graphic plot of different positions of waves p app-
roaching the line crack, at different time increments ot is given in Fig.
11.5. The convex hull becomes smaller and smaller when the waves app-
roache the crack (represented by the heavy line). We stop plotting the RGF
at time t;(p) such that RGF(t; + 6t) = € with small € and RGF(t;) = 0.

The arrival time t;(p) can be experimentally determined since u can be
measured from the recording of the acceleration on the stress free surface
of the body. The difference with analysis by classical scattering of waves
is noticeable in that bounded solids are considered instead of infinite
medium. The method does not apply to concave shaped surface crack.

In the case of a planar crack, the crack plane is simply determined by
two auxiliary waves of opposite propagation vectors. The function F(p) =
2A —ci{t1(p)} + t1(—p)} measures the distance between the locations of aux-
iliary wave fronts at their arrival times. The location of the crack plane and its
normal are determined by the zero pg of the function F, F(py) =0, n = £ p,,.
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Figure 11.4: The instantaneous RGF(t) for opposite waves propagation vectors.
Arrival times T = t1(p), T'=t1(—p) are used to determine the center of the crack

Figure 11.5: Convex hull containing the crack defined by the instantaneous RG
functionals for different propagation vectors
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There are other methods to determine the crack plane, as illustrated in fur-
ther examples.

11.4 Inverse problem for the heat diffusion equation

Recent techniques in the evaluation of materials makes use of an Infra-Red
camera, which records the surface temperature field u(x, t) of the body,
subject of a impulse of heat flux. This method is very efficient for sub-
surface cracks or delaminations in laminar composites. Physically, the sub-
surface crack parallel to the free surface acts as an insulated screen for heat
diffusion, so that the temperature measured is higher in the cracked zone
than in the sound one. The technique is used in industrial applications yet
without a mathematical analysis for the inversion. The mathematical back-
ground of this technique is based on the inverse geometry problem for the
transient heat diffusion equation. Most works are devoted to the steady
state problem for which the heat equation reduces to an elliptic equation,
see Sect. 11.1. Friedman and Vogelius (1989), Andrieux and Ben-Abda
(1992) solved exactly the corresponding inverse geometry problem. In
what follows we consider the transient heat diffusion equation to solve the
inverse problem for crack detection, proposed by Ben-Abda and Bui
(2003).

Let us consider the parabolic heat diffusion equation for the current
temperature field u(x, t) with normalized quantities

0
diveradu — a—‘tl ~0, in(Q\X)x [0, T] (11.30)
ux,t)=0, t<0 (11.31)
u=ud, onS.x][0,T] (11.32)
Jdu )
8_ =0 on the fixed crack X (11.33)
n

The forward problem, Eqgs. (11/30) - (11.33), for a given crack X is a
well-posed one. The inverse problem consists in the determination of the
crack X from the surface datum u = ud and the additional flux

Jdu

— = @Y onSy x [0,T] (11.34)
on
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To solve the inverse problem, we introduce the adjoint (or dual) function
w(X, t) solution of the backward diffusion equation (time reversal)

divgradw +aa—vtv =0 in (Q\X) x [0, T] (11.35)

wx,t)=0, t>T

The Reciprocity Gap functional defined by the bilinear form on the
external surface S, is linear in w and linear in u (u and d,u are data on S).

RG(u,w) = Jj L {ud,w—wa, u}dSdt (11.36)

It equals the internal “pseudo” bilinear form on X, linear in w and linear
in u if and only if X is known (As a matter of fact, X = support[[u]] is
unknown, so that we must have to determine first the crack plane P )

T
RG(u,w) = jo .L:[[u]]anw dSat (11.37)

Substituting the boundary data into Eq. (11.36), we obtain the linear form
w — R(w)

RG(u, w) = jOT jz[[u]]aa—: dsdt = LT L {udg—:—wcbd}det = R(W)

(11.38)

The equation RG(u, w) = R(w) for any w in some space W, is the varia-
tional form of the observation equation which must be established in any
inverse problem and generally solved by computational methods. In classi-
cal methods to solve inverse geometric problem, the crack X should be
pameterized by geometrical constants to be determined s;, S5, ..sNy. The
forward problem is first solved for fixed si, s, ..sN. The surface flux ®(s;,
Sy, -.Sn) has to be fitted to the experimental data. The optimization problem
Min{||®(sy, $o, ..sN—@d||} inR" is very ill-posed and cannot be solved with-
out regularization techniques, (Chap. 12). In other words, the approximate
variational problem RG(u,w) = R(w), in a finite dimensional space, is ill-
conditionned. Therefore it is of great importance to derive exact inversion
formulae, similar to the ones given in Tomography or Scattering of waves.
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11.4.1 Solution for the crack plane location

The crack plane can be determined as follows. Consider an adjoint func-
tion w(X, t; p) depending on a family of unit vectors p, through the scalar
argument y = x.p and let the RG functional, Eq. (11.38), be denoted by
R(p). Eq. (11.37) becomes

0
jOT L[[u]].a—: dSd = n.p. IOT [ (ru1 wcep, dsdr = Rp) (11.39)

where w' denotes the partial derivative of w with respect to the first argu-
ment y = X.p. We obtain an equation in the form n;p; = R(p)/a(p) (the term
a(p) does not vanish since the RG is not identically zero). Notice that an
adjoint function in the form

_ (xipy)’
J4m(T—t) expi AT-t)

w(x,t,p)= 4 for t<T (11.40)

wx,t;p)=0 fort>T

is solution of the backward heat diffusion equation. Considering R(p) as a
function of p given by Eq. (11.38) we can determine (by computers) the
zeros of this function, says p!, R(p!) = 0. Necessarily, from Eq. (11.39) the
vector p! lies in the crack plane (n.p! = 0) so that the zeros of R(p) are not
unique.

Another independent vector p2 which is the zero of R(p) =0 gives the
normal n = p! x p2.

Having determined the normal n, we take Oxj3 in the n direction so that
the crack plane equation is x3-C =0. To determine the constant C, we
choose the b-family of adjoint field independent of x;, x;

C(x5— b)’

1
Jir—o P ATy

the corresponding RG functional is given by

w®(x,t) = for t<T (11.41)

RG(w® _1 T 32 (C-b)y’
W) =20-0) [ [IN4z(T-1) X oy S (11:42)
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Therefore the solution to the crack plane location is given the simple
zero of the function b - RG(w®). Remark that the determination of the
zeros of RG(w®) = R(w(b) considered as a function of b, can be simply
made by computers since the expression of R(w(®) is known explicitly.
Now, the crack plane being determined, the “pseudo” bilinear form RG(u,
w) becomes a true bilinear form in u, w.

11.4.2 Solution for the crack shape

The crack geometry can be determined by the same method as that given
in the problem of Scattering of waves in infinite medium, perhaps more
simply, by solving Eq. (38) with an adequate adjoint function w of the
Fourier type. Introduce a 2D parameter s = (sy, s, 0), a real positive scalar
q > 0 and define

w®D(x, t) = exp(iqt) exp(—is.x) exp {x; (s +s3 —iq)"*} (11.43)

Let the time Fourier transform of [[u]] be

Flull:= UGx; ) = [ [[u]]exp(iqt)dr

As functions of x in the crack plane P, [[u]] and U have the same spatial
support. We extend the definition of [[u]] outside the crack surface X bet
letting [[u]] =0 for x ¢ X. Using the RG functional, expliciting ow(-9/0x3,
we then obtain

1
U(x, q)exp(—is.x)dS, = ———
(11.44)

One wonders whether F()(s), given by the double integral (11.44) with
the boundary data integral over S, is the spatial Fourier transform Fy of
some compact support function of x. Such a compact support S nothing but
the crack geometry. If this is true, the inverse Fourier transform of F(a)(s)
solves the inverse geometry problem, that is (F) F@(s) = U(x, q).

To show this, let us notice that for fixed q> 0, the right hand side of Eq.
(11.48) denoted by F()(s) is a smooth function of s since (s;2+ s,2—iq)
does not vanish. Denote by F(z) the complex extension of F)(s) to the
complex hyperplane C2: z = (zy, 2»), | = 1 + iVy, Zy = S5 + ivy. The singu-
larities of F(z) do not meet the real axes.

Observing that the solid is bounded (embedded in a sphere or radius a)
we obtain the majoration for large z| = (|z; 2 + |z,|2)1/2

J.: ,[g (udanw - q)dW)de[ = F(Q) (S)
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F(z)| < C |zlexp{a(|zi| + |zo)) Jexpla(|zi|2 + z5|2)1/2} < Cexp{2a(|z,|2 +
|25|2)172}

Such a majoration shows that F(z) is a function of the exponential
k-type, |F(z)| < Cexp{k(z|}, k =2a, and therefore belongs to the space of
Schwartz’s tempered distribution S’(sj, 8»). According to the Wiener-Paley
theorem, the exponential k-type function F(s) for real z, is the 2D spatial
Fourier transform of a compact support function U(X, q) and suppU =
suppl[u]]. The proof is complete. This solution to the inverse heat diffusion
problem, to determine a planar crack in three-dimensions, has been given
by Ben Abda and Bui (2003).

The method used is the same as that considered in statics for the scalar
harmonic equation, (Andrieux and Ben Abda, 1992), in quasitatic elasticity
(Andrieux and Ben Abda, 1996; Andrieux et al, 1999). In the next sec-
tions, we shall consider the transient inverse problems in acoustics and
elastodynamics, for the crack detection in three-dimensional solid, which
are of the hyperbolic type. Methods developped below are applicable to
the earthquake inverse problem.

11.5 Inverse acoustic scattering of a crack in time domain

Most studies of inverse acoustic scattering of a crack like defect assumed
very particular conditions: infinite medium, incident plane wave, analysis
in the frequency domain. Here we consider bounded solid, arbitrary dynamic
loading conditions on the boundary of the solid, and analysis in the time
domain. The explicit solution for the inverse scattering, derived in (Bui
et al, 1999) is based on the RG functional method similar to the one dis-
cussed in preceding sections. Consider the scalar acoustic wave equation
with normalized constants and with, for pure mathematical reasons, a
small damping term which will be set to zero in a limiting process €> 0,
€—0+ so that physically we are still dealing with the same equation

’* d :
L(u) = (zz-divgrad +e—)u=0 in QX [0, «] (11.45)
ot ot
The initial conditions and the boundary conditions on the external surface
S and on the crack X are

ux, t<0)=0, %(x,t<0)=0 (11.46)
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g—i(x,t>0)|s=d>d, %(x,t>0)lz=0 (11.47)

We assume that the boundary conditions are such that the solution u®
has some good behavior at large time
lim *[u®|=0, limt*|9,u’|=) (11.48)
t—oo t—oo
In what follows, for simplicity, we omit the subscript € in u® but still

consider it in the equations. Introduce the adjoint function w in the uncrac-
ked solid which satisfies

2
L*(w) = (g? —divgrad —€9d,)w=), inQx [0, | (11.49)

with the change of sign in ed/dt. No other conditions are needed for the
boundary values of w in space and time. The reciprocity relationship is
written as follows

I: L[[u]] 0,wdSdt = J:o jQu(a[at —divgrad — £9,)wdQdr+

+ J-Q (wd,u wdu+ guw)‘g’ dQ +

+ j: L( 9, W —wa,u)dSdt (11.50)

The first integral in the right hand side of Eq. (11.50) vanishes, the sec-
ond integral also vanishes at t = 0 and t — . Therefore, the RG functional
is the bilinear form in (u, w) defined by the third integral in Eq. (50). It
becomes the linear form R4(w) when the boundary value data are inserted
into the integral. We thus obtain the observation equation in the variational
form

j: L[[u]]anwdet= j: L(udanw —wdh)dSdt =R (w) (11.51)

The method to determine the normal to the crack plane is simpler than
in §11.2. We take two adjoint plane waves of distinct propagation vectors
k (e=0) wh(x,t)=g(xk +t), with g(.) an arbitrary function. The first
integral in Eq. (51) being proportional to n.k, the zeros of the second
expression, which depends on k, gives vectors k lying in the crack plane.
Thus two independent zeros k!, k2 determine the normal by n = k! x k2.
We take Ox; along n to determine the location of the plane defined by
X3—b=0.
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We simply plot the function b — R(w®) for € =0, with the function
wb)(X, t) = (x3—b)2+ (t — T/2)2. Such adjoint wave function has been used
in Alves and Ha-Duong (1999) to study diffracted far-field by planes
waves impinging the crack, called the analysing waves. When the analyz-
ing waves w are parallel to the crack plane, they cannot “see” the crack. It
is equivalent to say that the RG functional is zero in this case.

To determine the crack geometry, we consider the wave w. a(x, t) with
parameters s = (sq, sp)e R’, q real and positive. Let X = (x, X . X3), X' =
(X1, X2, 0). We introduce the adjoint field

ws a(x, t) = exp(iqt)exp( is.x")exp{(|s|2 g2 i07q)!/2x3} (11.52)

Let F[[u]l=U(XX"; q) = f0°°[[u(x', t)1lexp(iqt)dt be the time Fourier trans-
form of the jump [[u]]. The reciprocity gap is written as

1 -
U(x',q) exp(— is.x")dlS, = -
'L \/|s|2—q2—i0Jr .[0

=h(s;q) (11.53)

jS 9. w — wd)dSdr

The reason for the regularization term &> 0 in physical equations now
becomes clear. In the Fourier spaces, owing to the imaginary term 10+, the
function s — h(s; .) when extended to a distribution h(z:. ) on z = (z;, ,) €
C?, zy =5, +1iV}, Zp = $» + iV, has no singularities in the real axes s;, s. In
other words, the function h(s; .) is regular in the s-plane and can be ana-
Iytically continued in the complex hyperplane z which has, as in the in-
verse heat diffusion case, the same majoration of the “exponential 2a-type”
at infinity. We conclude that for q fixed, the function s — h(s; q) is the 2D
Fourier transform F,, of a compact support function of x', which is nothing
but the time dependent crack surface where [[u(x', t)]] # 0.

11.6 Elastodynamic scattering of a crack in time domain

The inverse geometry problem for determining a crack in transient loading
is solved by the same method as the one given in Sect. 11.5 for the scalar
wave equation. Briefly, we shall give the solution, without repeating the
reasoning. Since applications to inverse problems in seismology are
expected, some boundary conditions may be different from the classical
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ones. For example, the stress free condition T = 0 does not hold in the fault
faces (In seismology, the terminology “fault” is used rather than “crack”).
In crack problems, the stress free condition c.n =0 can be assumed on

the crack face X. In the earthquake problem, one deals with a surface
which varies with time 2(t). The solid at time t = O releases suddenly some
unknown shear stress t.c.n, with t tangent to the fault . We assume that
¥ is planar, but neither the fault plane nor its time dependent geometry are
known. Solve this inverse geometry problem, from acceleration data
measured on the free surface of the solid — the ground in geophysics —
seems to be an unrealistic task. It should be noted that some natural
boundary conditions are used in the earthquake analysis:

1) stress free condition ¢.n = 0 on the external surface,

ii) no normal discontinuity [[u,]] =0,

iii) continuity of the shear stress o,; (and also the normal stress G,,)
but the shear force acting on X* are opposite to each other, because of
opposite normals.

11.6.1 The observation equation in elastodynamics

The consequence of the property iii) is very important, as explained below.
The RG functional is defined by the integral over the external surface S

RG = j: L(u.O'[V].n —v.o[u].n)dSdt (11.54)

From the conservation law, we have the identity between integral
(11.54) over S and the same one over X*

, Jwotvln volulmdsar= [ [ ([ullofv]ndsd
: ~ L bk (11.55)
B fo Iz+ {volu"]ln" +v.olu ].n"}dSdt

We set n~= n, nt=—n on the crack. The double integral of u.c[v].n over
>* has been condensed into the first integral in the right hand side of
(11.54). The double integral of —v.c[u].n over * is given by the second
integral in the right hand side of (11.55). Now taking into account the
property iii), o[ut] = 6[u~], we see that the third integral, which already
vanishes in a stress free crack problem, vanishes in the earthquake prob-
lem too. Therefore in transient elastodynamics we obtain the same formula
for the observation equation in (a stress free) crack and earthquake inverse
problems (shear stress release on a fault)
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f L[[u]].a[v].ndet=jO°° L{u.O’[v].n —v.olul.n}dSdt:= RG(v) (11.56)

We denote the boundary value on S of the reciprocity functional by
Rd(v) when u and o[u] are given data. Eq. (56) means that the total work
done by the adjoint stress field on the fault slip is equal to the work done
by the adjoint stress field on the actual displacement. This expected result
shows that, without the knowledge of the whole history of data ud(x/, t), x'
€ S, te [0, =] the geometry inversion is impossible.

Eq. (11.56) does not indicate how to choose the adjoint fields v to reveal
the geometry of the fault (normal n, fault plane location, support of the
jump [[u]]), and the jump [[u]] itself. In classical approach with the control
(or optimization) of the fault geometry and mechanisms, in order to get a
best fit with experimental data, one solves a series of forwards problems
which need the modelling of the true process governing the slip fault.

Here, the observation equation (56) bypasses the physical process (fault
process) — (data) but the difficulty remains on the adequate choice of
adjoint fields v. Once the solution [[u]] of Eq. (56) has been found, [[u]]
on X together with u(x, t) on S can be used as the Dirichlet boundary data
to solve an initial boundary value problem for the stress, the energy and
the seismic moments etc. We summarize the equations of the elastody-
namic inverse problem for crack detection:

Current field

divolu] — p 22u/d2 + edu/dt=0 (€ > 0% in(Q-X)x[0,00]  (11.57)

oul=L.... .(u), o[ul.n=Td onS§, [[un]]=0 onX,
u=0, du/dt =0 fort<0, t?u — 0, tou/dt—0 fort — oo
Adjoint field

divo[v] — p v/ — edv/dt =0 (e—0%) in (Q — ) x [0, o] (11.58)

o[vl=L.... .(v), [[v]]=0 onZ,

Neither time conditions at infinity nor boundary conditions on S are
demanded for the adjoint field.
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RF functional

Measurements on the external surface are ud, T4 on S. For a bounded solid,
the solution is obtained by the use of a P-wave adjoint function.

11.6.2 Solution

We do not repeat the reasoning of Sect. 11.5 to determine the crack plane
Ox3, which is obtained by considering adjoint plane waves (analyzing waves)

Box 1. P-wave adjoint field v(s: a)(x, t) and solutionX (t) in the plane x;=0

Box 2. S-wave adjoint field w(. d(x, t) and solution X(t) in the plane x;=0
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and we only give the solution for the crack geometry X(t), without proof
using two methods, as summarized in Boxes 1 and 2.

The solution in Box.1 implies that there is a crack opening mode I and
that the loadings are such that shear modes exist too. For the eathquake
inverse problem, pure shear slips already exist in the crack surface. Thus it
is worth noting that another analysing plane S-wave is more suitable for
the detection of shear slips, namely the adjoint field w(s, a(x, t). The solution
is summarized in Box 2, where (F)-!is the inverse time Fourier transform,
(Fy)~1is the inverse in-plane spatial Fourier transform, (Bui et al, 2005).

11.7 The earthquake inverse problem and solution

The model disscussed in Sect. 11.6, based on the stress free surface is too
simple to describe the actual earthquake in a seismic region. The stress free
condition T = c.n =0 is fulfilled on the ground, but not on the underground
half-sphere H, where displacement u(x,t) and stress vector o(X, t).n are
needed. As long as the sudden release of the shear stress on the fault X(t) at
time t >0 occurs elastically in some bounded region Q of the earthquake
site, we can derive an observation equation to study earthquake.

Consider Q as an half-spherical elastic domain, with large radius com-
pared with the fault size, but less than the crust depth. The fault is planar
and located in the underground near the center of the half-sphere. Data on
the ground consist of the measured acceleration 02u/dt? and the stress free
condition T =0. Far from the seismic site, signals arriving at the half-
sphere H can be considered as being emitted by a point source. In geo-
physics, one generally considers that the far-fields are well modellized as
a point source at a half-space using measured data of the near-field and the far-
field on

fault X(.) measured

G data (02u/dt2, T =0) on G

estimated
data (d2u/dt2, T) on H

Figure 11.6: A model of the earthquake inversion to identify the moving fault 2(t)
from measured data on the ground and estimated data on the half-sphere H
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the ground. The far-field measurements, for strong earthquake, at least of
magnitude 6 or above, are related to volumic P and S waves and surface
waves (Love and Rayleigh waves) propagating along the ground. They
provide good global informations on the source, for instance its energy,
radiation of energy, moments tensors m, Vallée (2003).

This would means that good informations on u(x,t) and T(x, t) are
available on the half-sphere x € H as the radiation by the point-source.
Therefore, possible solutions to the earthquake inverse problem are pro-
vided by the following models.

Model based on RG and the ground data only

The solution Z(t) is given in Box 2, with the linear form Rd(w(s. @) defined
by the integral over S x [0, «] of Eq. (11.59), where S = GUH. In this
model, the contribution to Rd(w(s. 9) from H is simply neglected. Only data
on the ground G are used for the inversion. They are the free surface con-
dition T(x, t)=0 and the acceleration u(X,t) on the ground. Unlike classical
numerical methods, the RG functional method bypasses the assymptions
on the fault released stress. It requires only the knowledge of the planar
planar character of its geometry.

As a matter of fact, once the unknown [[u,(X, t)]] has been determined as
well as the moving fault %(t), the condition [[u,(X, t)]] = 0 on X(t), together
with the data on the ground ii(x, t) and the stress free condition, are suffi-
cient informations to solve the forward elastodynamic problem and to
determine the released stress on the fault, hence the energy of the earth-
quake, its moments* M;, = u < [[u;]] > A®),

Remark that in numerical models of the seismic source, for instance the
finite element method, one uses the ground data for a best fitting of pre-
dicted seismic signals with observed signals and makes use of simple geo-
metry such as: infinite medium, half-space. No boundary conditions other
than the radiation condition of energy are imposed at infinity. In the finite
element method, the boundary H is considered and modelled as an absorber.

Model based on the least square method

Numerical models of the seismic source, for instance the finite element
method, make use of the near field data for a best fitting of predicted
seismic signals with observed signals. These models consider simple geome-
tries of the solid such as: infinite elastic medium, half-space. No boundary

* <f;> is the mean value f;, A®) the area of the slip on the plane, with normal k,
seeAki and Richards (1980).
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conditions other than the radiation condition of energy are imposed at infi-
nity or on the half-sphere H, so that outgoing seismic waves do not contri-
bute to the seismogram record on the ground. In the finite element method,
the boundary H is modelled as a wave absorber which does not reflect
waves.

The principle of inverse geometric methods in geophysics is the follow-
ing one. Assume that the fault plane P, its moving shape X(t), the unknown
shear stress Gy,(X, t) to be released on the fault, can be described by the set
of N-dimensional parameter p. Additional boundary data are the stress free
condition T(x, t) =0 on the ground and the absorption condition on H to
satisfy the radiation condition. The solution to the forward elasto-dynamic
problem determines the response ii(X, t; p) on the ground to be compared
with the acceleration seismogram a(x, t) at stations x. The inverse seismic
problem consists in finding the solution of

The main difficulty of the least square method (11.60) as pointed out by
many researchers concerns its ill-posedness. Equivalently, the determinant
of the discretized linear system of equations is ill-conditionned (eigenval-
ues nearly zero), (Das and Suhadolc, 1996; Vallee, 2003). One important
statement of the work (Das and Suhadolc, 1996) is that “even if the fitting
of data seems to be quite good, the faulting process is poorly reproduced,
so that in the real case, it would be difficult to know when one has obtained
the correct solution”. The reasons for that may be twofold: flat minimum
of the functional to be minimized, existence of local minima. One diffi-
culty has been pointed out, relating to the normal velocity ¢(x, t) of the
front, which must be well estimated or bounded by some values. In the
inverse problems terminology, problem (11.60) must be solved either in
subspaces defined by constraints on the boundedness of the velocity ¢(x,
t), or with regularized terms to be added to the square functional in order to
enforce the regularity of solutions.

To illustrate the ill-posedness of problem (11.60), let us consider the
simple example of a circular cavity of radius R. centred at (o, ) in a
square shaped two-dimensional elastic solid, in quasi-statics. Uniform
normal tractions Td are applied to the boundary and the corresponding dis-
placement ud(x, t) is measured. To determine the unknown cavity, one can
assume the simplest possible model of a guest circular cavity, so that the

unknown parameters p = {R,a, b}e R’consist of the center of the cavity (a,
b) and its radius R. The least square method is based on the functional
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F(a, b, R) =|u’(x)-u(x; p)||2 = L Q|ud(x)— u(x; p)|’ ds (11.61)

Numerical methods by the finite element method, combined with a gradi-
ent adjoint functional, showed that the solution is not unique, because of
flat minimum and local minima, Fig. 11.7, (Yao and Gong, 1994). Mathe-
matically, the existence of spurious solutions and local minima in the pre-
ceding example can be understood as follows. Suppose that R = R, is fixed
and o= B =0. The exact functional F(a, b) is a smooth surface with the
unique minimum at a="b =0, for which F =0, Fig. 11.8a. Suppose that
numerical errors result in an additional term with wave length comparable
to the size of the solid, in the form &(1 — cos(a + b)) > 0, with £ > 0. Thus
numerically F is the wavy function in Fig. 11.8b with local minima F(a, b)
> 0.

Y
I )20
1
(i) (i)

Figure 11.7: Numerical detection of a cavity in an elastic solid (heavy line): (i)
Initial guess cavity (a, b) near the solution (o, B); iterated solutions converge; (ii)
For (a, b) far from the solution, the iteration fails at a local minimum (in dotted
line); (Yao and Gong, 1994)

Hybrid RG functional model and FEM model

The finite element method gives correct informations on the far-field, par-
ticularly for data on H. One can evaluate the far-field on r =R, by using a
point source model, (Vallée, 2003).

The far field uF(x, t) can be obtained either by considering numerical
solutions of forward problems or by rays theories or by using the impulse
response function K of the half space — in practice, the response kernel K
of the entire three-dimensional space is used — and the estimated point
source 7, (Das and Kostrov, 1990)
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u(x, ) = L [ K(x vt 0.0y, 0ds,de (11.61)

where F is an estimate of the true fault X (F can be a point source). The far-
field contains good information on global parameters of the earthquake. It
gives data on H which can be used for the RG functional method. In
return, the RG functional method provides detailed informations on the
near fields, the moving fault geometry X(t) which can be useful for updat-
ing F, and the mechanisms of shear stress release for use in the FEM
model. A coupling between two methods should be an alternative appoach
to get a better solution to the seismic inverse problem.

Figure 11.8: (a) Exact functional F(a, b) with the global minimum at the solution
a=b =0; (b) Numerical solution with two local minima F(a;, b;) > 0, F(ap, bp) >0






Chapter 12

Methods of Solution to Inverse
Problems

Inverse problems consist, in principle, in inverting the relation of cause (z)
and effect which is considered as data (d) accessible to experiments. It is
necessary that data are accessible to experiments, otherwise there is no
significant inverse problem. Such a definition should give a status of in-
verse problems to any forward problems: for instance find the internal
stress in an elastic solid (the cause) from measured boundary displacement
(data), or find the internal displacement from measured stress vectors on
the boundary. Both forward problems are well-posed ones, in the sense
that the relation of cause and effect is well established by the equilibrium
equations of elasticity which has good mathematical property for usual
elastic body. There is only one condition for the second problem to have a
solution, that is the stress vector on the boundary is a self equilibrated one
in the absence of body force. Well-posed problem has a unique solution
which depends continuously on the data. The main characteristics of in-
verse problems are twofold: first, the relation of cause to effect in real ex-
periments is often not completely known, second, even when this relation
is well established by some mapping A

7z— A(z)=d (12.1)
of metric space Z into D, the problem (12.1) is ill-posed (not well-posed).

12.1 The ill-posedness of the inverse problem

Let us reconsider the example of the earthquake inverse problem of the
preceding chapter to get an inside into inverse problems. We assume that a
model exists for the mapping A between the unknown z={3(t),
7(x) .o(x,t).n}, xeX and the acceleration data d"¢%5(x,t) on [0,T]x0Q (0
consists of the ground G and the internal half-sphere H).

293
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A mapping A can be defined as the elastic response of the solid Q to the
shear stress © .c.n on X(t) and the stress free condition on 0Q. Solution
to the earthquake inverse problem generally consists in the minimization

Min | jOT“d(Z(t), ., .on; t)—dmeas(t)sztdS (12.2)

where we have listed all arguments z of the predicted data d(X(t),x, ©.c.n;t)
and the measured one d™ea5(t) on the ground. If data are only measured on
the ground, missing data on the remaining part of the boundary make it
impossible to solve the problem (12.2). Thus only an approximate solution
can be expected. When data are known on the whole boundary GUH, the
solution exists and is unique only for exact data d®xacl(t), in the sense stated
in the preceding chapter, that is

dexact (t) = A(Z)

for some z. Mathematically, data d®*a°(t) must belong to the domain D(A)
of operator A. Finally in the ideal case of an exact data de*acl(t), the least
square method of fitting between approximate prediction and measured
data uniformly distributes errors of the modelling on the whole space-time.

Needless to say, with approximate solution and noised data, one cannot
expect a good solution. “Even if the fitting of data seems to be quite good,
the faulting process is poorly reproduced, so that in the real case, it would
be difficult to know when one has obtained the correct solution”, as noted
by Das and Suhadolc (1996). This is why a best fitting of the prediction to
data does not guarantee that the solution is a correct one. This happens
when the functional (12.2) has a flat minimum.

Consider again the earthquake problem and examine the kinematic ap-
proach actually considered in Geophysics which consists in modelling the
displacement response on the ground u(x,t) from the unknown slip ¥(y,t)
on the unknown fault X(t), (Das and Kostrov, 1990)

t
U (x, )= jo dr jmeki(x, ¥, 4, 7)7,(y, 7)dS, (12.3)

where K is the impulse response of the stress free solid dQ (approximated
by an infinite elastic medium). Even for known X(t), Eq. (12.3) to deter-
mine ¥ from measurement of u (after a double time integration of the data)
is well known to be unstable. Moreover, no mathematical results exist for
the equation with the unknowns u and XZ(t). Another form of Eq. (12.3)
with the integration on the fault plane P is
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w0 0= [[d7 [ K%y, 607,y )y, 7)S, (12.4)

with the characteristic function ¢(y,t) of X(t) in the fault plane P. Even for
known P, the simpler form equation (12.4) is non linear. Therefore, in
order to effectively solve (12.4) one makes use of a priori assumptions on
the geometry of X(t), its velocity X(7), the slip direction etc. An a priori
knowledge reduces the number of the unknowns. It is thus important to get
such an information from the physics of the problem considered. Mathe-
matically, one can also reduce the number of unknowns by considering
subspaces, or by using non physical prior bounds such as minimum norm
solution, smooth solution etc. The best method, however, is to get exact
mathematical and physical constraints between solutions and data, as that
provided by the RG functional method of Chap. 11, rather than artificial
and non physical constraints.

12.2 General considerations on inverse problems

Consider two metric spaces, the space Z of unknown model parameters z
and the space of observable quantitities or measured data d. The so-called
observation equation is

A(z)=d (12.5)

Fig. 12.1 shows a schematic view of spaces and mappings, A(Z cD is the
range of A, d is a given data which generally does not belongs to A(Z), d!
€D is the nearest point d' of minimum distance

d' =arg mdi'np(d, d') (12.6)

d'=P(d) (12.7)

Figure 12.1: The model space Z and data space D: The quasi-solution z' is such
that A(z!) is the projection d'=P 5(z)(d) of the datad on A(Z)cD
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where P (z) is the projector in A(Z). Any z! such that A(z )=d'is called a
quasi-solution of Eq. (12.5). To construct such as solution, Tikhonov and
Arsenine (1977) proposed to seek a mapping B of D into Z, such that B(d)
is a quasi solution A(B(d))=d! and that B(d) is sufficiently regular and sta-
ble with respect to the perturbation of data. There is no guarantee for the
uniqueness of the mapping B. In practice, the conditions for the solvability
of (12.5) are

a) One has a priori knowledge of the subspace Z; of solutions for some
class of regular data in A(Z). For instance one knows that the solution is
near the point z0 (a priori information) belonging to Z,

b) The solution is unique in Z;,

¢) The solution is continuous in de A(Z;).
Tikhonov and Arsenine (1977) proved another stronger result. For com-
pact Z;, under assumptions a) and b), there exists a continuous, monoto-
nous and non decreasing function o), a(0)=0 such that

p(Az!, Az%)p < e = p(z!, 72)5 < a(e) (12.8)

This inference means that condition c) is fulfilled as long as a) and b) are.

It is essential that some knowledge of subspace Z; exists. For instance,
in the numerical inversion of seismic data, approximate solution is often
stabilized by considering prior bounds on the fault velocity, such as con-
stant velocity, knowledge on the planar nature of the fault — an assumption
frequently used in Chap. 11 — physical constraints on the constant slip di-
rection T, neither back slip in the time interval considered nor variation of
the slip direction etc. Artificial data, generated for an ideal fauting model
with known X(t) and shear release history, are used for testing the inver-
sion procedure, (Das and Suhadolc, 1996). It is found that, if subspace Z;
is too small, there appears a ghost solution together with the approximate
one. This phenomenon should be linked to the existence of local minima of
the flat least square functional (12.2).

12.3 TikhonoV’s regularization

Non linear inverse problems can be linearized steps by steps by successive
increments. Therefore, we will address first linear problems. We consider
that Z and D are Hilbert spaces, with norms ||.|| and |.| respectively associ-
ated with scalar products (z', z2)7 and (d', d?)p

|zl = (z,2)z, |d]*>=(d, d)p (12.9)
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Theoretical observation equation is provided by a continuous linear opera-
tor A, with adjoint A*

(Az!, @) = (z!, A*d?), Vz!,d? (12.10)

If Hilbert spaces Z and D are not considered, see the remarks in the foot-
note™. Let us introduce the prior information z9 a positive number >0,
and define the closed convex subset

7,={z;| z—2% <P} (12.11)

For given €>0 one seeks a solution in the convex 0<|Az-d|<e. The regular-
ized solution in the Tikhonov sense is given by any z belonging to the in-
tersection S of the above convexes

S={z; | z— 2| <B} N {z; |Az—d <g} (12.12)
Indeed the set of solution S is either void, which means that no solution ex-
ists, or it is very large because of the arbitrariness of B, €, z0. The solution
is not unique.

When S is not void, one obvious solution is provided by the common
centre z' of two ellipsoids E;cScE,

1 1
E:—Az-d 2+ —|z-2?<1
£ B

1 1
E,: 5 Az —d|?+ — |z - z0|*<2
£ B

7! = arg min {|Az — d]2 + oz — 29|} (12.13)

where a=¢ /B? is the regularization Tikhonov’s parameter, which repre-
sents a compromise between two contradictory choices: smallest residual
but unstable solution and more stable one, close to the a priori knowledge
70 but with a higher residual, which may be far from the physics of the in-
verse problem. Among two choices, the second one ||z—z°||<p is important

*For general case, one considers normed spaces Z and D, normed dual spaces Z’
and D’, with dualities in Z and D, <.,.>z and < .,.>p and transposed operator A'
linear from D’ into Z°, <Az, d’>p = <z, Ald’>y. Relationships with linear ad-
joint operator A* linear fromD into Z are obtained by introducing covariant op-
erators Cz and Cp and scalar products in Z and D, .,.)z7 and (.,.)p. One has:
7'=C;1Z, D’=Cp~'D, and A*=C,A!Cp~!. Hilbert spaces can be identified
with their natural duals and adjoint operators are considered.
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in practice. Very often one contents oneself with an approximate localiza-
tion of a defect, or a crack in a structure, or a convex domain containing a
tumor in the brain. The solution of (12.13) is parameterized by o

2@ =70 + (A*A + al)'A*(d — Az0)

For compact operator A, its inverse is unbounded, operator A*A is self-
adjoint and compact. The eigenvalues of A*A are positive real, bounded
and form a sequence of numbers converging to zero. The least square
method without the additional term ol is ill-posed. The additional terms
move the whole spectrum of A*A by a positive quantity o. and thus en-
sures the invertibility of (A*A+al). For the continuity of the solution
7(®(d), and error estimates, see an Exercice.

12.3.1 Optimal choice of the regularization parameter

It raises the question about the choice of the regularizing parameter o.. An
optimal choice has been proposed by Kitagawa (1987). It is based on the
use of Moore and Penrose’s inverse operator Ayp ! such that Ayp 'Ad is a
solution of Az-d=0. Operator (Aypp DA is the orthogonal projection on the
set A*(D)

(Amp) A =Puxp) (12.14)

Let z(a’) be the solution of the minimization problem (12.13) parameter-
ized by the Tikhonov parameter o’. The optimal choice is determined by
successive minimization problems (Kitagawa, 1987)

z(o’)=arg min {|Az d|?+ |z zO|?}

Olopt = arg n}(ln {||Amp'Ad — z(0")||?} (12.15)

Now, having introduced linear inverse problems, we consider the non
linear case A(z)—-d=0 and the minimization problem (o.>0)

min {|A(z) - d 2+ oz 29)?) (12.16)

It is assumed that Fréchet’s derivative A’(z) exists and is defined by a tan-
gent linear operator from Z to D

A(z+6z) — A(z) = A’(z)dz + o(||dz||>) V Oz (12.17)
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The solution of (12.16) is then obtained by the multistage quadratic pro-
gramming starting from the guest a priori knowledge z°,

zn+l — zn 4 gn
s" = arg min {|[A(z") + A’(z")s — d|? + o’||z" + s — Z)|*} (12.18)

The gradient of the functional in (12.16) is
gn = 2A’(z")*{A(z") + A’(z")s — d} + 20u(z" + s — z0) (12.19)
The Hessian is positive

Ho = 2{A’(z0)*A’(z0) + o} >0 (12.20)

12.3.2 Error estimate

One important point in mathematical works is to derive the error estimate
with respect to the (yet unknown) exact solution z°*. There are some re-
sults reported in the literature for Inverse Problems in Hilbert’s spaces set-
tings. The main point is to make a comparison between the regularized so-
lution z(®(d) and the exact one z¢X, even if this is not yet known.

What is the meaning of an « exact » solution ?

Let us introduce some terminologies. A pair {z¢*, d**} is called exact or
compatible if it satisfies the observation equation Az®*=d®, z%*eZ,
dexeD.

Given data d may satisfy some compatibility condition for the existence
of an unique exact solution in Z. However it is not always possible to
write down explicitly the compatibility condition for exact d®, even if pre-
cise informations on the physical nature of the problem are known. There
is of course some exception (As an example, we keep in mind that the
compatibility condition of the Neumann boundary data g, the normal gra-
dient for the Laplace equation, is [gdS =0).

In practice, to obtain such a pair, one can take for example some z®* and
define d°* as the direct image Az®*. Such a construction of the exact pair
{z8%, d°*} is based on the solution of forward problems which gives a com-
patible pair. The knowledge of an exact pair {z,d}, given by the solutions
of forward problems, is useful to check the algorithm of approximate nu-
merical solutions. One considers a model with known geometry, materials
constants and boundary conditions for calculating {z®*,d°*}. Then one
makes use of the numerical artificial data d°* to recover the approximate
numerical solution z©@ of the inverse problem. Another constructive solution
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from given data d°*, consists in establishing an explicit formula giving the
the solution d**=F(z®X). Exact inverse solutions given in Chap. 12 fall in
this category of constructive solutions.

The main result in error estimate is stated in the following theorem
(Dang et al, 2000).

Theorem: Suppose that there exists d ' such that ze*=A*d!. Then, the er-
ror ||z(®—z°*| is given by [|2(® -z | < Lo 12([d-d*] +oid")).

The proof is given in an Exercice. The error estimate depends on both the
regularisation parameter o, which introduces some error on the modelling
and the compatibility error on the datum |d-d®X| in comparison with the ex-
act one. One gets the best possible error estimate by taking the regulariza-
tion parameter ao=ke proportional to the datum error €

[d-d* <& = ||lz®—zY|| <1 k-12el2(1+ k|d'])

12.4 Optimal control theory

Let us consider the example of elastic beam theory for determining the
critical load P at buckling of a straight beam using the Optimal Control
Theory. Let L be the beam length, ¢(s) the rotation angle of the beam, v=¢’
the curvature. The equilibrium state minimizes the potential energy J

mind (ve [ {LEN ~P(1- cos ¢)}ds (12.21)

Now we set the above problem in the framework of the Control Theory.
To do so, we introduce a time like parameter, the arc length s. Find the
control v(s) on the “time” interval [0, L] in order to minimize J(v) with the
state equation

@ =v (12.22)
ds

with “initial” condition

#0) = 0 (clamped beam) (12.23)

and “terminal” condition

¢°(L) =0 (free moment) (12.24)
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The solution of the control problem (12.21)-(12.24) in given in Appendix
B.

Control Theory can be used for a variety of problems arising in Solids
Mechanics and Fracture Mechanics. The first paper on this subject was due
to Contensou (1946) who studied the better way to control the motion of a
rigid body under the action of a rocket engine. Later, the theory and its
applications to automatics derive largely from the works of Bellman (1957),
Pontryagine (1959). Control Theory is then extended to partial derivative
equations by Lions (1971). Here we shall rather look at applications to
Solid Mechanics.

12.4.1 State equation and optimal control

We consider a control problem in finite dimensional space of a process
characterized by x=(x;(t), Xo(t), X;(t), .x,(t)) governed by v(t)e R". The
control v(t) is assumed to be sectionally continuous in time, the state vec-
tor x(t) is continuous and sectionally differentiable in time and satisfies the
differential equation

dx
—=f(x,v,t
” (X,V,1)

te [tn. t;1, xe R", v(t) in some subspace Vc R ; with f continuous in (X, V)
and continuously differentiable in x. The above equation describes a non
autonomous system. However, by introducing a new coordinate x,,=t, and
an addition differential equation (dx,, /dt=1) the vector f*=(f,1)e R"™' is a
function of (x*, v) which does not depend explicitly on time. Therefore
one can restrict ourself to autonomous system f(x,v) (time independent)

dx
—=fx,v 12.25
m (x,v) ( )

One can fix either the initial condition

xX(tg) = x° (12.26)
or the terminal condition

X(t)) = x! (12.27)

or both conditions. In a docking in space, condition (12.27) is used for
relative coordinates x;(t;)—=x (t )—x (t )=0 and velocities 0 x;(t;)—9x ()
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=9x3(t})=0 Vector xe R’ thus represents the position and the velocity of
a point in the phase space. One wishes to choose the optimal control v(t) to
minimize the propellant or generally the cost function J(v)

1) gt 1)+ [ L. v, v (12.28)

with given functions g(x,v,t) and L(x,v,t) under the constraint that some
given function h(x,t)e R? (q<n) vanishes at terminal time t;

h(x, t)‘ =0 (12.29)

t

More general control problem involving state equation not governed by the
differential equation (12.25), but by partial differential equations will be
addressed further.

12.4.2 Adjoint system of equations

Here we consider the initial condition (12.26) for given x? at given t; and
terminal condition (12.29). One introduces the Lagrange multipliers
Mt)e R”, u (a constant vector of R?) for conditions (12.25) and (12.29)
respectively and write (12.28) in the augmented form

J= {g"‘”-h}\t 4 + J‘:l {L(x, v, t)+ A .(f(x,v,t) X )}dt (12.30)
0
The Hamiltonian is defined as

H(x, &, t;v) ;= L(x, v, t) + & f(x, v, t) (12.31)

Since x(tp)=x", the change of the control v modifies the path x(v,t) so
that dx! is related to 8x! (at constant t) and to X'dt, (at constant v) by

dx! = 8x! + x'dt,

Upon substituting the latter expression in the differential dJ of Eq. (12.30),
then integrating by parts and rearranging terms, we obtain

dJ = (@[ D+ b, O] + L+ 4 O.x' O} + 4 0.8%], o+

oH d
+{@gx.0+ 1 hx0] - A ©).x|, , + J:(:(a—x+a?\,).6xdt
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t 0
+ jto a—vH.§th (12.32)
Now we choose the adjoint state & (t) to cancel all terms in the right hand
side of (12.32) except the last one so that

t oH

dl= | —.dvdt
t0 Jv v

Therefore, the adjoint state % (t) satisfies the adjoint system of equations

4 h=— of (adjoint state equation) (12.33)
dt ox

A (ty) =grad[g(x,t)+u h(x,0)]], 4 (terminal condition) (12.34)
{odg(x, )+ h(x,t)] + L+ A (t). f(x, v, ) } |, 4§ = 0 (12.35)

Eq. (12.35) is called the transversality condition. When no constraints on
the control exist, the stationarity of J implies that

ot _
ov
Since dH/0A=f, Eqgs. (12.25) and (12.33) can be written in the Hamiltonian
form

dx oH d. _BH

0 (12.36)

dt 947 dt . ox
Remark that if t; and x(t;) are prescribed and that the constaints are on

the intial state k(x,t=t7)=0 (ke R? g<n) one has to consider the intial con-
dition for the adjoint state instead of Eq. (12.34) and the transversality
condition at initial time instead of Eq. (12.35)

A (tg) =—grad[g(x, )+ .k(x,t)]‘t t (initial condition) (12.37)

{—ddg(x,t)+u k(x,t)] + L+ A . f} ‘t , (transversality cond.) (12.38)

Pontryagine’s minimum principle

Consider the case where g=0, h=0. The minimum principle states the nec-
essary condition for a control v(t) and the corresponding state vector x(t) to
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be optimal in the sense of minimum J. It is necessary that the adjoint state
vector A(t) exists and that:

a) it satisfies the adjoint state equation (12.33), the terminal time condition
(12.34), and the transversality condition (12.35).

b) for te [to, t;], the function v—H(.,.,.;v) reaches its minimum M at v,y

M(x(t), A (1), t):= I'n(ltl)1 H(x(t), A1), t; v(t)) (12.39)

We leave out difficult and complex questions related to the existence of an
optimal path, (see Pontryagin et al, 1962).

Bellman’s dynamic programming

Consider the case where g=0, h=0 and a control problem in R. The adjoint
method provides the gradient of J, Eq. (12.32), with respect to the control
v(t) as 0H/dv for an updtate of the actual control. The optimal path x(t,vp)
is approached by successive pathes of different controls, then the optimal
cost JO(v,p) is obtained by a limiting process. This appoach is quite gen-
eral for control problems arising in inverse problems in finite or infinite
dimensional spaces. In the finite dimension case, Bellman gives another
method based on the minimum principle which gives directly the optimal
path optimal cost by an integration along the optimal path X(t,vp).
Consider an optimal control problem

mind (), I () [ Leexydr,  x@)=c
with the Lagrangian L(x,v) and x’=v (state equation). The optimal path bet-
ween [a*,T] is indicated by arrows and the corresponding optimal cost is
JO(c*,a*) for the optimal control Vopd(t) over [a*,T], with c*=x(a*). To ob-
tain the optimal cost J9(c,a) for over a larger interval [a,T], we assume that
S=a*-a is small and then consider a continuous control v(t)

w (constant) over [a, a*]
v(t) =

Vopt(t) over [a*,T]

Therefore

19(c,a) = min {r’*L(x,v)dH jT L(x,v)dt}
v[ a,T] | va a*
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Figure 12.2: Control by the gradient approach (1) with the initial condition
x(0) =x%; Bellman’s dynamic programming (2)

10(c,a) = rFinT{SL(c, W)+ J° (c+wS, a+S)} (12.40)

To within O(S?), by expanding Eq. (12.40) one obtains Bellman’s equation
7 7°

min L(c,v)+a—v +a—=0 (12.41)

v aT ac da

with J9(c, T) =0. Remark that f(x,v) =v, hence H(x, A, v)=L(x,v)+Av.
By the substitutions c—x, w—v, a—t, and A—0dJ%0x, Eq. (12.41) can be
written in the Bellman-Hamilton-Jacobi form

0 0
_% = mvin H(x, E;ix,v) (12.42)

with boundary condition J%c, T) =0.

12.5 The dynamic system of quasi-static elasticity

Most inverse problems in solids mechanics are governed by elliptical
equations: Laplace equation Au=divgradu)=0 or elasto-statics divo[u]=0.
Given two superabundant boundary data u|yq and anu|ag, solve the Cauchy
problem for Laplace’s equation.

The Cauchy problem is a known subject. Recently methods of solution
to Cauchy’s problem have been used to detect flaws and cracks, (Bui,
1994).
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Figure 12.3: Propagation of fronts S; with normal velocity y(x)n. Solid domain
behind the fronts is free of defects. Closed fronts in (a) and open fronts in (b)

The principle of defects detection is based on the formulation of quasi-
static elasticity in the dynamic form (12.25). First, consider the anti-plane
elastic problem governed by the harmonic equation Au=0. Given the pair
(u,0,u=g%) on S(, more generally knowing (u,d,u) on S, find a new pair
(u,0,u’) on S,,, Fig. 12.3 (a) when the change S,—S,,; is controlled by
some velocity field. This is the velocity field y(x) given in Q which de-
fines by y(x)ndt the small change of S, into S,,; during the time interval
dt. The propagation of fronts continues until we find a crack tip singularity
or a discontinuity infered by the presence of cracks. Such regular fronts de-
termine smaller and smaller domains containing cracks tips singularities or
crack faces™. Fronts S, can be the open ones shown in Fig. 12.3 (b). By
choosing different initial fronts S’ one can also approach the defects from
the outside.

Let z=(u,0,u)* be the state vector defined for xe S, at time t. Its evolution
is governed by some transfer matrix A of tangential operators, t being a

time like parameter along orthogonal lines to fronts S;
d
& oAz (12.43)
dt

Consider the example of Cauchy’s problem for Au=0 in the square domain

™A cavity defined by du=0 cannot be determined by the reconstructed u(x), but
rather by the reconstructed conjugate function v(x) such that u+iv is analytical in
the complex variable z=x;+ix,. Suppose that |[Vu(A)|=0 at x=A. One sets
v(A)=0.The cavity belongs to the set {x; v(x)=0} of stream lines of potential flow.
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Q :={x| 0<x; <1, 0<x, <1}, with superabundant data
u=1 and g=1 on x,=0, 0<x; <1

and the homogeneous Neumann condition d,u—0 on x; —0 or x; -1, 0<x,<1.
The gradient g is the unknown on x —1, O<x; <1. First, the Laplace equa-
tion d191u+0-d,u=0 is written in the dynamic form with fronts propagating
in the Ox, direction t=Xx,:

du=g
82g = 8282u = —a|alu

Hence the Laplace equation Au=0 in two-dimensions is transformed into
the dynamic equation (12.43) with the matrix operator

0 1
A= 2 (12.44)
-— 0
ox,

In cylindrical coordinates, the time like variable is t:=r and the harmonic
equation becomes dz/dr=Az with z=(u,d,u)* the matrix operator

0 1
ol
| 1206 rl

Further analyses show that operator A can be explicitly determined for
general curvilinear coordinates, for Au=0 and divo[u]=0 as well, Bui
(1993). Cylindrical and spherical coordinates have been considered in
(Zhong, 1995; Li and Recho, 2002).

Naively, one can attempt to integrate the Cauchy system (12.43) by the
« time » integration (t:=X,) with the «initial » conditions zy(t)=(1,1)* on
x,=0. Numerically, an explicit integration scheme blows up immediately
after 2 or 3 steps. This illustrates the ill-posedness of Cauchy’s problem.
Hadamard showed that a perturbation of the data u=I by a term
u(xy,0)=1+ecos(2kmx;) with small € and large integer k leads to the exact
solution g(x;,1)—1+2kecos(2knx; )cosh(2kr) which blows up when integer
k is very large. Fig. 12.4(a) on the left shows the numerical result obtained
in (Bui, 1993) for the initial data (u=0, g=x;2 on SqcdQ plus a random
error 1%, just after one step increment 6t=0.02. Fig. 12.4(b) on the right
shows numerical result of the same problem after a regularization proce-
dure based on the use of the smoothing operators described below.
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Figure 12.4: (a) Integration of the dynamic equation dz/dt=Az , without regulari-
zation; (b) with the regularization smoothing operator M, dz/dt=AMz, (Bui, 1993)

Figure 12.5: The level set v=0 of the conjugate function v(x) corresponding to the
cavity detection Au=0, d,u=0 on the boundary of the cavity

As another example, consider the reconstruction of a circular cavity de-
fined by condition d,u=0 (see the footnote of Sect. 12.5). To determine
graphically the level set v(x)=0 of the reconstructed conjugate function,
one may conveniently use the 3D-plot of z =1/v(x) if [v(x)|>¢, and z=1 other-
wise, Fig. 12.5.
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12.5.1 Smoothing operators

A regularization procedure is required for obtaining stable solutions of
Cauchy’s problem considered the above examples. Mathematically, for
given functions x;—u(.,x;) one can define different smooth functions
x;—Mu=1u (., X;) by using smoothing operator M, which can be defined in
different equivalent manners (Lorentz and Andrieux, 2003).

Since operator A involves second derivatives with respect to the spatial
variable along the front ., (the spatial variable is x; in this example), we
consider the space of smooth functions ueH?2([0,1]), u’(x=0)=
u’(x;=1)=0, such that the operator AM is bounded, |[AMz||<C’||z|| for
some constant C’ and for z=(u, d, u ).

Below the presentation of smoothing techniques of functions in [0, 1]
follows the paper (Lorentz and Andrieux, 2003):

Differential equation:

M: u— Mu:=1u solution of

u—k2u”’+h4u”’”’ =u in [0, 1] (12.45)
uw@)=u’(1)=0, u’’O)=u’(1)=0,

where k and h is a characteristic length, small with respect to the interval
[0,1] but large with respect to the wave length of the numerical oscillations
of u.

Variational equation:

For given noised u, find u eH2([0,1]), such that

Jo (T —v + 12TV +heT v lds =0,  Vve HX[0,1)  (12.46)

where v satisfies the boundary conditions (12.45). Test functions v satisfy-
ing (12.45) can be Fourier cosinus-functions of the form

(X1, X2) =D, ap(xp)cos(nmx).

Minimisation of functional:

U= Arg Min_po Jio. [(v w2 + K2(v')2 + h# (v**)21ds (12.47)
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The first term alone corresponds to the usual least square approximation
method. It can give a good result because of the smoothness of the space
used H2. However, better results are obtained with additional terms which
correspond to the gradient penalties limiting higher order oscillations.

Convolution integral

T =Mu(x) = | G(x, yu(y)dy, (12.48)

G(x;y): Green’s function of the equation G-k G”’+h4G’’ "= §(x-y). Fi-
nally, the Cauchy problem consists in the integration of the differential
equation with a bounded transfer operator AM, instead of unbounded A:

iz =AMz (12.49)
dt

and taking into account the initial condition z(t=0)=(ud,d,u=gd)r. At time
t+dt, updated values of the vector z on Si4, are given by z(t+dt)=
z(t)+AMz(t)dt. Since AM is bounded, we have the inequality,
||AMz||<C]||z|| for z=(T, d, u ) which guarantees the existence and unique-
ness of the solution of Eq. (12.49) if the integration step is small.

12.5.2 Transfer matrix operator in elasticity

Front S, 4 is derived from the precedent one S by displacing each point of
St by vector y(x)ndt, where n is the unit normal vector to the front, y(x) is
a positive and regular scalar field representing the normal «velocity».
Therefore the « material » derivative of u is given by du/dt=yg. We have
to complete the latter equation by the material derivative of g, that is to
calculate dg/dt explicitly, via the transfer matrix A(u,g;y).

Let us introduce the following notations for tangential operators along S

grad(.) := grad(.) — nd, (.) (tangential gradient) (12.50)

divy(.) :==div(.) —n .d,(.)  (tangential divergence) (12.51)

Now we remark that function u at any fixed point left behind the moving
front S, does not change its value du/dt=0. This invariance condition ex-
presses the continuation of the same original function u(x), which does not
depend explicitly on the moving S(t).

Consider the evolution of fronts in Fig. 12.3 (b). Let Q; be the domain
on the left of S;, its boundary is dQ=SyuUSUS;. On S, dyu :gd (inward
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normal to Q ) is prescribed, on S the gradient d,u=g is known at time ft,
and we assume that d,u=0 on the complementary Sy .

Three cases can be considered :

i) The lateral boundary Sy does not exist,

ii) The lateral boundary S; is orthogonal to I'; and dpu =0 on S,

iii) The lateral boundary S; reduces to two fixed points (two-
dimensional problem) or to a closed curve (three-dimensional problem).

These are natural conditions apprearing in the following rate varia-
tional problem of elasticity. First consider the solution of the harmonic
equation Au=0, more precisely the solution of the variational problem
a,(u,v)=by(v) in €

_[ gradu.grad vdQ = I gvdS — j gvdsS, Vv (Problem P) (12.52)
Q, St S0

where the test functions v are assumed to be independent of t. Sign (-) in
the second integral in the right hand side of (12.52) is due to inward nor-
mal n. Consider the rate problem P’ obtained by differentiating (12.52)

d d
—a, (u,v)=—>b,(v) (Problem P’ 12.53
V) =b(v) ( ) (12.53)
On convected differentiation of the time dependent domain integral over
Q and integration by parts, together with the invariance condition du/dt =0,
we obtain the formula, (Bonnet and Bui, 1989)

4 u=yg
‘(‘; (12.54)
W divg(y gradsu) — gdivs(yn)
The matrix of tangential operators is
0
A= i , v (12.55)
divggradg  divg(ywn)

Field y(x) which defines the magnitude of the velocity field on S, can be
arbitrarily chosen. Stream lines are parameterized by two coordinates on S,
and coordinate t describes the position of S, along the stream lines. Matrix
(12.55) is the generalization of (12.44) to curvilinear coordinates.

Now, to derive similar dynamic equations for three-dimensional elastic-
ity, we consider the state vector z=(u,T)" with displacement u and stress
vector T:=c[u].n on S;. The above condition ii) for the rate variational
problem (12.52) becomes T =0 on S;. The variational problem of elasticity
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where v is independent of t, as well as Td. The invariance condition is
ou/ot=0. The rate variational problem (Q’) results from the convected dif-
ferention of (12.56). It has been shown in (Bui, 1993) that the rate varia-
tional problem (Q’) is

It can be shown that, the rate variational problem (Q’) is equivalent to

with components

where S(u,T) is the stress tensor c=L.gradu as defined below, G(u,T) is the
normal gradient du/dn which has to be expressed in terms of state quanti-
ties u, T defined on S, only. In order to do so, we consider the constitutive
law in local coordinates, (§;, &,) along S, and t along the normal direction
n. Using (12.50) we obtain

Gu,T)= {ZiT. e” —e”.(gradsu)¥™.n}e” +
u

1
A+2u

+

{T.n—Atr(gradgu) — 2un. (gradgu)®™.n}n (12.60)

Stress S(u, T) has also to be expressed in terms of the state quantities u, T
only
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Eqgs. (12.58)-(12.61) are the dynamic form of Elasticity which depends on
the control field y(x), (Bui, 1993).

12.6 Quasi-reversibility method

A powerful method for solving Cauchy’s problem is provided by the
Quasi-reversibility method of Lattes and Lions (1967). Consider the
Cauchy problem of the harmonic equation with two boundary data ud and
gd given on a part of the boundary. There are no data on the complemen-
tary surface dQ\S(. There are no unknown defects either.

The QR method relies upon the use of a higher-order (4th order) partial
differential equation defined herafter, depending on a small parameter ¢,
whose solution u® is identical to the harmonic function u in the domain
Q, except in a layer of thickness 2e along 0dQ\Sy.

Let us consider a square domain Q :={x; 0<x; <1, 0<x,<1}. Consider
Qe :={x; 0<x,<1-2¢}, C&:={x| I-e<x<1}. Qeand Q share the common

boundary S. Cauchy’s problem is equivalent to the problem of finding u(®)
solution of the problem :

AME?2 Au®)= 0 in Q¢

(12.62)
u®=ud and g®:=dpu®=gd on S,
Function M®)(x) is a positive C2 function defined in Q .by

(12.63)

M@E(xq, X)) =1 xeQf }
M@e(xq, x) =0 xeCe

and M@®)(x;, X,)=0 continuous for 1-2e <x, <1-¢.
Since M()(x,1)=0, no other conditions are required for u® and v on the
boundary x,=1.

The uniqueness of the solution u® as well as the L.2-convergence u®—u
are proved in (Lattes and Lions, 1967). Finally, the ill-posed Cauchy Prob-
lem is replaced by a well-posed one using a higher-order equation which
makes use of two boundary data.

No explicit regularization procedures are needed because the functions
space HX(Q) considered in the variational formulation of the fourth order
equation (12.62) are implicitly more regular than the space H!(Q2) considered
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in the original variational problem of the second order equation. The varia-
tional problem consists in finding u(®)e H2(Q) such that:

(M®Au®, M®Av) =0, for any v € X(0) (12.64)

and X(© being the set of test functions ve H2(Q) satisfying v=0 and 9,v=0
on .. A better result can be obtained by using the penalty form of the varia-
tional equation

(M®Au®©), M®Av)/e2 + (r®gradu®), r®gradv) =0 Vve X©O) (12.65)

In the above equations the duality (.,.) means the integration over Q® of
the product of dual terms. The function r® is defined by any continuous
function such that

r®=1 for x,<1-¢,

&= (1- xp)/e for 1—e<x,<]1.

The L2-convergence u®—u to the solution u of the Cauchy problem is
proved in (Lattes and Lions, 1967). The QR-method has been generalized
to parabolic equation in (Lattes and Lions, 1967) and hyperbolic equation
in (Klibanov and Timonov, 2003) for the mathematical treatment of time
reversal.

12.7 Control of partial derivative equations

One consequence of damage in solids is the appearance of cavities and
cracks at the microscopic scale. Damage reduces the elastic moduli L and
the heat conduction coefficent k. To determine the damage field one can
solve an inverse problem to determine the field k(x) by use of the heat dif-
fusion equation and the method of Control of partial derivative equations
of Lions (1971).

12.7.1 Inverse problems in parabolic systems

Let us consider dimensionless quantities (pc=1, kg=1) to solve the inverse
problem : Find the heat conduction coefficient k(x), from boundary meas-
urements of the temperature 6 and the flux d,0=g during the time interval
[0,T]. The forward problem is governed by equations
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—div{k(x)grad 8} + E;—f =0,xeQ (12.66)
0(x,t<0)=0, xeQ (12.67)
0,0(x’, t) = g(x’, t) , x’€0Q, te [0, T] (12.68)

Let us consider a heat diffusion model with coefficient h(x) which will be
considered as the control. The corresponding temperature u(x) satisfies the
same boundary condition (12.68)

—div{h(x)gradu} + 3—1; =0,xeQ (12.69)
u(x,t<0)=0, xeQ (12.70)
dhu(x’, t) = g(x’, t), X’ €0Q, te [0,T] (12.71)

The solution to the forward problem (12.69)-(12.71) is well-posed and is
denoted by u(x, t;h). Now, in order to solve the inverse problem, one seeks
the optimal control h which makes the best fitting between the predicted
temperature u(x’,t;h) and the measured one #4 (x’,t) at the boundary for
any time in [0,T]. The functional to be minimized is the least square norm

min J(u(h) jOT [ Jucxteh) (x| dsar (12.72)

For numerical purposes, one needs to calculate the gradient of J with re-
spect to the control, dJ/oh. In direct sensitive methods in finite dimen-
sional control space, h=(h;,h,..,hy) one should have to consider Eqs
(12.69)-(12.71) for h+dh (h being calculated in the preceding step), thus to
solve N direct problems. Now, let us show that Lions’s adjoint method
solves the sensitive problem of the gradient evaluation dJ/oh by consider-
ing one adjoint equation. Let us set the following notations:

a,(u,v) = J.thradu.gradvdﬂ (12.73)
(U, V) = Igu(x)v(x)dQ (12.74)

8V [ g V(")dS (12.75)



316 Chapter 12. Methods of Solution to Inverse Problems

The variational form of the problem (12.69)-(12.71) is

Thus the minimization problem (12.72) under constraints (12.69),
(12.70), (12.71) or the variational constraint (12.76) can be solved by in-
troducing Lagrange’s multiplier A(x) and the Lagrangian L

If u is the solution of (12.76) then L=J. The minimum point of J(u) un-
der specified constraints is the stationary point of the Lagrangian, L =0.
Conversely the stationary Lagrangian, 8L.=0 for any A, for fixed u and h,
implies (12.76). Now consider the variations of both u and h and the corre-
sponding change of L

One restrains the choice of A by considering the one which cancels the
variation (dL/ou)du

One adds two additional conditions du(x,0) =0 and A(x,t>0) = 0. On integrat-
ing (12.78) by parts, it is easily found that A satisfies the adjoint equation

Eq. (12.79) is the backward heat diffusion, which is a well-posed prob-
lem when solved backward from time t=T to t=0 (it is ill-posed when
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solved forward from t=0 to T). With the adjoint field solution of (12.79)-
(12.81) the variation of L or J is given by

T
ol = L .[Q oh gradu.grad A4 dQdlt (12.82)

This is the main result of adjoint equations methods, which provides the
gradient of the functional J with respect to the control field h by solving
one adjoint equation for the Lagrange multiplier field A(x,t).

12.7.2 ldentification of materials

Inverse problems in elliptic systems, to determine the coefficient k(x) in
the steady state heat equation div(k(x)grad®)=0 or the moduli tensor L(x)
in the elastic equilibrium equation div(L(x)gradu)=0 are particular cases of
the preceding model, without time derivative and time integration. For in-
stance, the determination of the elastic moduli L(x) from surface meas-
urements of both displacement u(x) and traction vector T(x), can be done
in a similar manner. To outline the main ideas, we refer to the works of
Constantinescu (1995), Constantinescu and Tardieu (2000), Constan-
tinescu and Verger (2002). One controls the elastic modulus tensor M(x),
so that the corresponding displacement w(x,M) under the same traction
T(x) minimizes the functional J

minJ (w(M))= Lg|w(x';M)— u(x")|* s, (12.83)

Thus the model w(x, M) satisfies the equilibrium equation
—divo[Mgradw] =0 in Q

n.c[Mgradw] = T on 0Q2
The adjoint displacement satisfies the equation

—divo[Mgradi] =0 in Q

n.c[Mgradi] =u—w on dQ
and the variation 8] is

ol = L (grad w)»ym.GM.(gradk)sym d.Q (12.84)
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Eq. (12.84) defines the gradient of J with respect M. Let us consider the re-
presentation of symmetric tensors in R’®R’by vectors in R®and the
elastic moduli tensor M by the 6x6 symmetric matrix

6
(gradw)sYm 6M.(gradA)sym = Z W;5Mij/1;

i.j=1

It should be noted that the symmetry of the moduli elastic tensor allows the
above term to be expressed as

W’@Mij}\.’j = SM”W’]}M’] + 8M22W’27\,’2 + §M33W’37\.’3 +

\’SM]Q(W’ 17\.’2+W’27\,’]) + 5M23(W’27\.’3+W’37\,’]) + 5M31(W’37\.’ 1 +w’ 17\,’3).

Therefore only 6 variations of the elastic moduli can be considered, not
all 21 elastic moduli coefficients. Only inverse problems for a limited
number of material symmetry can be inverted (2 coefficients for isotropy,
3 for cubic symmetry, 5 for hexagonal symmetry).

By taking dMj; proportional to —(x8t)w’;A’; one gets the controlled
variation 8J/6t=—x |gradw|4grad)| d€2. In practice M is an isotopic elastic
modulus tensor, depending of two functions, Young modulus and Poisson
coefficient corrections. More complex behaviors including elastovisco-
plasticity are investigated by adjoint methods in (Constantinescu and
Tardieu, 2000; Constantinescu and Verger, 2002).

12.8 Stochastic inversion methods

So far the focus has been on deterministic methods of inversion which do
not involve uncertainty. It is worth mentionned two methods to solve some
inverse problems, Tarantola’s stochastic inversion method and Kalman’s
filter.

12.8.1. Tarentola’s inversion method

The data d, the model parameters z are considered as random variables and
the modelling A is a stochastic process making a link between Z and D, in
finite dimensional spaces. Any a priori information on variables z is
described by the probability density z(z), “before considerations of the cor-
relation between z and d”. Noised data are characterized by the probability
density fp(d). The mapping z—d is defined by the joint probability density
fa(z, d) in the space Z x D.



12.8 Stochastic inversion methods 319

Tarentola (1987) proposed the solution z as the a posteriori informa-
tion on the model “after taking into account the correlation between z and
d”, defined by the probability density

fr(d) ,(2) ,(z,d)

F(z, d)= (12.85)
4z, d)

where [1(z,d) is some normalizing factor. Thus the solution is given by

F,(z)= jDF(z, d)dd (12.86)

Generally two assumptions have been made

1) W(z,d) = uz(2) up(d)

ii) fa(z, ) = A dpy(2)

Where fa(z|d) is the conditional probabilty densitiy of d if z occurs is an
occured event. Eq. (12.86) becomes

QYT

D(d) (12.87)

F ()= ,@) ]

The Gaussian law is generally considered for the conditional probability
density given by

Liy-Az).C"\(y- Az)} (12.88)

!
£ (2y)= ——— _
) a0 P2

where C is a covariance positive matrix

12.8.2. Kalman'’s filter

Some inverse problems involving a time-like parameter make use of Kam-
lan’s filter, for instance in plasticity (Bittanti et al, 1984). Dynamic form
equations of elasticity (12.43), (12.58) also involve a time-like parameter
so that a linear multistage process (i=0,1,2..) can be considered

2" =®'z7' +T'w' (state equation) (12.89)

A =AlZ 4+ v (observation equation for measurements d) (12.90)
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where 7! is the state vector at stage (i), di is the measurement, Aizi is the
prediction, ®i, Al T are matrices given by the discretized equations, wi!
and v' are respectively the error in modelling and in measurements. In ad-
dition to the above-mentionned equations, there are a priori informations
about mean values and standard deviations:

E(z9)=z", E((z" -Z°)z"-Z°))=M°

Ew)=w', E(w' =W (W —W")) = Q8

E(z’ -z")(w* —w") ..... (no correlation)

E(v (V") = Rydy,

E((z° -Z°)(v*) )= E((W’ —=w")(v")' ) =0 (no correlations)

The updated value Z' is given by Kalman’s formulae, (Kalman, 1963;
Bryson and Ho, 1969),

20_ =0

2'=7'+K'(d' - A'z")

ii — (Di_lii_l + l—-i—lvf\vi—l
Ki=Pi(Ai)t(Ri)!

Pi=Mi — i(AD)t (A Mi A+ Ri)-TAIMI,

Mitl = @i Pl (q)i)t + T Qi (r‘i)t

12.9 Duality in solid mechanics and inverse problems

Let us make some concluding remarks on duality found in Part I as well as
in Part II. In Chapter 1, it has been shown that Tonti’s diagram in Physics
reveals a profound symmetry or duality in Elasticity when the kinematics
and the dynamics are considered together. The duality observed by Tonti
(1975) in rods and beams theories has been worked out by Bui (1994) in
Elasticity and Bossavit (1988) in Electromagnetics.
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It is worth noticing that duality has been exploited long before in Mechanics
through the virtual power principle, introduced by P. Germain who wrote
“the Force is the dual of the mobility”

Virtual power is more general a principle than the derivative of energy,
as illustrated by path-independent integrals J(u, u) and J(u, u*). The last in-
tegral contains the J-integral as a particular case.

Duality is found in Mathematics to solve linear partial derivative equa-
tion, Au=f{, by introducing an equivalent bilinear form a(u,v), ue H(Q2) and
ve H(Q), where H and H’ are some dual functional spaces. Let us mention
some important dual spaces in Mathematics:

- Schwartz’s spaces: £ (indefinitely differentiable and compactly sup-
ported functions) and & (Schwartz’s distributions space);

- Schwartz’s spaces: S (functions and derivatives of any order decreasing
more rapidly than any power of 1/|x|) and S’ (tempered distributions)

- Sobolev’s dual spaces: WM-P(Q) and WP’ (Q), p’=p/(p—1) (p’=c if p=1).

Duality is also found in inverse problems. Applications of duality have
been given by Constantinescu (1995), Nakamura and Uhlmann (1995),
Ikehata (1999) to identify the elastic moduli field L(x) from two over-
determined boundary data, ud(x) and T4(x), x € 0Q.

Constantinescu (1995) made use of the so-called “error in constitutive
law”. Dual variables € and ¢ are considered as independent ones, the strain
¢ belonging to the kinematically admissible space KA such that u=udon
dQ and the stress ¢ belonging to the statically admissible space SA such
that 6.n=T49 on 0Q. The inverse problem can be solved by one of the mini-
mization problems, (Constantinescu, 1995)

min min J. ||8—L.0'||dQ
L £cKA,0eSA YQ

min min I HL_I/z.O'—Ll/z.S“dQ
L eeKA,0eSA YQ

min  min jQ (c-L.&): :(oc-L.£)dQ

L eeKA,0eSA

Cauchy’s problems for the harmonic equation or the elastic equilibrum
equation have been solved by duality in Sect. 12.5 where dual variables,
displacement u and stress vector and T are treated at the same level in the
dynamical system

d

" =A(u, T
E{T}_ (ll, ’l//)
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This dynamic approach of Cauchy’s problem is another illustration of dua-
lity in Elasticity, where the variational form a{u, v)—b; v) =0 and its deriva-
tive % a(u,v)— % b(v)=0, have been considered to derive Eq. (11.63).

Nowhere else will we find a better use of duality than in Inverse prob-
lems. It is found that fields and adjoint fields are the key tools for solving
inverse problems, sometimes in a closed-form. This is also illustrated by
dual terminologies used in different topics:

- Tomography (projection and back projection),

- Scattering of waves (propagation and back propagation)

- Waves propagation and time reversal mirror

- Forward diffusion and back diffusion

Table. Duality in solid mechanics and inverse problems

Variables & functions

Action or results

Dual variables & conjugate fct.

Displacement u

Virtual velocity v*
Deformation €

Potential energy P
Thermoelastic fields u, 6

J-integral

J(u,u*®)
v,e)'=Cu

Sv.e “=m. ¢
n=0

=0

Projection
Propagation
Forward equations
Forward diffusion
State equation
Primal problem
Functional spaces :
D,S

Hm™p

Work
Virtual power()

Dissipation A.do.
Derivative of the
energy —dW/da
Virtual power
Tonti’s diagram
Eq. of motion
Equilibrium Ec

Constitutive law

Coees VS €
Coei of e
Tomography

Scattering of waves

RG functional
RG functional
Control theory
Convex analysis
Mathematical
analysis

Force f, traction vector T
Force f, traction vector T
Stress o

Complementary potential Q
Adjoint fields u*, w*
Generalized forces A

Dual I-integral

C*(p,0)"= (m, e)
m=0
e=0

s*[z.B =[p,o *

Back projection

Back propagatior

Time reversal mirror
Backward diffusion
Adjoint state equation
Dual problem

Dual spaces :

", S’(Schwartz’s spaces)
H~™P’(Sobolev’s spaces)




Appendix A

Residual Stresses in Fracture
Mechanics

The solid under consideration has been processed by metal forming, ma-
chining or subjected to repair operations (weld, burnishing etc.) or to acci-
dents which result in irreversible deformations and residual stresses 69(x)
etc. Generally, the residual stresses, also called the initial stresses, are un-
known and have to be determined by some techniques (X-rays, solution to
well-defined inverse problems). They are originated from some initial
plastic deformation. In this appendix, we will look for two problems: first
to indicate the consequences of residual stresses in fracture mechanics,
second to make a brief review on methods for identifying the residual
stresses.

A.1. An approximate theory of residual stress

We recall that displacement and strain have been measured in the current
configuration which is generally assumed to be stress free before the appli-
cation of the loads. In this case, the stress-strain law in elasticity is o=L.¢.
For an isotropic medium, the elastic law depends on Lamé’s constant A, L.
Now, the presence of initial stresses changes the elasticity law which be-
comes inhomogeneous and anisotropic since it depends on the intial stress
distribution (Mandel, 1966) as

0, = Air(€)8; + 2 g, + {1 - 1r(€)} 0, (x) + @, (0)0), — T,0,.(1) (A.1)
where o(u) = (Vu - V™)/2 the skew-symmetric part of the gradient Vu.
The initial stress satisfies

div(c?) =0 in Q and 6%n = 0 on Q. (A.2)

Only when o0 is small, of the same order as O(Vu), that the linearized
stress-strain law becomes isotropic for the stress difference (¢ — 6?)

323
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0, —0,(x)= Ar()d, + 2 ue, (A-3)

Of course, this simplified theory is justified for an uncracked body, be-
cause of the smallness of the residual stress. But Eq. (A.3) becomes incor-
rect in the case of a cracked body because, prior to the applied mechanical
loading which results in the stress 6M(x), the initial stress 6%(x) can be sin-
gular. Therefore we remind ourself of the approximate nature of Eq. (A.3)
and of the neglected terms when dealing with residual stress-strain law.
The reader can convince himself of the complexity of the residual stress
theory in brittle fracture mechanics by investigating the asymptotic solu-
tion of the equilibrium crack with the stress-strain law (A.1), the condition
(A.2) on the crack surfaces F*, the stress-free condition 6.n =0 on F* and
the initial stress field 6%(x) = r~12g(8). One finds that the stress 6 is more
singular than the strain ¢ (). Therefore, the square root singularity is no
longer valid in the presence of singular initial stress. In what follows, even
in case of singular initial stress, we will assume that the ratio [6%)/(A + 2u)
is small enough to justify (A.3).

A.1.1. A theory of fracture with initial stresses

We assume that the stress-strain (A.3) holds for the uncracked solid QO
with the initial stress 6%(x) and that the presence of the crack of length a
releases elastically (no reversed plasticity) so that we are left with the re-
sidual stress oR(x), prior to any mechanical load. The equation are

div(oR(uR(x)) =0 in Q! (A.4)
oR.n =0 on F* and S (A.5)
Let X : = (oR — oY) = L.(e(uR)). The auxiliary stress T satisfies

divE =0 in Q! (A.6)
Y.n=-0%nonF* and X..n =0 on S,y (A7)

(*) For the stress field 6%(x) equal to the singular solution in mode I, the
asymptotic solution us in anti-plane mode III can be easily derived. The strain
€3; 1s singular as €3;= O( ~02) and the stress as o3;= O( —07), the strain energy
density is W = O(r 09) thus it is less singular than O(1/r). Therefore, there
is a small zone around the crack tip where the full theory (A.1) is domi-
nant, and outside this zone, the approximate theory (A.3) is quite good.
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Now, the applied loading on the cracked solid is the traction vector T
given on S,y . The mechanical stress field arising from T is denoted by
oM=L.(e(uM)). In Egs. (A.4)-(A-5) some surface components of the stress
oR(x) and the strain g(uR) can be measured by X-rays diffraction, namely
the principal tangential strain eR¢¢, eR,\, along the external surface Scy. The
actual stress in the cracked solid is

The intial stress 69 (or residual stress oR) acts as an internal loading while
the applied stress T is the external loading to the cracked solid. Therefore,
from the additivity of the stresses, we get the additivity of the stress-
intensity factors of the fields %, oM, Fig. A.1.

T=cM.n

(©) (M 2) vT

Figure A.1: Configuration (0) with initial stress 6%x),6? x).n=00n 0Q2; Configura-
tion (1) with the residual stress oR(x).after a crack propagation, 6R(x).n=0 on F*
and o"(x)n=0 on 0Q; Solid (2) under the pure mechanical loading T and
oMx).n=0 on F*

A.1.2. Energy release rate

The strain energy calculated with the pre-stressed configuration 69%x) can
be shown to be

where u=uR+uM. One can also consider the strain energy calculated with
reference to the stress free configuration, for which the plastic strain re-
sponsible for the initial stress must be known
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The relationship between W; and Wy is

The integral in Eq. (A.11) does not depend on the crack length so that the
energy release rate can be calculated with either of the two expressions
dW,/da, dW¢/da. However, the choice (A.10) is not a good one since the
strain L-1.(c+Z+cM) is not compatible. Finally, we note that the strain en-
ergy can be calculated in the pre-stressed configuration oR(x) as

The second integral of Eq. (A.12) vanishes because oR(x) is a self-equili-
brated stress field and eu is a kinematical field. Thus it remains to consider

The evaluation of (A.12) yield the Irwin formula in mode I

A.2. Residual stress identification

A.2.1 Origin of the residual stresses

Residual stresses in solids arise from the manufacturing process of metals,
from the solidification of melted metals to the machining operations on
solid structures. There are complex thermo-mechanical and metallurgical
transformations which cannot be easily modelized. Although the past his-
tory of the solid is unknown, we consider a fictituous stress-free reference
configuration C() together with successive configurations, C(0), C® and
transformations

O (manufacil)rlng process) Co (mechania)ll loading) co

There are two methods for characterizing C(©): the first one consists in the
modelling of the manufacturing process C( )—C(©® and the second consid-
ers either the initial stress field ¢”(x) or the initial plastic strain ¢'P(x) as
unknowns, then determines some components of the surface stresses ex-
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perimentally. No known methods exists for determining all components of
the intial stress field 69(x). Some inverse problems can be soved by the
second method of identifying the plastic strain, by using informations on
the overall deformation from CO) to CO), (see Bui, 1993).

A.2.2 Determination of the residual stresses

Non destructive methods

The distance d of to adjacent crystallographic plane in metals can be
measured by X-rays inspection. Comparing d with the distance dy of the
unstressed specimen, one obtains the principal elastic surface deformation
which is related to Ad=d-d,, even if there is some plasticity, because the
plastic strain by slips of atomic lattice along slip planes do not change the
inter-crystallographic distance. The X-ray method consists in measuring
Bragg’s optimal diffraction angle 8, with the wave length A. The measured
distance satifies Bragg’s equation (n is an integer) nA—2dsin6=0. Therefore
by measuring the variation of the Bragg diffraction angle, one obtains the
elastic deformation

Another non destructive method is based on the stress analysis in different
configurations C©, C® . In the presence of initial stresses, the Piola-
Kirchhoff stress tensor satisfies the affine stress-strain law (in small strain)

Now considering the relationship o(detF)=F.n.F* between Cauchy stress
o and Piola-Kirchhoff stress m (Sect. 1.1.3, Chap. 1) and upon lineariza-
tion one gets the well-known formula, (Mandel, 1966)

where u(x) is the displacement measured between C(® and C®, under the
assumption that the mechanical load does not introduce an additional plas-
tic strain. Therefore, the variation of the stress Ac=6—-c(® is a linear func-
tion of the gradient of displacement

Eq. (A.17) can be written in the form
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Ac =L*¢e +@.0® —cO.@ (A.18)

Generally, the skew-symmetric tensor @ is small enough for neglecting the
terms ®.6(® and 6©.@. Stress-strain law becomes

Ac =L*(A, u, 00).e (A.19)

with the modified elastic moduli tensor L*, which depends on both Lamé’s
coefficients A, |, and the components of the initial stress tensor. An iso-
tropic material becomes anisotropic and non homogeneous elastic medium.
In practice, only surface stresses can be determined experimentally, for the
principal stresses 6911, 6(02, by assuming that these are sufficiently con-
stant in some area for ultra-sonic measurements (the elastic wave veloci-
ties depend on elastic moduli, (Hayes and Rivlin, 1961).

Destructive methods

Let us mention briefly others experimental techniques for measurements of
the residual stresses:

1. Boring hole in the solid for relaxing the stress and measurements of the
elastic response

2. Cutting a thin structure and measurements of the three components of
the strain induced by the operation, using strain gages.

3. Surface removing of the materials, layer by layer, by a mechanical or
ionic burnishing, (Ballard and Constantinescu, 1994). Fig. A.2 shows the
deformation of an aluminium bar after a mechanical cut along its symmet-
rical plane, compared to the initial one. This convinces us that initial
stresses generally exist in a structure prior to the application of the loads.

Figure A.2: Deformation of an aluminium bar, cut along its middle plane and
compared to the original one (section: 1cm?2)
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Weak Interface Singularities

B.1 The Interface crack between dissimilar materials

Fracture Mechanics deal with the analysis of an existing crack in a struc-
ture. In a homogeneous linear elastic material, stress and strain have the
well known square root singularity 0(1/r). Different singularities, cor-
responding to the pull-out and the push-in kinematics, respectively,
have been found in the case of a frictional interface crack between an
isotropic elastic medium and a rigid body, Chap. 3. The case of an inter ace
crack between two different elastic media has been widely investigated
in the literature, (Sih and Rice, 1964; Dundurs, 1969; Kassir and Bregman,
1972). The singular solution for a semi-infinite stress-free crack x;< 0,
Gij(x1<0,x,=0)=0 exhibits a strange oscillating behavior for the stress ahead
the crack tip x;>0, x,=0

1 1
0,, +io},(1,0=0)=K rie = K——={cos(& Inr)+isin(¢g Inr B.1
22 12( ) \/E \/ﬁ{ ( ) ( )} ( )

with
2 GB-4v)m+

The stress changes its sign an infinite number of times as r approaches
zero. Moreover, the crack opening displacement uy(x;<0, x,=0") also
changes its sign an infinite number of times, so that there is an overlapping
of the two crack faces which violates the condition [[u,]]>0. Let us con-
sider the normal stress ahead the crack tip and assume that all quantities in
(B.1) are dimensionless (the yield stress o, of material (1) being the unit
stress, the corresponding characteristic size dy=(Kj./c0h)%/2n) about 1mm
for metals). There are three intervals of particular interest: [0,ro], [ro.r;],
[ry,Te0]. For example, we take €=0.1 and introduce ry and r; such that

329
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€ Inrg=—m/2 and e In r;=+n/2. In the first interval, the stress changes its sign
an infinite number of times. In the second interval, [ryr;], the stress
K(2rr)~12cos(e Int) is non negative. Characteristic values corresponding to
e=0.1 are rp=exp(-n/2¢)=1.5x10"7 and r;=exp(+n/2e)=6.6x10% or 6.6km.
Therefore, the range of validity of the asymptotics (B.1) is ro<r<r;. What
happens in the first interval [0,r] ?

Mathematically, the oscillating behavior has been singled out, the first
time, by Abramov (1937) in the punch problem of an elastic half-plane. In
the vicinity of the right corner A of the punch, a Dirichlet boundary condi-
tion (prescribed u; and u, ) is specified on the left of A, while the Neu-
mann boundary (prescribed 61, = 65, =0) is specified on the right of point
A. Such discontinuity of the boundary conditions of different types causes
an oscillating behavior of the solution.

Physically, the transition zone [0, ry] between two types of boundary
conditions may be considered as a mean to “regularize” two kinds of in-
compatible boundary conditions.

Condensed matter physicists introduce long before the naming “frustra-
tion” to describe such an incompatibility which can be found in phase tran-
sition, interface solid/vapor etc. Nature does not like abrupt changes. It is
likely that a self-organisation introduces some smooth transition between
two regimes, two states, etc., via homogenization. An example of such a
transition has been given in (Bui, 1993, p. 197) for a phase transition. A
solid material can have two different states, S1 for stress magnitude less
than y,, and S2 for stress magnitude higher than vy;, such than y;<y,. There
is an overlapping zone (*) which allows the smooth transition between two
states of the matter, in the homogeneized sense. The material in the transi-
tion consists of a composite of lamellar or dendritic or dispersed materials,
composed of S1 and S2. The proportion of S1/S2 varies continuously from
1 to 0, (Silling, 1988; Bui, 1993).

In the interface solid mechanics, we introduce another manner of inter-
preting the oscillatory solution. Let us describe the behavior in the first in-
terval in a “homogenized” sense.

This will imply some weak singularity (B.1). As a matter of fact, recall-
ing that cos(e | n1y)=0, the “mean normal stress* over the oscillating behav-
ior interval [0,r¢] is given by

K lRe ro pie=(112) gy

N27 1, 0

(*) In the phase transformation liquid water « ice, normal temperature at the at-
mospheric pressure is Y, = 0°C, while temperature y; at surfusion is below 0°C,
at high pressure. The existing mixture (icet+water) is called the sorbet.

1 o
<opn(r)>= — .[0 Oy dr =
Ty
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<0y, (1)> = (B.3)

-K £
. 0
\2mr (E2+7)
Therefore, we can define a homogeneous stress in the first interval which

is a compressive one, while in the second interval it is given by the asymp-
totics (B.1) so that the stress is finite everywhere

K
om0 iy 0T
r, (€ +
0 4 (B.4)

on (=K

1 cos(élnr)  forrp<r (<r;)
2z
Comninou (1977) considered a different model with a frictionless contact
zone C behind the crack tip. She obtained a singular compressive normal
stress in C as O(1/Nr) and a finite tensile stress ahead the crack tip. Her
nice model avoids oscillatory solution and gives a finite stress everywhere.
Despite different approaches, frictional contact crack or homogenized
model, we recover the compressive zone at the crack tip beyond which the
solution (B.1) is valid. Both models remove the oscillating behavior and
give a physical sense to interface crack models.

Let us mention the solution for a circular crack of radius a, in mode I
given by Kassir and Bregman (1972) (r=distance from the crack front)

,(1z2=0)= )

cos(eln

k r
27t r+2a

(%)

1o

M

crack X

Figure B.1: The compressive stress zone 0<r<r; in the homogenized model and
the compressive contact stress zone C in Comninou’s model
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k r
0,,(rz=0)= sin(&l n
29( ) ﬂ ( r+2a)
The oscillating behavior also occurs in a narrow zone near the crack front
r/2a=1.5 10-7 where the homogenized stress is compressive.

B.2 Discontinuous Neumann boundary conditions

Consider the example of an elastic half-plane y<0, subjected to the con-
stant pressure p on an interval of its boundary:

oxy = 0 and in 6yy = —p in [x|<I and oxy = oyy =0 in [x|<I. (B.5)

Remark that we cannot not specify stress conditions at points x=+1 be-
cause stresses are only defined on open sets and that precisely the Neu-
mann boundary condition is discontinuous at these points. The solution of
this problem (Flamant’s problem) can be found in text book. Stress com-
ponents at point M are obtained by integrating the solution of a point force
along AB and given in Fig. B.2,

Let us examine the singularity near the tip x=+1, y=0, with the angle
O6(M=A)=-n/2, 0 (M =B) =0 measured at point B, (26 + sin20),__=
-n and (cos20),—_= —1. Therefore, putting r=|BM, and 6|, = angle
(BA,BM): = 6 we obtain the asymptotics near point B given by

G =(p/27)(20+8in20)—y | — (p/27)(20) xo_=(p/27) {20p+sin205+1}  (B.6)

Oyy=(p/21)(20—sin20),—11 — (p/27)(20) x——1=(p/21) {20p—sin20p+1t} (B.7)

Al ids Y ou(Rm@etsin2e)| ]
eh Gyy=(p/21)(20-5in26) |*!
10 1 \B
; JM Gyy=—(p/2T)(c0s26) | *
D
X
v

Figure B.2: Flamant’s problem of an uniform pressure acting on a half-plane
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Oxy=—(p/27)(c0820) x—41 + (p/21)(c0820) —_1=—(p/2T) {2co0s20R} (B.8)

These functions do not depend on r and are bounded and discontinuous.
Functions (B.6) and (B.8) shown in a three-dimensional surface plot, Fig.
B.3, are named “thorn” singularity and “rasor blade” singularity, respec-
tively. The naming “rasor blade” singularity of the shear stress is sug-
gested by its sharped edge. Remark that without the term sin(26), functions
(B.6) or (B.7) are similar to the screw dislocation field.

In the next section, the naming ‘thorn” singularity will be justified by
examples of interface problems arising in engineering applications.

Figure B.3: The “thorn” singularity (B.6) and the “rasor blade” singularity (B.8)

B.3 Thermo-plastic discontinuity on a composite tube

Consider a long tube which consists of two parts which are welded at the
section z=0. Both materials have the same elastic constant and different
thermal expansion coefficients o.

Under an uniform heating of the tube, thermal stresses appear as the re-
sult of the mismatch between thermal strains, with the discontinuity [[oT]].
Such a discontinuity also arises in a homogeneous tube subjected to a
thermal shock [[T]]# 0. For this reason we shall consider the discontinuity
[[oT]].

For small thichness, one usually considers that Love-Kirchhoff’s shell
solution provides a good solution for the longitudinal stress. According to
Love-Kirchhoff’s shell theory, the longitudinal stress o,,(r,z) near z= 0 is
antisymmetric in z, and thus is nearly zero in the transition zone. Meas-
urements of residual stresses, by the hole techniques, show that very high
values of the stress exist even at z = 0, Fig. B.4.
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Figure B.4: Measurements of the residual longitudinal stress G,,(r =r,, z) by the
hole techniques, Waeckel, Genette and Dupas (1998). The dotted line curve corre-
sponds to the Love-Kirchhoff shell solution where G,,(r=r., 0) = 0. The continu-
ous line is obtained by the FE method, with very fine meshes (100 times finer than
the usual meshes in the shell solutions). The analytic solution of the boundary
layer confirms the numerical FEM solution

This phenomenon is an illustration of the so-called localized effects (or
boundary layer effect) in three-dimensional problems of junctions or inter-
faces which cannot be captured by a shell theory. A physical argument
show how to deal with a thermal discontinuity. Imagine first that two
halves of the tube are separated along the plane z = 0, so that each part can
freely deforms without any stress. Second, apply normal pressure to the
right half tube, with pressure p, on the outer radius and pressure p; on the
inner radius, so as to make a perfect fit with the lelf half tube. Then weld
the halves and release the pressures on the entire tube. The third operation
induces a stress field singularity which is similar to the singular fields
(B.6), (B.7), (B.8) of Flamant’s problem. This is nothing but the thorn.

The thermal shock problem on a infinitely long tube, can be solved in
closed-form, by considering the partial Fourier transform with respect to z,
and solving the differental equation in r for the Love displacement func-
tion. We omit the details of the calculation and give here the result graphi-
cally, with the exact longitudinal stress discontinuity (a thorn singularity)

[[GZZ]]=%|[0(T]] (B.9)
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Fig. B.5 shows the 3D surface G,,(r,z) near the interface. It is observed that
four thorn singularities appear at the junction between the interface and the
free surfaces, r=r, and r;.

Thorns are symmetric with respect to x=(r—(r.—1;)/2) and antisymmetric
with respect to z. The magnitude of the thorn stress is higher than twice the
maximum Love-Kirchhoff stress. Such a high value explains the cracking
sometimes observed at the interface (thermal striping). The maximum
stress of LK theory is located at the characteristic shell distance § which is
6 to 10 times the thorn size. Fig. B.6 shows a comparison between differ-
ent theories for a thermal shock: Love-Kirchhoff shell solution (LK), finite
element solution (FEM), and the exact solution.

The most interesting feature of the interface analysis with thorn singu-
larity is that the same result holds for a plastic discontinuity [[eP,]]#0 with
the thorn in the longitudinal stress, exactly represented by the same figure
B.5, with only the discontinuity relationship, (Bui and Taheri, 1989)

[[au]]=zﬂ|[e:;]] (B.10)

Remark that the zz-component of the stress is related to the rr-component
of the plastic deformation discontinuity. Fig. B.7 shows the thorns existing
at the interface of a bi-tube (base metal and weld) which consists of the
same elastic constants but different yield stresses for each material. The
stress 6,,(1;, z) is in continuous line, the stress at external radius is in dot-
ted line. Thorn singularity analysis of plastic structures can be found in
(Deperrois and Dang Van, 1990; Santacreu, 1994).

Figure B.5: The three-dimensional thorn singularities 6,,(r,z) at the interface z=0
with a discontinuous thermal strain [[otT]], (Bui and Taheri, 1989); Taheri, 1989)
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Gzz(riaz)

Figure B.6: The thorn singularities of the longitudinal stress G,,(r;,z) at internal
radius in a bi-tube subjected to a thermal shock. Comparison between Love-
Kirchhoff’s shell solution (LK), finite element solution (FEM) and exact solution

by Fourier‘s transform (Courtesy of S. Taheri, Electricité de France)

i Gzz(ri 5 Z)
- Gzz(rea Z)

Figure B.7: Plastic shock on a bi-tube (base metal and weld) with the same elastic
constants and different yield stresses (Courtesy of S. Taheri, Electricité de France)
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Problems and Solutions

1. Mandel’s plastic work formula

Consider an elastic-perfectly plastic material with V. Mises’s criterion, in a
monotonic loading.

1) Show that 6:€ =0.

2) Show that the plastic work is given by

SOLUTION. In a monotonic loading, the plastic strain rate and plastic
strain are proportional. The normality law implies £ = Adf /do and the
yield criterion implies (df/do):6=0, thus 6:£€" =0then J:€” =0.
The plastic work is given by

2. Singularity of mode IIT

Consider the anti-plane loading, where the only non vanishing displace-
ment component is uz(Xy,X»).

Let pus be the real part of f(z), (z=x;+ix;). Find the stress intensity factor
Ky at the tip z=a in terms of potential f(z). SOLUTION:
Ki(@)= lim i(2r)V2f(z)(z—a)!2

3. Energy release rate

A sticky tape of thichness h, width w, Young modulus E is delaminated
along a crack of length a. Show that the critical horizontal force at delami-
nation is given by F.=2w(yEh)!/2,
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SOLUTION: G =2y (per unit thickness). G=(1/2w)Fdu/da,
u=aF/(Ewh) = F.=2w(yEh)!/2

] |
%ZF =—-——- \"jz/'% F
Sbtt
h w
Figure C.1

4. Energy release rate

Consider the same problem with an inclined force F. For a delamination
dx, calculate the work done by F, then the energy release rate G.
SOLUTION :

1. The work done by F is W=FxBC=Fdx(1 cos0).

2. G=2y=(1 cosb).F/w+F2/(2hEw?).

Figure C.2

5. Dual path-independent I-integral

One considers the stress energy density U(c)=(1/2)c.M.c such that
e¢=0U/do.

The dual path integral I is defined by

I [ { Un+u(o)d,omids.

1) Prove the path-independency property of the I-integral.

2) Show that [=J=G.

HINT: 2. Take the singular fields in mode I to calculate the I-integral and
verify that I=(1-v2)K{%/E in plane strain.
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6. Mode III edge crack in a band

Interpret the following function as the complex stress of some crack prob-
lem f’(z) = —it3,sin(nz/2b){sin%(na/2b)-sin?(nz/2b)}. Find the stress inten-
sity factor.

SOLUTION:

7. Left and right stress intensity factors

Consider a finite crack in an infinite medium, with the tips z = a and z = b>a.
At point z=c, Two opposite normal point forces +F are applied to points
z = ¢ =10, a<c<b. Find the stress intensity factors atz=aand z = b.

SOLUTION:

8. Steady state propagation of brittle damage

Brittle damage is characterized by the vanishing stress tensor when || is
larger than a threshold value eg.

During dt, the moving front BB’ with velocity V releases the elastic strain
energy of the shadowed area by dD=Vdtlgg:Wdx, which will be dissi-
pated.

1. Calculate W.

2. Show that the rate of dissipation is the J-integral over BB’.

SOLUTION:

L.W=1o6,=1Eg

2. On BB’ the stress vector vanishes. J=[g-Wdx, (JV=dD/dt).

Thus J=hEeg? (2h is the width of the damage zone).

Classical brittle fracture is consistent with the asymptotics eg—e and
h=J;./eg—0, if Ji. is a constant material. This model illustrates a free
boundary value problem in Fracture Mechanics to determine the unknown
damage front BB’.

Figure C.3
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9. Steady state propagation of damage in elastic-plastic material, with
linear strain hardening
1) What is qualitatively the change with respect to the preceding model?

SOLUTION: There is a diffuse plastic dissipation in the active part of the
solid, of global rate Dp , but no plastic dissipation in the wake plastic zone
of elastic unloading, and a localized dissipation by fracture Dy through the
release of elastic strain energy through BB’.

2) Assume that Neuber’s criterion applies to the “notch” BB’, that is
BB’=C/(c.¢). Find the dissipation rate D by fracture over BB’.

SOLUTION: For large &g, the stress on BB’ is of order neg where n is the
constant hardening parameter. Thus,

The model is consistent with a constant critical value J;.=Cn/2E.
But for a perfectly plastic material, the strain hardening vanishes n=0.
This is the Rice paradoxical result in perfect plasticity.

10. Steady state propagation of damage in elastic-plastic material, with
parabolic strain hardening

Assume a uniaxial power law of the form oA €" (n¥) and the Neuber es-
timation of the notch size as BB’=C/(c.¢). Find the dissipation rate by frac-
ture Dg.

Since n<1, for eg— we obtain the asymptotics Dp—0.

The dissipation rate by fracture also vanishes in plasticity with a power
law 6=Ae" (n<1).

11. Separation of energy in dynamic fracture

Prove that

SOLUTION: The crack tip is moving with velocity da/dt. The stress com-
ponent T»(x;, 2t—1) associated with the crack tip position a(2t—t) vanishes
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for x;<a(2t-t), while the velocity u, (x;,t) associated with the crack open-
ing at position a(t) vanishes for a(t)<x;.

For O<1<t, we have t<2t-r, thus a(t)<a(2t-t). Therefore the intersection of
the supports, supp(T»(x;,2t—1)) and supp( 1, (X;,7)), is void.

For t<1<2t, this intersection is not void. This is why Brun’s theorem for a
crack propagation is expressed by Eq. (6.75).

Figure C.4

12. Elastodynamics

Given u(xy,X»,k), a solution of the steady-state wave equation Au+k2u=0,
k2=w?/c2? (with the time factor exp(—imt)), find a solution of the transient
equation Au—c 20,du=0.

SOLUTION: Replace k by (ip/c) and take the inverse Laplace transform to
obtain the solution.

13. Dynamic J-integral
Prove the path-independency of dynamic J-integral.
HINT: Consider the Fletcher conservation law

div{(W - pi* /21— (V u .o}+d(piVu  dt=0.

14. Homogenization in plasticity

Heterogeneous materials in the micro-scale are said to be macroscopically
homogeneous in the Hill-Mandel sense, when X=<o(x)> and E*=<e*(x)>
imply X : E.=<o(x):e.(x)>, for any statically admissible field o(x) in SA and
any kinematically admissible field e.(x) in KA.
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1) Explain why the plastic deformation eP(x) generally does not satisfy the
Hill-Mandel conditions, EP#<eP(x)> and X : EP#<c(x):eP(x)>.

SOLUTION: The plastic strain field eP(x) does not satisfy the compatibilty
condition. Hill-Mandel’s conditions do not apply to a non kinematical
field.

2) Let A(x) be the elastic concentration tensor A(x): X—o(x) giving the
microscopic stress from the macroscopic one, in a pure elastic response.
Suppose that L is isotropic. Prove the following identities (Bui, 1969)

(E®);j = <Apwij(e9)n> (elastic strain Ee=<AT.e>)

E=<A%e>=<e> (total strain)

SOLUTION: First of all, A(x).X, being a stress field is an element of SA,
thus <A(x).XZ >=<A(x)>.X for any X, hence <A(x)>=I (identity)

Second, L(x)"".A(x) being a strain field is an element of KA, admissible
with the macroscopic strain Ly !, hence <L(x)~1.A(x)>=Ly"L.

Now, considering an arbitrary elasto-plastic strain field €’(x) admissible
with E’, with the corresponding stress 6’(x) admissible with £* we obtain
<e’(x).A(x)> = <¢’(x)>.<I> = <¢’(x)> = E’ (total strain formula) (*)

Next, considering the elastic strain part €°’(x) we obtain

<e®’(x). A(x)> = <{L(x) Lo (x)}.A(x)>

Let M(x)=L(x)"!. The above equation is written as (M=MT)

<€ (X);jAjjik(X)> = <{Mjjim(X)0 1m(X)} Ajjnk(x)} =

A Mimii()Aik(X) } 0 1m(X) 1> = Mimij(X) Ajjnk(X)> <6 1m(X)> =

(M) imhkZ’1m = E®” (elastic strain formula)  (*%)

Mandel’s formula is obtained by substracting Eq.(**) to Eq.(*).

15. Three-dimensional fracture

Consider a Compact Tension Specimen of the width w=2, with a straight
crack front. Assume that the SIF is approximated by k;(s)=F(1-s2)1/2, and
that the crack propagation velocity is of the form @(s)=a;+a,s?.

1. Give the dissipation rate (2.80) explicitly.

SOLUTION: The crack radius is infinite.
4
D(p)=4ya, +4f|a,| t37a <L,
with a]20 , al+a220.
2. Find the solution to the crack propagation problem.

SOLUTION: The energy release rate is G=% F 2(aﬁ-% a).

The primal problem
Max G

ar,ap

D(p)<1
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is a linear programming in the convex domain shown in the next figure.
Solutions (a;, a,) are on the vertices or the edges.

1™ case: 2y/15>, the propagation mechanism is represented by the vertex

C and the critical force is Fe= /12> (2 y + 4 )

2" case: 2y/15=p, the solution is represented by any point on the edge BC,
with the critical force F.=+/3y
3" case: 2y/15<B..Tn€E GOAVLTIOV.is the vertex B.

Figure C.5

16. Discontinuous solutions in elastic domain

Consider the axisymetric 2D elastic domain Q;={ri<r<r.}. The inner
boundary is stress free c,(r;)=0, the traction at the external boundary is
6(re)=2uA(1/r2- 1/r.2). i) Find the stresses and compare with the solution
for a circular domain without a cavity, for A=ar;2 (with constant a). Dis-
cuss the result for r;—0. ii) Consider A=A=ar;2. Compare the total strain
energies of ; and Q, (homogeneous solution for no cavity) by calculating
W(r;)—Wo.

SOLUTION: 6 (r)=2ua(1—(r" /1)), Geg(r)=2ua(1+(r’ /r*)).

The solution for the problem without a cavity is 6,%(r)=cge?(r)=2ua, Vr.
The boundary value of the stresses are c,(r=r;)=0, Ggg(r=r;)=4pa, while at
fixed 20, as r—0, the limits of the stresses are o.(r)—2ua and
Ggo(r)—2ua.

The energy difference vanishes W(r;))-W(0)—0 as r;—0. This solution is
discontinuous at a point.
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17. Francfort and Marigo’s model

This is a free boundary value problem in Fracture Mechanics to determine
an unknown crack X in an elastic solid. One assumes that the solution cor-
responds to the minimum of the total energy (Strain energy + Griffith’s
energy). Let us introduce the functional, depending on both the admissible
field ueKA and the unknown X, E(u,X)=Jox W(Vu)d2+aMeas(X), where
a is fixed positive constant (equal to 2y in the generalized Griffith model),
and Meas(X) is some measure of the crack surface.

1) Give a physical meaning of each term.

2) Can we minimize each term of the functional? Give an interpretation of
the minimization problem Xmi%A E(u, X).

SOLUTION: 1)The first term, for a given X, is the usual functional for
solving the equilibrium crack problem. The problem min o xW(Vu)de,
(ueKA) for fixed X has a physical and mathematical sense since the func-
tional is convex. The second term is the energy dissipated by fracture
along surface X according to Griffith’s model (constant surface energy).
2). Since X appears in the first term, the problem min,xMeas(X) over X of
the second term alone has no sense. Therefore the min-problem must be
formulated globally over the whole set (u,X) which involves a non convex
functional. Solution to this problem is obtained via the notion of I'-
convergence of de Georgi et al (1989), (see Francfort and Marigo, 1998;
Bourdin et al, 2000; Bilteryst and Marigo, 2003).

Additional remarks Let us consider scalar functions u (mode III, harmonic
equation). For fixed X, the functional E(u,X) is convex in ueKA. Sche-
matically, the functional is shown in the figure below. The crack free prob-
lem is indicated in dotted line. If uy denotes the solution of the no-crack
problem, then E(uy,X)>E(uy,2), vX. This is simply explained by the fact
that the difference is the positive second term aMeas(X). On the other hand
E(u,X) does not correspond to the solution of a cracked body, in the sense
that X is not the minimizer. Under Dirichlet’s boundary condition, the true
elastic strain energy is lower than the one for an uncracked body. There-
fore the solution u,, corresponds to the lowest minimum. Let us simply
stress that physical considerations given in the above section suggest that a
solution exists. Briefly, instead of specifying the set Sx of X and consider-
ing functions u(x)eKA defining in QO\Sx one considers a larger set Sy of
functions u in the same spatial domain Q, u(x)eKA, having discontinuities
along surfaces X, for which Meas(X) is replaced by Meas(D,), where Dy, is
the set of discontinuity of u.

The initial minimum problem becomes a non convex minimization prob-
lem min E(u)=aMeas(Du)+JQW(Vu)dQ.

ueSy
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Mathematically, one considers a sequence of functions E(u)
(k=1,2,3...): U- O in a metric space U. The I'-convergence ) of this se-
quence to some function E(u) is considered. The minimizer of E(u) over
U is denoted by uy and the minimum by Ey(uy). If the sequence of mini-
mizers u, converges to some U.., then u., is the minimizer of E(u).

LE(u, X)
solution X,

)
o

Crack Xy, !

Figure C.6

18. Tikhonov’s regularization. Error estimate
Suppose that there exists d' such that the exact solution is ze*=A*d', prove
the error estimate ||z(®—z%X||< $ o= 1/2(|d—d*¥/+o]d]).

SOLUTION: The exact pair (z°*,d®*) satisfies the variational equation
(Az®, Ay)p = (d%, Ay)p VyeZ, ©)
The approximate quasi-solution (z(®,d) satisfies the equation

(AZ®), Ay)p + oz, y)z = (d, Ay)p VyeZ

which can be written as:

(AZ®), Ay)p + oz ®— 2%, y)7 + oz, )z = (d, Ay)z VyeZ 2
Combining (1) and (2) we get:

(A(z®=z%), Ay)p + a(z(®— 2%, y)z + oz, )z = (d-d**, Ay)p VyeZ
By taking y= z(®— z¢X, we obtain

H A(Z((x)_ Zex)u 2 4 a“Z((x)_Zex”2 = d_dex, A(Z((x)_ Zex))D _

—a(z, 29— 7, (3)

(*) T-convergence: a sequence Ej(u) converges to E(u), if and only if, for every
ue U, i) for every sequence ug—u, one has E(u)< lim.infy_,..Ey(uy); ii) there exists
a sequence Uy —u such that lim.supy' _o.Ey' (up)<E(u).
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The last term can be written as

a(zX, 70— 72%), = o A*d!, 20— z8%); = o(d!, A(2(9- z%¥))p
The left hand side of (3) is bounded by

| A(z(M— z%)| 2 + |z —2¥||? < [d—dX . |A(2(®)— z¢%)| +
+afd!] Az z2%)| < A(z@- z)|.(Jd—d| + ofd!]) <

< |A@Z®-2%) 2+ L (d-d=|+ ofd )2 =

2@z < (a0 + cd! P = | 402 < Lor12(d-dex + aid])

19. Tikhonov’s regularization. Continuity property
Prove the majoration : || z(®)(d) — u(®)(d’)|| < a~1||A |.|d-d’],

SOLUTION: Consider two data d, d” and the corresponding solutions z, z’.
For convenience we simply write z=z(2)(d) and z’=z(o)(d”).

By substracting the corresponding bilinear forms one gets:

(A(z-2"), Ay)p + a(z-7’, y)p = d-d’, Ay)p VyeZ

= (A*A(z-2)),y)z+ o(z-2’,y)z =(d-d’, Ay)p VyeZ

Take y=2z-7", one gets:

[A*A || |lz=2’|> + of|z=2’|]> < [|A||.Jd-d" ||lz—z"|| =

= ofz=z’|2 < ||A]l [d-d’|. [z-Z’|| = ofjz—2’|| < [|A].|d-d’|

20. Tikhonov’s regularization. Convergence property
Show that || z(@)(d) - z(d)||—0, as 0—0.

SOLUTION: (Az, Ay)p =(d, Ay)p VyeZ

(AZ(Q), Ay)p + a(z(?), y); = (d, Ay)p VyeZ

(A(z(V)-z), Ay)p + o(z(®), y); =0 VyeZ

Take: y= z(®)-z, one gets

A (2(0)-z)||]2 + oz(®), 2(O)-2), =0 = o(z(®), 2(V)-z); <0 (*)
= |[z@]]2< (z(), 2)z < ||(z(N) ||z]| = |z < |||

Since the sequence ||z(®)|| is bounded, there exists a subsequence converg-
ing weakly towards z, (z(®)-z, y);—0, Vy. By taking y=z we obtain :
(z(®)—z, 2);—0 *)
Now consider:

||z(0)—2][]2 = (z(®),z(M)-2); — (z, Z(V-zZ),

(negative)
Using the inequality (*), the first term in the right hand side is negative.
Thus one obtains
|z()—2||? < - (z, z(®)-z),
Therefore, according to Eq. (*), |z(®-z|? < —(z, z(®)-z); — 0 as a—0,
hence ||z(®)-z||2—0. The sequence z(®) converges strongtly towards z.
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21. Bifurcation Control of a beam
Solve the problem (12-21)-(12-24) of Sect. 12.4.

SOLUTION: The Hamiltonian is H(¢, A; v)=+ EIv>—P(1-cos¢@)+Av.
The adjoint state equation is

dA oH

—=——=Psing

ds ¢
The optimality condition dH/dv =0 is written as
Elv+A=0
By differentiating with respect to s, we obtain
EI dv + % =0

ds ds

Since v=¢ > we recover the classical equation EIg’+Psing =0, with ¢(0)=0,
¢’(L)=0. The solution is :
1. #(s)=0 for L<Z (EI/P)!/2 (straight beam)

2. #(s)#0 for L>Z (EI/P)"2 (buckled shaped beam).

23. The interface of a bi-material at a free surface (strong singularity)

An interface of a bi-material intersects normally
the free surface (x;=0). Show that the stress sin-
gularity is (Zwiers, Ting and Spilker (1982):
Oji= k*l‘afij(e)‘f‘ [oc1+kz—:33logr]hij(1)(6)+ .

HINT: Search an asymptotic solution for dis-
placement u=r?(logr)bg(0)
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R.C. McPhedran, L.C. Botten and N.A. Nicorovici (eds.): IUTAM Symposium on Mechanical
and Electromagnetic Waves in Structured Media. Proceedings of the [IUTAM Symposium held
in Sydney, NSW, Australia, 18-22 Januari 1999. 2001 ISBN 0-7923-7038-4
D.A. Sotiropoulos (ed.): IUTAM Symposium on Mechanical Waves for Composite Structures
Characterization. Proceedings of the [UTAM Symposium held in Chania, Crete, Greece, June
14-17, 2000. 2001 ISBN 0-7923-7164-X
V.M. Alexandrov and D.A. Pozharskii: Three-Dimensional Contact Problems. 2001

ISBN 0-7923-7165-8
J.P. Dempsey and H.H. Shen (eds.): IUTAM Symposium on Scaling Laws in Ice Mechanics
and Ice Dynamics. Proceedings of the IUTAM Symposium held in Fairbanks, Alaska, U.S.A.,
13-16 June 2000. 2001 ISBN 1-4020-0171-1
U. Kirsch: Design-Oriented Analysis of Structures. A Unified Approach. 2002

ISBN 1-4020-0443-5
A. Preumont: Vibration Control of Active Structures. An Introduction (2"¢ Edition). 2002

ISBN 1-4020-0496-6
B.L. Karihaloo (ed.): IUTAM Symposium on Analytical and Computational Fracture Mechan-
ics of Non-Homogeneous Materials. Proceedings of the IUTAM Symposium held in Cardiff,

U.K., 18-22 June 2001. 2002 ISBN 1-4020-0510-5
S.M. Han and H. Benaroya: Nonlinear and Stochastic Dynamics of Compliant Offshore Struc-
tures. 2002 ISBN 1-4020-0573-3

A.M. Linkov: Boundary Integral Equations in Elasticity Theory. 2002
ISBN 1-4020-0574-1
L.P. Lebedev, L.I. Vorovich and G.M.L. Gladwell: Functional Analysis. Applications in Me-
chanics and Inverse Problems (2"¢ Edition). 2002
ISBN 1-4020-0667-5; Pb: 1-4020-0756-6
Q.P. Sun (ed.): IUTAM Symposium on Mechanics of Martensitic Phase Transformation in
Solids. Proceedings of the IUTAM Symposium held in Hong Kong, China, 11-15 June 2001.
2002 ISBN 1-4020-0741-8
M.L. Munjal (ed.): IUTAM Symposium on Designing for Quietness. Proceedings of the [UTAM
Symposium held in Bangkok, India, 12-14 December 2000. 2002 ISBN 1-4020-0765-5
J.A.C. Martins and M.D.P. Monteiro Marques (eds.): Contact Mechanics. Proceedings of the

374 Contact Mechanics International Symposium, Praia da Consolagao, Peniche, Portugal,
17-21 June 2001. 2002 ISBN 1-4020-0811-2
H.R. Drew and S. Pellegrino (eds.): New Approaches to Structural Mechanics, Shells and
Biological Structures. 2002 ISBN 1-4020-0862-7
J.R. Vinson and R.L. Sierakowski: The Behavior of Structures Composed of Composite Ma-
terials. Second Edition. 2002 ISBN 1-4020-0904-6
Not yet published.

J.R. Barber: Elasticity. Second Edition. 2002  ISBN Hb 1-4020-0964-X; Pb 1-4020-0966-6
C. Miehe (ed.): IUTAM Symposium on Computational Mechanics of Solid Materials at Large
Strains. Proceedings of the IUTAM Symposium held in Stuttgart, Germany, 20-24 August
2001. 2003 ISBN 1-4020-1170-9



Mechanics

SOLID MECHANICS AND ITS APPLICATIONS

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.
119.
120.
121.
122.
123.
124.
125.
126.

127.

Series Editor: G.M.L. Gladwell

P. Stahle and K.G. Sundin (eds.): IUTAM Symposium on Field Analyses for Determination
of Material Parameters — Experimental and Numerical Aspects. Proceedings of the [IUTAM
Symposium held in Abisko National Park, Kiruna, Sweden, July 31 — August 4, 2000. 2003
ISBN 1-4020-1283-7
N. Sri Namachchivaya and Y.K. Lin (eds.): IUTAM Symposium on Nonlinear Stochastic
Dynamics. Proceedings of the IUTAM Symposium held in Monticello, IL, USA, 26 — 30

August, 2000. 2003 ISBN 1-4020-1471-6
H. Sobieckzky (ed.): IUTAM Symposium Transsonicum IV. Proceedings of the IUTAM Sym-
posium held in Gottingen, Germany, 2-6 September 2002, 2003 ISBN 1-4020-1608-5

J.-C. Samin and P. Fisette: Symbolic Modeling of Multibody Systems. 2003

ISBN 1-4020-1629-8
A.B. Movchan (ed.): IUTAM Symposium on Asymptotics, Singularities and Homogenisation
in Problems of Mechanics. Proceedings of the IUTAM Symposium held in Liverpool, United
Kingdom, 8-11 July 2002. 2003 ISBN 1-4020-1780-4
S. Ahzi, M. Cherkaoui, M.A. Khaleel, H.M. Zbib, M.A. Zikry and B. LaMatina (eds.): [UTAM
Symposium on Multiscale Modeling and Characterization of Elastic-Inelastic Behavior of
Engineering Materials. Proceedings of the IUTAM Symposium held in Marrakech, Morocco,
20-25 October 2002. 2004 ISBN 1-4020-1861-4
H. Kitagawa and Y. Shibutani (eds.): IUTAM Symposium on Mesoscopic Dynamics of Fracture
Process and Materials Strength. Proceedings of the IUTAM Symposium held in Osaka, Japan,
6-11 July 2003. Volume in celebration of Professor Kitagawa’s retirement. 2004

ISBN 1-4020-2037-6
E.H. Dowell, R.L. Clark, D. Cox, H.C. Curtiss, Jr., K.C. Hall, D.A. Peters, R.H. Scanlan, E.
Simiu, F. Sisto and D. Tang: A Modern Course in Aeroelasticity. 4th Edition, 2004

ISBN 1-4020-2039-2
T. Burczyniski and A. Osyczka (eds.): IUTAM Symposium on Evolutionary Methods in Mechan-
ics. Proceedings of the IUTAM Symposium held in Cracow, Poland, 24-27 September 2002.
2004 ISBN 1-4020-2266-2
D. lesan: Thermoelastic Models of Continua. 2004 ISBN 1-4020-2309-X
G.M.L. Gladwell: Inverse Problems in Vibration. Second Edition. 2004 ISBN 1-4020-2670-6
J.R. Vinson: Plate and Panel Structures of Isotropic, Composite and Piezoelectric Materials,
Including Sandwich Construction. 2005 ISBN 1-4020-3110-6
Forthcoming
G. Rega and F. Vestroni (eds.): IUTAM Symposium on Chaotic Dynamics and Control of
Systems and Processes in Mechanics. Proceedings of the IUTAM Symposium held in Rome,
Italy, 8—13 June 2003. 2005 ISBN 1-4020-3267-6
E.E. Gdoutos: Fracture Mechanics. An Introduction. 2nd edition. 2005 ISBN 1-4020-3267-6
M.D. Gilchrist (ed.): IUTAM Symposium on Impact Biomechanics from Fundamental Insights

to Applications. 2005 ISBN 1-4020-3795-3
J.M. Huyghe, P.A.C. Raats and S. C. Cowin (eds.): IUTAM Symposium on Physicochemical
and Electromechanical Interactions in Porous Media. 2005 ISBN 1-4020-3864-X

H. Ding, W. Chen and L. Zhang: Elasticity of Transversely Isotropic Materials. 2005
ISBN 1-4020-4033-4
W. Yang (ed): IUTAM Symposium on Mechanics and Reliability of Actuating Materials.
Proceedings of the IUTAM Symposium held in Beijing, China, 1-3 September 2004. 2005
ISBN 1-4020-4131-6
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J.-P. Merlet: Parallel Robots. 2006 ISBN 1-4020-4132-2
G.E.A. Meier and K.R. Sreenivasan (eds.): I[UTAM Symposium on One Hundred Years of
Boundary Layer Research. Proceedings of the [IUTAM Symposium held at DLR-Gottingen,

Germany, August 12—14, 2004. 2006 ISBN 1-4020-4149-7
H. Ulbrich and W. Giinthner (eds.): IUTAM Symposium on Vibration Control of Nonlinear
Mechanisms and Structures. 2006 ISBN 1-4020-4160-8

L. Librescu and O. Song: Thin-Walled Composite Beams. Theory and Application. 2006
ISBN 1-4020-3457-1
G. Ben-Dor, A. Dubinsky and T. Elperin: Applied High-Speed Plate Penetration

Dynamics. 2006 ISBN 1-4020-3452-0
X. Markenscoff and A. Gupta (eds.): Collected Works of J. D. Eshelby. Mechanics and Defects
and Heterogeneities. 2006 ISBN 1-4020-4416-X

R.W. Snidle and H.P. Evans (eds.): [UTAM Symposium on Elastohydrodynamics and Microelas-
tohydrodynamics. Proceedings of the [IUTAM Symposium held in Cardiff, UK, 1-3 September,
2004. 2006 ISBN 1-4020-4532-8
T. Sadowski (ed.): IUTAM Symposium on Multiscale Modelling of Damage and Fracture
Processes in Composite Materials. Proceedings of the IUTAM Symposium held in Kazimierz
Dolny, Poland, 23-27 May 2005. 2006 ISBN 1-4020-4565-4
A. Preumont: Mechatronics. Dynamics of Electromechanical and Piezoelectric Systems. 2006

ISBN 1-4020-4695-2
M.P. Bendsge, N. Olhoff and O. Sigmund (eds.): IUTAM Symposium on Topological Design
Optimization of Structures, Machines and Materials. Status and Perspectives. 2006

ISBN 1-4020-4729-0
A. Klarbring: Models of Mechanics. 2006 ISBN 1-4020-4834-3
H.D. Bui: Fracture Mechanics. Inverse Problems and Solutions. 2006 ISBN 1-4020-4836-X
M. Pandey, W.-C. Xie and L. Xu (eds.): Advances in Engineering Structures, Mechanics
and Construction. Proceedings of an International Conference on Advances in Engineering
Structures, Mechanics & Construction, held in Waterloo, Ontario, Canada, May 14-17, 2006.
2006 ISBN 1-4020-4890-4
G.Q. Zhang, W.D. van Driel and X. J. Fan: Mechanics of Microelectronics. 2006

ISBN 1-4020-4934-X
Q.P. Sun and P. Tong (eds.): IUTAM Symposium on Size Effects on Material and Structural
Behavior at Micron- and Nano-Scales. Proceedings of the [IUTAM Symposium held in Hong
Kong, China, 31 May—4 June, 2004. 2006 ISBN 1-4020-4945-5
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